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Abstract

In this paper we focus on the stability of the Trojan asteroids for the planar
Restricted Three-Body Problem (RTBP), by extending the usual techniques for the
neighbourhood of an elliptic point to derive results in a larger vicinity. Our approach
is based on the numerical determination of the frequencies of the asteroid and the
effective computation of the Kolmogorov normal form for the corresponding torus.
This procedure has been applied to the first 34 Trojan asteroids of the IAU Asteroid
Catalog, and it has worked successfully for 23 of them.

The construction of this normal form allows for computer-assisted proofs of sta-
bility. To show it, we have implemented a proof of existence of families of invariant
tori close to a given asteroid, for a high order expansion of the Hamiltonian. This
proof has been successfully applied to three Trojan asteroids.

PACS: 05.10.-a, 05.45.-a, 45.10.-b, 45.20.Jj, 45.50.Pk, 95.10.Ce.
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1 Introduction

The Restricted Three Body Problem (RTBP) models the motion of a particle under the
gravitational attraction of two point masses (in our case, Jupiter and Sun) that revolve
in circular orbits around their common centre of mass. It is usual to take a rotating
reference frame with the origin at the centre of mass, and such that Sun and Jupiter are
kept fixed on the x axis, the (x, y) plane is the plane of motion of the primaries, and the
z axis is orthogonal to the (x, y) plane. These coordinates are usually called synodical.
The (adimensional) units are chosen as follows: the unit of distance is the Sun–Jupiter
distance, the unit of mass is the total Sun–Jupiter mass, and the unit of time is such that
the period of Jupiter around the Sun equals 2π. With this selection of units, it turns
out that the gravitational constant is also equal to 1. Defining momenta as px = ẋ − y,
py = ẏ + x and pz = ż, the equations of motion for the particle can be written as an
autonomous Hamiltonian system with three degrees of freedom (see [Sze67]):

HRTBP =
1

2
(p2

x + p2
y + p2

z) + ypx − xpy −
1− µ

rPS

− µ

rPJ

, (1)

where µ = 9.538753600 × 10−4 is the mass of Jupiter (in adimensional units), r2
PS =

(x−µ)2+y2+z2 is the distance from the particle to the Sun, and r2
PJ = (x−µ+1)2+y2+z2

is the distance from the particle to Jupiter. It is also well known that the RTBP has five
equilibrium points (see Figure 1): the collinear points L1, L2 and L3 lay on the x axis and
the triangular points L4 and L5 form an equilateral triangle (in the (x, y) plane) with Sun
and Jupiter. The collinear points are of the type centre×centre×saddle and the triangular
points are linearly stable for µ < µR = 1

2
(1−

√
23/27) ≈ 0.03852. The nonlinear stability

of the triangular points is a much more difficult problem.
Under very general conditions, the well known KAM theorem [Kol54, Arn63, Mos62]

(for a survey, see [AKN88] or [Sev03]) can be applied to a small neighbourhood of the
Lagrangian points [Leo62, DDB67, Mar71, Mar73, MS86] to ensure the existence of many
quasi-periodic motions. Each quasi-periodic trajectory fills densely a compact manifold
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Figure 1: The five equilibrium points of the RTBP.

diffeomorphic to a torus. The union of these invariant tori is a set with positive Lebesgue
measure, and empty interior. If the motion of the particle is restricted to the z = pz = 0
plane, then the system only has two degrees of freedom and each torus is a two-dimensional
manifold that separates the 3-D energy surface, so it acts as a confiner for the motion –this
is the key point in the stability proof for two degrees of freedom Hamiltonian systems–.
In the spatial case, the energy manifold is 5-D and the invariant tori are 3-D so that they
cannot act as a barrier for the motion. Hence, it may be possible to have trajectories that
wander between these tori and escape from any vicinity of an elliptic point. The exis-
tence of such trajectories is believed to happen generically in non-integrable Hamiltonian
systems. This phenomenon is known as Arnol’d diffusion since it was first conjectured by
V.I. Arnol’d in [Arn64].

A different approach to the stability of Hamiltonian systems was introduced by N.N.
Nekhoroshev in [Nek77]. The main idea is to derive an upper bound on the diffusion
speed on an open domain of the phase space, and to show that the (possible) instability
is so slow, that it does not show up in practical applications. These techniques have been
applied to derive bounds for the diffusion near the Lagrangian points (see, for instance,
[GDF+89, Sim89, CG91, GS97, SD00, GJ01]).

A natural question is the persistence of these stability regions near the Lagrangian
points of the Sun-Jupiter system in the real Solar system. In 1906, Max Wolf discovered
an asteroid (named 588 Achilles) moving near the L4 point. Since then, many other
asteroids have been found near the triangular points of the Sun-Jupiter system; they are
usually called “Trojans”, and their names are chosen from Homer’s Iliad.

There have been many attempts to rigorously prove the stability of the motion of some
of these asteroids in the RTBP with rather limited success. The main difficulty is that
these proofs are based on the construction of normal forms at the triangular points, and
this is only valid on a small neighbourhood of the point. A different approach is developed
in [dlLGJV03]: given an approximation to a quasi-periodic motion (i.e., a nearly invariant
torus) it can be shown, under general conditions, the existence of a true invariant torus
nearby. Here, the role of the perturbing parameter is played by the accuracy of the
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approximated torus: if the error in the invariance condition is small enough, there is
a true invariant torus nearby. Moreover, the result does not require the use of action-
angle coordinates and, therefore, the hypotheses can be checked, for instance, by means of
numerical computations in Cartesian coordinates. The proofs are based on a new iterative
scheme that is very suitable for numerics and computer-assisted proofs.

In the present work, we extend the classical techniques for the neighbourhood of an
elliptic equilibrium point to derive results in a larger vicinity. As a model, we have used the
planar RTBP (by planar we mean the restriction of the RTBP to the invariant manifold
z = pz = 0). The initial conditions for the Trojan asteroids are obtained by spherical
projection on z = 0 from their initial data in the spatial RTBP. Our approach is based
on the following scheme:

(a) expand, up to a high order, the Hamiltonian around the triangular points;

(b) perform a low order Birkhoff normal form;

(c) locate a torus in the normal form with the same frequencies as a given Trojan (the
frequencies of the Trojan have been previously obtained by a frequency analysis);

(d) translate the origin to this torus;

(e) complete a Kolmogorov normal form up to high order.

Some of the asteroids are rather far from the triangular points and it is not possible to ob-
tain a good approximation for their motion by means of the normal form computed in step
(b). In these cases, the algorithm constructing the Kolmogorov normal form is typically
divergent, because of numerical instabilities in the determination of the translations, that
are requested at step (e). This is a peculiar phenomenon of the RTBP, as we shall discuss
later on. To deal with this problem, we will modify steps (d) and (e) to first construct an
intermediate object (i.e. a “quasi-invariant” torus) for which a low order Kolmogorov’s
normalization can be completed, by avoiding the numerical instabilities. Then, if this
intermediate object is carefully chosen so that it is close enough to the targeted torus, we
can restart from there the complete construction of the Kolmogorov normal form related
to the wanted torus (this procedure resembles a numerical “continuation” of the normal
form from the equilibrium point to the final torus). We stress that this technique only
works for tori that are not too far from the equilibrium point.

With the frequency analysis method ([GMS02, Las99]), we have computed the basic
frequencies of the first 34 asteroids of the IAU Asteroid Catalog. Four of these asteroids
have a chaotic motion, so we have discarded them. For the remaining 30 asteroids, we
have applied the scheme above and succeeded in 23 cases. The 7 failures of the method
seem to correspond to asteroids that are too far from the triangular points.

Then, the techniques developed in [LG00] have been adapted to compute the Kol-
mogorov normal form and to derive a computer assisted proof for the existence of a
family of tori very close to a selected asteroid. We remark that the computer assisted
proof has been done for a high order expansion of the RTBP, not for the RTBP itself.
The main reason is that taking a high order expansion as the initial Hamiltonian makes
the computer assisted proof much simpler. On the other hand, the differences between
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a high order expansion and the true RTBP are very small (they are quantified later on),
much smaller than the differences between the planar RTBP and the real system.

The paper is organized as follows: In Section 2, we describe the preliminary transfor-
mations that we make to the RTBP Hamiltonian and how the initial conditions of the
Trojan asteroids are obtained from their actual positions and velocities. In Section 3, we
use the frequency analysis to make a numerical study of the stability region around the
triangular points. In Section 4, the method for constructing invariant tori by means of the
Kolmogorov normalization is described. In Section 5, the results of applying this method
to the Trojan problem are explained in detail. In Section 6, we discuss the computer-
assisted proof of the stability of some of these asteroids based on the KAM theorem.
Finally, in Section 7 the conclusions are presented.

2 Description of the model

2.1 Preliminary transformations on the Hamiltonian

It is convenient (see [GS97]) to start by performing a preliminary change to Heliocentric
polar coordinates. We translate the origin from the center of masses to the Sun, and we
introduce polar coordinates by means of the following change of variables:

x = ρ cos θ + µ, px = pρ cos θ − sin θ
ρ

pθ,

y = ρ sin θ, py = pρ sin θ + cos θ
ρ

pθ + µ.
(2)

Afterwards, we take local coordinates (X, Y, PX , PY ) centered in the L4 or L5 triangular
points by performing the following translation:

ρ = X + 1, pρ = PX ,
θ = Y + π ± π

3
, pθ = PY + 1,

where the positive sign in the second equation corresponds to L4 and the negative sign to
L5. In this new variables, the Hamiltonian takes the form:

H(X, Y, PX , PY ) =
1

2

[
P 2

X +
(PY + 1)2

(X + 1)2

]
− PY

−µ(X + 1) cos(Y + π ± π

3
)− 1− µ

X + 1

− µ√
(X + 1)2 + 1 + 2(X + 1) cos(Y + π ± π

3
)
. (3)

Note that from a solution (X(t), Y (t), PX(t), PY (t)) close to L4 we can derive another
one, (X̃(t), Ỹ (t), P̃X(t), P̃Y (t)), close to L5 (and vice versa) through the symmetry (X̃ =
X, Ỹ = −Y, P̃X = PX , P̃Y = −PY ). Therefore, it is enough to study a neighbourhood
of the L5 point so that we will use the Hamiltonian (3) with the minus sign and, if the
considered asteroid is close to L4, we will apply this symmetry to work in a neighbourhood
of L5.
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2.2 Normalization of the quadratic part of the Hamiltonian

Skipping a constant term, the previous Hamiltonian can be expanded around L5 as a real
power series of the form,

H(X, Y, PX , PY ) =
+∞∑
l=2

fl(X, Y, PX , PY ),

where ∀l ≥ 2, fl(X, Y, PX , PY ) ∈ Pl(X, Y, PX , PY ) and Pl(·) is the space of homogeneous
polynomials of degree l in the variables appearing as arguments. It is well known that, if
µ < (1−

√
23/27)/2 , there is a class of linear canonical transformations (X, Y, PX , PY ) =

L(x1, x2, y1, y2) bringing the quadratic part of the Hamiltonian in normal form,

H(I)(x1, x2, y1, y2) =
ν1

2
(x2

1 + y2
1) +

ν2

2
(x2

2 + y2
2) +

+∞∑
l=3

f
(I)
l (x1, x2, y1, y2), (4)

where f
(I)
l (x1, x2, y1, y2) ∈ Pl(x1, x2, y1, y2) , ∀l ≥ 3 . One of these canonical transforma-

tions can be calculated as described in Section 2.1 of [GS97] (where the linear transfor-
mation used in [GDF+89] is adapted to the polar coordinates introduced in (2)). We
remark that here we have used a canonical transformation L that is not the same as the
one described in [GS97] and that the results in the present work do not depend on this
choice. In the Sun-Jupiter system , we have µ = 9.538753571× 10−4 and the frequencies
take the values:

ν1 = −8.0463875714716596× 10−2, ν2 = 9.9675752553214603× 10−1. (5)

We introduce action-angle variables by means of the canonical transformation (x, y) =
A(I, ϕ) defined as:

xj =
√

2Ij cos ϕj , yj =
√

2Ij sin ϕj , ∀ j = 1, . . . , n, (6)

where hereafter we write the expressions of the canonical transformations for a system
having generically n degrees of freedom (of course, in the planar RTBP, n = 2). Then,
the Hamiltonian can be written as

H(II)(I, ϕ) = ν · I +
+∞∑
l=3

f
(II)
l (I, ϕ) , (7)

where the functions f
(II)
l are homogeneous polynomials of degree l in the square root of

the actions and trigonometric polynomials of degree l in the angles. Moreover, for any
fixed index m ∈ {1, . . . , n} and for all term appearing in the expansion of f

(II)
l the degree
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Figure 2: Spherical projection into the (x, y) coordinates of the planar RTBP Sun-Jupiter
system of the Trojan orbital elements at the Julian date 2452600.5. Note how these initial
conditions shadow the banana shape of the stability region.

in
√

Im and the m-th component of the Fourier harmonics have the same parity, i.e.

f
(II)
l (I, ϕ) =

∑
i1+...+in=l

i1∑
j1=0

. . .
in∑

jn=0

{

c
(II)
i1,...,in,j1,...,jn

(
n∏

m=1

√
I im
m

)
cos

[
n∑

m=1

(im − 2jm)ϕm

]

+ d
(II)
i1,...,in,j1,...,jn

(
n∏

m=1

√
I im
m

)
sin

[
n∑

m=1

(im − 2jm)ϕm

]}
, (8)

where c
(II)
i1,...,in,j1,...,jn

and d
(II)
i1,...,in,j1,...,jn

are real coefficients.
The action-angle coordinates (I, ϕ) and the Hamiltonian (7) are the usual setting to

use the tools of the perturbation theory (Birkhoff normal form, KAM and Nekhoroshev
theory, etc.).

2.3 Initial conditions of the Trojan asteroids in the planar RTBP

The orbital elements of the Trojan asteroids are taken from the Bowell Catalog [Bow] at
the Julian date 2452600.5 (October 22th, 2002). Afterwards, we send their coordinates to
the three dimensional RTBP system and, finally, we project them spherically to the Sun-
Jupiter plane to obtain the initial conditions to be used in the computations. We believe
that to simulate the Trojan asteroids in the planar RTBP, a spherical projection (which
is equivalent to take zero inclinations) makes more sense than an orthogonal projection
w.r.t. the z axis. In Figure 2, we plot the synodical (x, y) coordinates corresponding
to these initial conditions for the RTBP system. It is remarkable how these projected
coordinates shadow the famous “banana” shape of the stability region found in several
numerical investigations ([MS81]).
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Figure 3: (I1, I2) spherical projections of the Trojan initial conditions into the Sun-Jupiter
plane in the Julian date 2452600.5. The right plot is a zoom of the left plot’s left-bottom
corner.
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Figure 4: Measure of the distance to the Lagrangian point (‖I‖2 =
√

I2
1 + I2

2 ) of the
Trojans’ projected coordinates. The left plot corresponds to (‖I‖2, ϕ1) and the right one
to (‖I‖2, ϕ2).

In Figure 3, the distribution of these initial conditions in the (I1, I2) plane is shown.
We can see that most of them lie in the domain max{I1, I2} ≤ 0.05, but it is worth to
note that some of them reach very high action values (I1 � 0.1). This fact makes very
difficult to use perturbative methods around the equilibrium point, I1 = I2 = 0, to prove
stability for such distant objects.

In Figure 4, we plot a measure of the distance (given by ‖I‖2 =
√

I2
1 + I2

2 ) of these
initial conditions to the triangular points with respect to the two angles (ϕ1, ϕ2), where
the action-angle variables are defined by (6). This figure suggests that for some particular
phases (e.g. ϕ1 ∼ 1.3 or 1.7 and ϕ2 ∼ 0.3 or −2.5), the stability regions are larger. The
asteroids that reach higher values of the actions can go farther from the equilibrium points.
In particular, they correspond to the bodies that can approach the extremes of the banana
region mentioned before. In the next section we confirm these assertions with a numerical
simulation of the “global” dynamics near the triangular region for some concrete phases.
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3 Numerical study of the stability region

We fix the variables ϕ1 and ϕ2 (the concrete values will be specified later on) and we take
a mesh of points in the positive quadrant of the (I1, I2) plane:

I1 =
k1I

max
1

N1

for k1 = 0, . . . , N1,

I2 =
k2I

max
2

N2

for k2 = 0, . . . , N2.

We use these points, (I1, I2, ϕ1, ϕ2), as initial conditions of a numerical integration in a
interval of time [0, T ]. The integration is performed by the symplectic integrator SBAB3

(described in [LR01]) with a fixed time step of 0.005 and with T = 215 = 32768 (in
adimensional units). Then, by means of a refined Fourier analysis of a sample of the
trajectory (see [GMS02], for the actual implemented algorithm, and [Las95, Las99], for
an introduction to the frequency analysis method), we evaluate the two basic frequencies

of the orbits that we call ω
(1)
1 and ω

(1)
2 . Afterwards, we repeat the integration in the

interval of time [T, 2T ] and we recompute the frequencies. In this case, we call them ω
(2)
1

and ω
(2)
2 . Finally, we consider the values δj =

∣∣∣1− ω
(2)
j /ω

(1)
j

∣∣∣, j = 1, 2, as an estimation

of the diffusion rate (see [RL01]) related to the orbit starting from the phase space point
(I1, I2, ϕ1, ϕ2). The value of δj gives an estimation of the chaoticity of the particular orbit.
That is, if the trajectory associated to an initial condition is quasi-periodic, δj should be
zero.

In Figure 5, we show a contour plot of the function σj = log δj for j = 1 (we obtain
similar pictures for the σ2 case). The color code goes from blue, corresponding to motion
close to quasi-periodic (δj < 10−10), to red, for strongly irregular and escaping motion
(δj > 10−2). We plot two examples corresponding to the selection of two pairs of phases:
(ϕ1, ϕ2) = (0, 0) (left plot) and (ϕ1, ϕ2) = (1.78,−2.82) (right plot). The stability region
(blue part) shown in the left plot is the generic situation for most of the phases. But, for
some particular initial phases the stability region is much larger. This is the case in the
right plot, where we choose a phase very close to the one of the asteroid 2759-Idomeneus
(which has a rather large ‖I‖2).

Let us compare the existing analytical results with the stability region given by our
numerical investigations. Looking at Table 1 of both [GS97] and [SD00] (that contain, up
to our knowledge, the best existing results of the Trojan stability in the RTBP model)
the domain of the initial conditions corresponding to orbits that are effectively stable
is approximately contained in the rectangle (I1, I2) ∈ [0, 0.0005] × [0, 0.0008]. This fact
clearly shows that the analytical results obtained up to now are quite far from giving a
complete explanation of the stability of the motion of the Trojans.
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Figure 5: Global stability portrait of the (I1, I2) plane for two different pairs of phases.
The left plot corresponds to the phases (ϕ1, ϕ2) = (0, 0). The phases for the right plot
are (ϕ1, ϕ2) = (1.78,−2.82). See text for more details.
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4 Constructive algorithm for invariant tori close to

an elliptic point

An explicit procedure to construct invariant tori near an elliptic equilibrium point is
described in [LG00], where the considered system is the secular part of the Sun–Jupiter–
Saturn system. The algorithm can also be applied to the neighbourhood of the Lagrangian
points of the RTBP, but it only converges for initial data in a domain that has more or
less the same size as the set of initial condition for which the method used in [GS97]
and in [SD00] works. In the present section, we will explain how such a procedure can
be modified in order to increase its domain of application. Therefore, in Section 4.1 we
first adapt the algorithm described in [LG00] to the present context. In Section 4.2 we
provide an example that illustrates why a direct application of that algorithm to the
RTBP gives poor results. Finally, in Section 4.3 we show the modifications that will allow
us to construct invariant tori in a much wider neighbourhood of the equilibrium point.

4.1 Kolmogorov’s normalization near an elliptic equilibrium point

The goal is to introduce a suitable set of coordinates such that (7) is in the Kolmogorov’s
normal form,

H(∞)(p, q) = ω · p +O(p2) , (9)

where the surface p = 0 is invariant with respect to the flow and the motion over that
torus has angular frequencies equal to ω ∈ Rn. The algorithm consists of a sequence of
canonical transformations that we describe in three separated steps.

(i) Birkhoff normalization up to a finite degree
The aim of each single step of the Birkhoff normalization is to eliminate the dependence
on the angles in the part of the Hamiltonian having a fixed degree in the (square root of
the) actions. To be more precise, let us describe the Birkhoff normalization of the third
degree. We first determine a generating function B(III) by solving the equation

ν · ∂B(III)

∂ϕ
+ f

(II)
3 − 〈f (II)

3 〉ϕ = 0 , (10)

where 〈·〉ϕ indicates the average over the angles ϕ . From the generic form of the functions

f
(II)
l described in (8), it follows that 〈f (II)

3 〉ϕ = 0. Using the formalism of the Lie series
(for an introduction to these topics, see, e.g., [Grö60] and [Gio95]), the transformed
Hamiltonian is given by

H(III) = exp LB(III) H(II) =
+∞∑
j=0

1

j!
Lj

B(III) H(II) = ν · I +
+∞∑
l=4

f
(III)
l (I, ϕ) , (11)

where we have renamed the new variables of H(III) again (I, ϕ) (this abuse of notation will

be repeated hereafter) and one can easily calculate the expression of f
(III)
l as a function

of B(III) and f
(II)
l just collecting the homogeneous polynomials having the same degree in

the square root of the actions. Thus, the functions f
(III)
l are of the same type as in (8).
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It is well known that this sequence of Hamiltonians and canonical transformations
produced by the Birkhoff normalization does not converge on any open neighbourhood
of the equilibrium point ([PM03]). Note that the Birkhoff normal form of degree 3 is
enough to start the following construction of the Kolmogorov’s normal form and that the
radius of convergence of the Hamiltonian shrinks to zero when the degree of the Birkhoff
normalization goes to ∞. On the other hand, by performing the Birkhoff normalization
up to a degree higher than 3, we can improve the numerical stability of the calculation of
the coefficients appearing in the expansions generated by the algorithm. Here, we have
computed the Birkhoff normalization up to fifth degree which is good enough for our
purposes.

To fix the ideas, let us conclude describing the construction of the Birkhoff normal
form up to the fifth degree. The final Hamiltonian is given by

H(V) = exp LB(V)

(
exp LB(IV)

(
exp LB(III) H(II)

) )
= ν · I + f

(V)
4 (I) +

+∞∑
l=6

f
(V)
l (I, ϕ) , (12)

where (a) the functions f
(V)
l are homogeneous polynomials of degree l in the square root

of the actions I of type (8); (b) the generating function B(IV) is defined by the following
equation:

ν · ∂B(IV)

∂ϕ
+ f

(III)
4 − 〈f (III)

4 〉ϕ = 0 ; (13)

(c) the generating function B(V) is obtained by solving an analogous equation where terms
of fifth degree in the square root of the actions and with angular average equal to 0 appear;
and finally, (d) f

(V)
4 = 〈f (III)

4 〉ϕ .
Let us recall that the canonical transformation B inducing the Birkhoff normalization

up to the fifth degree is explicitly given by

B(I, ϕ) = exp LB(V)

(
exp LB(IV)

(
exp LB(III) (I, ϕ)

))
, (14)

because one immediately sees that H(V)(I, ϕ) = H(II)
(
B(I, ϕ)

)
using the exchange theo-

rem for Lie series.

(ii) Initial translation of the actions
The canonical transformation (I, ϕ) = T (p, q) performing a translation of the actions is
of the following type:

Ij = pj + I∗j , ϕj = qj , ∀ j = 1, . . . , n . (15)

Let us recall that we are constructing an invariant torus with a fixed frequency vector ω.
Following [LG00], the initial translation can be determined in such a way that, in the in-
tegrable approximation, the quasi-periodic motions on the invariant torus (p = 0, q ∈ Tn)
have angular frequencies ω. Therefore, we determine the vector I∗ with positive compo-
nents (recall the canonical transformation in (6)) as the nearest to the origin solution of
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the following equations:

νj +
∂f

(V)
4

∂Ij

(I) +
∂〈f (V)

6 〉ϕ
∂Ij

(I) = ωj , ∀ j = 1, . . . , n . (16)

We can write the expansion of H(VI)(p, q) = H(V)(T (p, q)) as follows:

H(VI)(p, q) = ω · p +
∑
s≥0

∑
l≥0

f
(VI,s)
l (p, q) , (17)

where f
(VI,s)
l ∈ Pl,2s and Pl,2s is the set of functions that are homogeneous polynomials of

degree l in the action variables and trigonometric polynomials of degree 2s in the angular
ones. Note that this expansion is unique if we add the request that any monomial term
appearing in the explicit expression of f

(VI,s+1)
l cannot belong to Pl,2s , ∀ l ≥ 0 and s ≥ 0 .

Moreover, using the Cauchy inequalities, one easily sees that the size (of any suitable

norm) of f
(VI,s)
l can be estimated with an upper bound that is essentially proportional to

the s–th power of the ratio of ‖I∗‖ over the analytic radius of convergence of H(V), and it
is inversely proportional to the l–th power of the minimum component of vector I∗ (see
the discussion in [Loc01]).

At this point, we want to mention that we have some freedom in the crucial choice of
the initial translation vector I∗, as it will be discussed in Section 4.3.

(iii)The standard Kolmogorov’s normalization algorithm
Let us describe the generic r–th step of the Kolmogorov’s normalization algorithm. We
begin with a Hamiltonian of the type

H(r−1)(p, q) = ω · p +
∑
s≥0

∑
l≥0

f
(r−1,s)
l (p, q) , (18)

where f
(r−1,s)
l ∈ Pl,2s and none of the monomials in the expansion of f

(r−1,s+1)
l belong to

Pl,2s , ∀ l ≥ 0 and s ≥ 0 . To fix the ideas, we can start with r = 2 defining H(1) = H(VI).
Since we point to a Hamiltonian of type (9), we must remove the main perturbing

terms of degree 0 and 1 in the actions. We will proceed in two separate steps. We
first remove part of the unwanted terms via a canonical transformation with generating
function χ

(r)
1 (q) = X(r)(q) + ξ(r) · q (being ξ(r) ∈ Rn). Thus, we solve with respect to

X(r)(q) and ξ(r) the equations

ω · ∂ X(r)

∂q
(q) +

r∑
s=1

f
(r−1,s)
0 (q) = 0 , C(r)ξ(r) · p + f

(r−1,0)
1 (p) = 0 , (19)

where the n× n matrix C(r) is defined by the equation 1
2
C(r)p · p = f

(r−1,0)
2 (p) . A unique

solution satisfying 〈X(r)〉q = 0 exists if the frequencies ω are non–resonant up to order
2r, k · ω 6= 0 , ∀ 0 < |k| ≤ 2r with k ∈ Zn, and if det C(r) 6= 0 . We must now give the

expressions of the functions f̂
(r,s)
l appearing in the expansion of the new Hamiltonian:

Ĥ(r)(p, q) = ω · p +
∑
s≥0

∑
l≥0

f̂
(r,s)
l (p, q) , (20)
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where Ĥ(r) = exp L
χ

(r)
1

H(r−1). To this aim, we will redefine many times the same quantity

without changing the symbol. In our opinion, such a repeated abuse of notation has two
advantages: first, this makes easier to understand the final calculation of f̂

(r,s)
l instead

of using one single very complicated formula; second, the description of the algorithm is
more similar to its translation in a programming code. For instance, mimicking the C
language, with the notation a ←↩ b we mean that the previously defined quantity a is
redefined as a = a + b . Therefore, we initially define

f̂
(r,s)
l = f

(r−1,s)
l (p, q) ∀ l ≥ 0 and s ≥ 0 . (21)

To take into account the Poisson bracket of the generating function with ω · p, we put

f̂
(r,0)
0 ←↩ ω · ξ(r) , f̂

(r,s)
0 = 0 ∀ 1 ≤ s ≤ r . (22)

Then, we consider the contribution of the terms generated by the Lie series applied to
each function f

(r−1,s)
l as follows:

f̂
(r,s+jr)
l−j ←↩

1

j!
Lj

χ
(r)
1

f
(r−1,s)
l ∀ l ≥ 1 , s ≥ 0 and 1 ≤ j ≤ l . (23)

Looking at formulæ (21)–(23), one can easily check that f̂
(r,s)
l ∈ Pl,2s ∀ l ≥ 0 and s ≥ 0 .

We perform now a “reordering of the terms”: this means that for any fixed f̂
(r,s)
l we move

to f̂
(r,j)
l all the monomials appearing in its expansion and belonging also to Pl,2j with

0 ≤ j < s ; we repeat this operation on Hamiltonian (20) in such a way that at the end of

the reordering none of the monomials in the expansion of f̂
(r,s+1)
l belong to Pl,2s , ∀ l ≥ 0

and s ≥ 0 .
In the second part of the r–th step of the Kolmogorov’s normalization algorithm, by

using another canonical transformation, we remove the part of the perturbation up to the
order of magnitude r that actually depends on the angles and it is linear in the actions.
Thus, we solve with respect to χ

(r)
2 (p, q) the equation

ω · ∂ χ
(r)
2

∂q
(p, q) +

r∑
s=1

f̂
(r,s)
1 (p, q) = 0 , (24)

where again the solution exists and it is unique if 〈χ(r)
2 〉q = 0 and the frequencies ω are

non–resonant up to order 2r. Analogously to what we have done above, we now provide
the expressions of the functions f

(r,s)
l appearing in the expansion of the new Hamiltonian:

H(r)(p, q) = ω · p +
∑
s≥0

∑
l≥0

f
(r,s)
l (p, q) , (25)

where H(r) = exp L
χ

(r)
2

Ĥ(r). We initially define

f
(r,s)
l = f̂

(r,s)
l (p, q) ∀ l ≥ 0 and s ≥ 0 . (26)
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In order to take into account the contribution of the terms generated by the Lie series
applied to ω · p , we put

f
(r,jr)
1 ←↩

1

j!
Lj−1

χ
(r)
2

(
ω · ∂ χ

(r)
2

∂q

)
∀ j ≥ 1 . (27)

Then, the contribution of the Lie series applied to the rest of the Hamiltonian Ĥ(r) implies
that

f
(r,s+jr)
l ←↩

1

j!
Lj

χ
(r)
2

f̂
(r,s)
l ∀ l ≥ 0 , s ≥ 0 and j ≥ 1 . (28)

Finally, we perform a new “reordering of the terms”, so that at the end the functions
f

(r,s)
l ∈ Pl,2s appearing in the expansion (25) of the new Hamiltonian H(r) are such that

none of the monomials in the expansion of f
(r,s+1)
l belong to Pl,2s , ∀ l ≥ 0 and s ≥ 0 .

Let us recall that the canonical transformation K(r) inducing the Kolmogorov’s normal-
ization up to the step r is explicitly given by

K(r)(p, q) = exp L
χ

(r)
2

(
exp L

χ
(r)
1

(
. . . exp L

χ
(2)
2

(
exp L

χ
(2)
1

(p, q)
)
. . .
))

. (29)

This conclude the r–th step of the algorithm that can be iterated at the next step.

Let us end the description of the standard Kolmogorov’s normalization with a final re-
mark. As a main difference with respect to other papers on the KAM theory (i.e. [GL97a],
[GL97b], [CGL00] and [LG00]), here we have not explicitly written the expansions in a
small parameter, instead we have clearly prescribed to add up terms corresponding to
different orders of magnitude in the small parameter when the “reordering of the terms”
is performed. The main advantage of this slight modification is to save most of the mem-
ory occupation when the calculations are performed on a computer. Roughly speaking, it
is possible to handle the temporarily defined functions in such a way that, for any fixed
degree l, one can keep in memory the expansion requested by one single function ∈ Pl,2s

instead of that requested by a function ∈ Pl,2 , plus one ∈ Pl,4 , . . ., plus one ∈ Pl,2s . This
is an important improvement, because the final accuracy of the results depends on the
number of Kolmogorov’s normalization steps that one can explicitly perform on the com-
puter (see the discussions about both the study of the approximation of the orbits and the
computer–assisted proofs of existence of KAM tori in [LG00] and [CGL00], respectively.).

4.2 Non uniqueness of invariant tori for fixed frequency vectors

As it has been mentioned before, a straightforward application of the Kolmogorov’s nor-
malization algorithm gives disappointing results. Indeed, when the initial translation vec-
tor I∗ is not very small, the sequence of the canonical transformations is non-convergent.
In particular, the first generating functions that show up a sudden increase of the coeffi-
cients in the numerical implementation of the method, is the translation of the actions,
i.e. {ξ(r) · q}r≥2 . Here we will discuss some of the reasons for such a behavior.
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Figure 6: Projection on the plane (I1, I2) of the shape of two different invariant
tori having the same angular frequencies. The lower torus is given by the algo-
rithm described at points (a)–(e) of 4.3, starting from the frequencies (ω1, ω2) =
(−0.0787481844821318, 0.996540006111648) corresponding to 624 Hektor (see Table 1).
The upper torus is obtained by changing the previous algorithm at the point (b1) only:
in this second case, we used the nearest to the origin solution of (16) as the initial trans-
lation vector I∗. In both cases, we projected 5 000 equally time-spaced points along the
motion (p(t) = 0, q(t) = ωt) (where (p, q) are the action-angle coordinates at the end of
the normalization procedure) through the canonical transformations B ◦ T ◦K(20) ◦ K(20)

related to the two different invariant tori (with B , T , K(20) and K(20) defined as in 4.3).
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First of all, let us recall that the vectors ξ(r) are determined by the second equation
in (19), where the matrix C(r) gives approximately (in the limit r →∞) the local corre-
spondence between frequencies and actions, in a set of coordinates such that the action
values locate the invariant tori (see [MG95]).

Figure 6 shows two different tori with the same frequencies. Moreover, we have checked
that the determinants of the two matrices C(∞) related to those two tori have opposite
signs – one can prove that the determinant of the matrix C(∞) is an intrinsic function of
the invariant torus and is invariant under canonical transformations for which the origin is
fixed. Therefore, it does not exist a one-to-one mapping between frequencies and invariant
tori.

As discussed in [Las99], in the context of quasi-integrable systems, the frequency
analysis can be used to describe the diffeomorphism Ψ : Tn × Ω 7→ Tn × Rn (where Ω
is a suitable open set of frequencies) such that its restriction on a Cantor subset Ω̃ ⊂ Ω
locate the invariant tori; i.e. the manifold Ψ(Tn, ω) is invariant ∀ ω ∈ Ω̃ . The existence
and regularity of Ψ were proved in [Pös82].

In Figure 7, we numerically study the correspondence between the actions (I1, I2),
before the Birkhoff normalization, and the frequencies of the motion (ω1, ω2). More con-
cretely, we investigate the Jacobian, J , of Φϕ(·) = Ψ−1(ϕ, ·) , where the values of the
angles ϕ = (ϕ1, ϕ2) are fixed. This figure highlights the existence of a manifold where
det J = 0 . Therefore, in this case, the correspondence between frequencies and invariant
tori is not invertible.

This is related to the numerical instability of the determination of the translations
of the actions, {ξ(r) · q}r≥2 . Let us note that in the algorithm described in Section 4.1,
the determinants of the matrix C(∞) and the Jacobian J are nearly equal. Indeed, the
construction of the Kolmogorov’s normal form that starts with coordinates (I1, I2, ϕ1, ϕ2)
is given by the composition of:

1. the Birkhoff normalization B, which is near to the identity in a neighborhood of the
origin of the actions;

2. the initial translation of the actions T , that does not change the Jacobian of the
frequencies–actions map;

3. the standard Kolmogorov’s normalization algorithm, that uses matrices related to
C(∞).

Thus, the determinant of C(r) can get very small (possibly zero) when dealing with the
normalization algorithm, even for invariant tori located not far from the equilibrium
point. We believe that this fact explains the strong numerical instability observed in the
determination of the sequence of vectors ξ(r).

4.3 The modified algorithm constructing the Kolmogorov’s nor-
mal form

As the prediction of the translation vectors ξ(r) given by (19) can be affected by large
errors, we have split the standard Kolmogorov’s normalization algorithm in two separate
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Figure 7: Local study of the Jacobian J of the map associating actions and frequencies.
Top–left box: behavior of the ratio of the frequencies corresponding to initial conditions
on the line connecting those which generate the invariant tori plotted in Figure 6. Middle
picture: 3D plot of det J as a function of the initial values of the actions (the initial values
of the angles are always the same as in the maximum point of the picture in the top–left
box, i.e. ϕ1 = 0.205173 and ϕ2 = 0.244193). Bottom–left box: grid of the initial values of
the actions for which the corresponding points are reported in the middle picture. Both
in bottom–left box and in the middle picture, the region corresponding to non-negative
[negative, resp.] values of det J have been colored with a darker [lighter] gray. Top–right
[bottom–right, resp.] box: section of the function plotted in the middle, after having fixed
I2 [I1] equal to its medium value in the rectangular grid.
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steps. First, we iterate for a fixed number of steps the normalization algorithm by setting
to zero the translation vectors ξ(r). Under mild theoretical assumptions, such a partial
normalization procedure can still converge to a Hamiltonian in Kolmogorov’s normal
form related to a vector of angular frequencies ω∗ different from ω. Then, using this
intermediate Hamiltonian H ' ω∗ · p + O(p2) as the initial one, we restart a complete
standard Kolmogorov’s normalization algorithm now including the translation vectors
ξ(r) defined in (19). This splitting of the normalization algorithm in two separate steps
becomes advantageous if, after the first step, the frequencies ω∗ are sufficiently close to ω
and, thus, the translation vectors ξ(r) are small enough.

Let us remark that the frequencies ω∗, related to the intermediate Hamiltonian H '
ω∗ · p +O(p2), depend on the initial translation vector I∗ of the canonical transformation
(15). Therefore, we try to choose I∗ such that the frequency vector ω∗ is as close as
possible to ω. Thus, we use as a first guess of the “optimal” value of I∗ the value of the
actions of the initial conditions in the coordinates (I, ϕ) after the Birkhoff normalization,
because those actions should be “nearly” constant and then (I = I∗, ϕ ∈ Tn) should be a
“good enough” initial approximation of the wanted invariant torus. Therefore, we try to
improve our choice of I∗, by approximating numerically the Jacobian matrix JI∗ of the
function ω∗(I∗) and then solving the linear equation JI∗(I− I∗) = ω−ω∗ in the unknown
I. This value I for the initial translation vector is often suitable enough to apply the
previous ideas.

We now provide a detailed description of our algorithm. Let us consider as starting
point a system of the type described by the Hamiltonian H(II) in (7). Then, let us carry
out the following steps.

(a) Perform the canonical transformation B that realizes the Birkhoff normalization up to
a finite degree, as described at point (i) of Section 4.1.

(b)Determine a good initial translation vector I by using one step of the following pro-
cedure:

(b1) Let us refer to the initial conditions as (I0, ϕ0); calculate their values in the new
coordinates, say (I∗0 , ϕ

∗
0) = B(I0, ϕ0). Then, perform the initial translation of the actions,

as at point (ii) of Section 4.1, by replacing I∗ with I∗0 .

(b2) Let us perform the Kolmogorov’s normalization algorithm up to a fixed R′–
th step, as at point (iii) of Section 4.1, starting from H(1) = H(VI), but putting the
translation vectors ξ(r) = 0 , ∀ r = 2, . . . , R′ . Let us define ω∗

0 in such a way that

ω∗
0 · p = ω · p + f

(0,r+1)
1 (p), with f

(0,r+1)
1 as obtained at the end of such procedure. R′ is a

fixed integer parameter that is selected sufficiently large to allow the convergence of the
whole algorithm, but also taking into consideration the computational resources available.

(b3) Repeat point (b1), by replacing now I∗ with I∗0 + (δ1I
∗
0 )e1 , where e1 is the

unit vector in the first axis direction and δ1I
∗
0 is a carefully chosen scalar coefficient such

that |δ1I
∗
0 | � ‖I∗0‖. More concretely, in the numerical applications, we have defined

δjI
∗
0 = I∗0,j/1000 ∀ j = 1, . . . , n , where I∗0 = (I∗0,1 , . . . , I∗0,n).

...

(b2n+1) Repeat point (b1), by replacing now I∗ with I∗0 + (δnI
∗
0 )en .

(b2n+2) Repeat point (b2), then define δnω
∗
0 in such a way that (ω∗

0 + δnω
∗
0) · p =
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ω · p + f
(0,R′+1)
1 (p) .

(b2n+3) Let matrix A be such that every j–th column is given by δjω
∗
0/δjI

∗
0 ∀ j =

1, . . . , n ; therefore, A ' JI∗0
. Solve the equation A(I − I∗) = ω − ω∗

0 in the unknown I.
(c) Perform the translation of the actions as at point (ii) of Section 4.1, replacing I∗ with
I.
(d) Let us perform the Kolmogorov’s normalization algorithm without translations, as at

step (b2). In what follows we will denote as {H(r)}R′
r=1 , {X(r)

1 ,X
(r)
2 }R

′
r=2 and {K(r)}R′

r=2 the
obtained finite sequences of the Hamiltonians, the generating functions and the canonical
transformations, respectively; so that H(1) = H(VI), H(r) = exp L

X
(r)
2

(
exp L

X
(r)
1

H(r−1)
)

and H(r) = H(1) ◦K(r), ∀ r = 2, . . . , R′ . Therefore, K(r) is explicitly given by a formula
analogous to (29), by replacing the symbols K and χ with K and X, respectively.
(e) Let us perform the standard Kolmogorov’s normalization algorithm, as at point (iii)
of Section 4.1 (with the translation vectors ξ(r) given by (19)), starting from H(1) = H(R′).

The knowledge of the normal form (and of the normalizing transformations) allows
for an explicit integration of the motion. For instance, if we consider the coordinates
(X, Y, PX , PY ) introduced in Section 2.1 and the action-angle variables (p, q) of the normal
form, we have that

(X(0), Y (0), PX(0), PY (0))

(
C(∞)

)−1

−→ (p(0) = 0 , q(0))

↓ ,

(X(t), Y (t), PX(t), PY (t))
C(∞)

←− (p(t) = p(0) , q(t) = q(0) + ωt)

(30)

with C(r) = L ◦A ◦B ◦ T ◦K(R′) ◦K(r), where the canonical transformations L and A are
defined in Section 2.2, and B , T , K(R′) and K(r) are determined at points (a), (c), (d)
and (e) of the algorithm described above, respectively.

We have checked the implementation by comparing some numerical integrations against
the results from the normal form, by means of the scheme (30).

5 Description of the results

In Figure 8, we have reported the results of such a comparison for 588 Achilles. More pre-
cisely, we have derived its initial conditions in the RTBP planar model from a spherical
projection of the spatial coordinates. Then we have numerically calculated the corre-
sponding frequencies of motion ω = (ω1, ω2) by using the frequency analysis method.
Afterwards, we have carried out the algorithm constructing the invariant torus corre-
sponding to ω by performing both the Kolmogorov’s normalization at points (d) and (e)
up to the step r = R′ = 20 . A software package, specially designed for the algebraic
manipulation, allowed us to produce the expansions of the functions defined by the algo-
rithm. The particular choice in the degree of the Kolmogorov normal form (20-th order)
is due to limitations on both software and hardware resources available to us, but it is
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Figure 8: Test on the reliability of the construction of the Kolmogorov’s normal form
on the planar RTBP for the asteroid 588 Achilles. On the left: time dependency of
the relative differences between a numerical integration and the semi-analytic one, based
on an approximation of the scheme (30) (see the text for more details). Top-right box:
projection of the invariant torus in the (x, y) coordinates. Bottom-right box: behavior
of the norm of the generating functions as a function of the normalization step; more
precisely, the symbols 4 [♦, resp.] refer to the norm of the generating functions X2 [χ2]
defined during the Kolmogorov’s normalization without [with] translations, as described
at point (d) [(e)] of Section 4.3.
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Figure 9: Summary of the results of the algorithm constructing invariant tori. In corre-
spondence with the values of the actions (I1, I2) related to the initial conditions (expressed
in the coordinates (I, ϕ) previous to the Birkhoff normalization), we have used the symbol
� when the orbit is chaotic, • if the algorithm does not converge and ◦ if it does. The
figure on the right is an enlargement of the one in the left. In addition, in the right figure,
below every symbol, we show the catalog number of the corresponding asteroid. More-
over, for each case where the algorithm converges, the corresponding initial translation
vector (I1, I2) has been indicated with the symbol ⊕.

already enough for our purposes. Thus, it has been possible to approximate the motion
in a semi-analytic way by using the normal form and the scheme (30), where we have
replaced C(∞) with C(20). Finally, we have compared this semi-analytic integration of
the equations of motion with a numerical one. The behavior of the relative difference
∆(X(t), Y (t),P(t))/‖(X(t), Y (t),P(t))‖ (where, for short, P means PX , PY ) is plotted in
the left column of Figure 8, on the time interval [−105, 105], whose width corresponds to
about 0.4 My. The agreement between the results of the two methods is excellent. Indeed,
in terms of the synodical coordinates (x, y), the absolute difference between the values of
each coordinate as calculated by the two different methods stays within 5.3×10−7 (which
is equivalent to an error of about 10−7 A.U., comparable to the current uncertainty of
the observations). In the top-right box of Figure 8, we have projected the invariant torus
on the synodical coordinates (x, y). We can appreciate that the invariant torus extends
also quite far away from the equilibrium point (compare with Figure 1) and the area
filled by its projection is not negligible at all with respect to the region described by the
initial conditions of the asteroids (look at Figure 2). Moreover, in the bottom-right box
of Figure 8, we reported the norm (given by formula (31)) of the generating functions.
We can appreciate a sharp geometrical decreasing of the norms as a function of the nor-
malization step for the generating functions defined by Kolmogorov’s normalizations with
and without the translations.
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We have applied this procedure for the first 34 Trojan asteroids of the catalog. The
initial conditions in the RTBP with spherical projection in the plane z = 0, give rise
to orbits which either have close encounters with Jupiter or are strongly chaotic in four
cases (that are 1172 Aneas, 1583 Antilochus, 1873 Agenor and 2223 Sarpedon). For
what concerns the remaining 30 asteroids, the corresponding motions look quasi-periodic
according to the frequency analysis method. Hence, it has been possible to apply the
algorithm to construct the corresponding invariant torus. The algorithm does not work
properly for 7 other asteroids: 1868 Thersites, 1872 Helenos, 2146 Stentor, 2207 Antenor,
2363 Cebriones, 2674 Pandarus and 2759 Idomeneus. For all the remaining cases, the
sequences of the norms of the generating functions X

(r)
2 and χ

(r)
2 (defined at point (d) and

(e) of Section 4.3, respectively) show a very regular geometrically decreasing behavior
similar to the one in the bottom-right box of Figure 8. Therefore, the algorithm is clearly
convergent for all these 23 asteroids.

The results are visualized in Figure 9, by referring to the same plane (I1, I2), used
in Section 3 to numerically study the stability region close to the equilibrium point. By
comparing the picture on the left of Figure 9 with Figure 5, we immediately remark that
our algorithm seem to be convergent every time that the initial values of the actions are
located in the “usual” stability region (with the possible exception of 1868 Thersites and
1872 Helenos, which look very close to a resonant zone). On the other hand, the algorithm
does not work when the initial actions are too big.

The main results obtained are summarized in Table 1. In the fourth and fifth column

of this table, we have reported the decimal logarithm of the ratios
‖X(20)

2 ‖
‖X(2)

2 ‖
and

‖χ(20)
2 ‖

‖χ(2)
2 ‖

,

respectively. Of course, the smaller these ratios are the faster the convergence of the
algorithm is. The initial translation vectors I (determined according to the point (b) of
Section 4.3) are reported in the third column. Let us recall that the size of the perturbation
is essentially ruled by the translation vector, as discussed at point (ii) of Section 4.1.
Comparing the third column with the fourth and the fifth ones, one can appreciate that
the bigger I is, the slower the convergence of the algorithm. Note that the distance in
the direction I1 has a larger weight compared to I2 .

In the last column we report the maximum for t ∈ [−105, 105] of the relative difference
∆(X(t), Y (t),P(t))/‖(X(t), Y (t),P(t))‖ between the values of (X, Y,P) calculated by the
numerical integration of the RTBP and those given by the semi-analytic one, based on
the scheme (30). Let us remark that the relative difference is always nearly aligned in the
direction of the second component (in terms of the polar coordinates, this corresponds to
the angular variable). The agreement between the two methods is not always as good as
in the case of 588 Achilles represented in Figure 8. Indeed, (the second component of)
the maximum of the relative difference ranges between 8× 10−7 and 2× 10−2.

The behavior of Maxt∈[−105,105][‖∆(X(t), Y (t),P(t))‖/‖(X(t), Y (t),P(t))‖] as a func-

tion of either I1 or I1/I2 is rather regular, as shown in Figure 10. The data corresponding
to the asteroids reported in Table 1 are mainly located close to the diagonal of the two
pictures and, sometimes, they are quite well grouped together (especially in the right
plot). The agreement between the two methods is obviously good when the translation
vector is small, but, rather surprisingly, the cases with low perturbation (or, equivalently,



24 On the construction of the Kolmogorov normal form for the Trojan asteroids

Table 1: Main results of the algorithm constructing the invariant tori related to some of
the Trojan asteroids.

asteroid
number

(ω1, ω2) (I1, I2) Lg10
‖X(20)

2 ‖
‖X(2)

2 ‖
Lg10

‖χ(20)
2 ‖

‖χ(2)
2 ‖

Max ∆(X,Y,P)
‖(X,Y,P)‖

588
(

−0.080715474188664579 ,

0.99675295177491230

) (
4.5735621245671771 ·10−4 ,

5.3079239711385654 ·10−3

)
−12.1 −11.3

(
0.7 , 4.1 ,

0.7 , 0.1

)
· 10−6

617
(

−0.080618182744496350 ,

0.99673748443899368

) (
9.1746188112155165 ·10−4 ,

8.8835072759784871 ·10−3

)
− 8.3 − 8.1

(
0.1 , 1.9 ,

0.3 , .04

)
· 10−5

624
(

−0.078748184482131778 ,

0.99654000611164795

) (
1.5329854933817534 ·10−3 ,

8.6242199419992414 ·10−4

)
−12.0 −11.8

(
.08 , 4.0 ,

0.1 , .02

)
· 10−4

659
(

−0.078689625901293248 ,

0.99654350614361831

) (
1.9747523334567290 ·10−3 ,

4.7997474480390070 ·10−3

)
− 9.4 − 7.0

(
0.5 , 8.4 ,

0.9 , 0.2

)
· 10−5

884
(

−0.080192594354172447 ,

0.99669396075437633

) (
9.2304803423234698 ·10−4 ,

5.6786282923325711 ·10−3

)
−11.7 −11.5

(
0.2 , 1.7 ,

0.3 , .04

)
· 10−5

911
(

−0.078023449274368356 ,

0.99646166210736797

) (
2.0339468870637896 ·10−3 ,

4.0062233825115912 ·10−4

)
−10.8 −10.5

(
0.1 , 4.7 ,

.08 , .02

)
· 10−4

1143
(

−0.080453760255799589 ,

0.99675168085465859

) (
7.1640448838141430 ·10−5 ,

4.5625478370349924 ·10−4

)
−24.8 −18.8

(
2.4 , 8.0 ,

2.1 , 0.2

)
· 10−6

1173
(

−0.079687873098300360 ,

0.99665301540279361

) (
7.0262988406317041 ·10−4 ,

2.4071855168768738 ·10−4

)
−16.6 −13.1

(
.04 , 1.2 ,

.07 , .007

)
· 10−4

1208
(

−0.080696004278632952 ,

0.99676302348820989

) (
1.9125277447561861 ·10−4 ,

2.9778876846574278 ·10−3

)
−16.2 −11.4

(
0.9 , 7.8 ,

1.4 , 0.2

)
· 10−6

1404
(

−0.074339814942229479 ,

0.99619812988465195

) (
4.6470852511240716 ·10−3 ,

2.8117200051766301 ·10−3

)
− 5.6 − 5.5

(
0.3 , 4.8 ,

0.3 , .09

)
· 10−3

1437
(

−0.076892743880210571 ,

0.99635020293565268

) (
2.8363044344569010 ·10−3 ,

2.8746815778802861 ·10−4

)
− 7.5 − 6.4

(
.03 , 1.6 ,

.03 , .004

)
· 10−3

1647
(

−0.080027652156843390 ,

0.99669299882105700

) (
4.8053543816242646 ·10−4 ,

7.5059131290292904 ·10−4

)
−18.0 −13.4

(
0.2 , 2.2 ,

0.1 , .03

)
· 10−5

1749
(

−0.079233437316304542 ,

0.99659266795195256

) (
1.3960082696097675 ·10−3 ,

3.0645766576859793 ·10−3

)
−11.8 −11.4

(
0.3 , 3.5 ,

0.3 , .07

)
· 10−5

1867
(

−0.077400216491750912 ,

0.99640034798208466

) (
2.5125755624158183 ·10−3 ,

6.4564726053964829 ·10−4

)
− 9.1 − 7.3

(
.05 , 1.1 ,

.09 , .005

)
· 10−4

1869
(

−0.075273368358587736 ,

0.99622553356358334

) (
3.9658962836038826 ·10−3 ,

1.0138420157461863 ·10−3

)
− 6.9 − 7.0

(
.07 , 3.1 ,

.08 , .002

)
· 10−4

1870
(

−0.080795233402109923 ,

0.99675584255254235

) (
6.5354209594490167 ·10−4 ,

7.6674696509944230 ·10−3

)
− 9.1 − 8.6

(
1.0 , 5.4 ,

0.9 , 0.3

)
· 10−6

1871
(

−0.081514040787185243 ,

0.99682673629125285

) (
5.0828198584491674 ·10−4 ,

1.1874638620374238 ·10−2

)
− 5.8 − 5.5

(
0.3 , 1.8 ,

0.7 , .05

)
· 10−3

2148
(

−0.080533074925310380 ,

0.99674515743171077

) (
2.7971788895957324 ·10−4 ,

2.5682028661620252 ·10−3

)
−16.4 −12.6

(
0.9 , 7.0 ,

1.3 , 0.2

)
· 10−6

2241
(

−0.081707303284590957 ,

0.99685130480612028

) (
7.3644442596587732 ·10−5 ,

9.2156409035582809 ·10−3

)
−10.1 − 7.8

(
1.0 , 8.0 ,

2.1 , 0.2

)
· 10−7

2260
(

−0.081556086303685743 ,

0.99683754696145255

) (
1.0272079815504267 ·10−4 ,

8.3465843575113198 ·10−3

)
−11.3 − 9.1

(
0.2 , 1.6 ,

0.3 , .03

)
· 10−6

2357
(

−0.080330839991193073 ,

0.99670820475542277

) (
1.0216317484861338 ·10−3 ,

7.6859257344373544 ·10−3

)
−10.0 − 9.1

(
0.6 , 6.6 ,

1.0 , 0.3

)
· 10−6

2456
(

−0.079390776282647166 ,

0.99661226620203403

) (
1.0796571731783104 ·10−3 ,

1.3388711955805834 ·10−3

)
−13.7 −11.7

(
.07 , 1.5 ,

.07 , .02

)
· 10−4

2594
(

−0.072399117763879486 ,

0.99605155197123274

) (
5.6531551656997595 ·10−3 ,

1.0973030849600765 ·10−3

)
− 5.4 − 4.9

(
.07 , 1.7 ,

0.1 , .03

)
· 10−2
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Figure 10: The maximum of the relative difference on ‖(X, Y,P)‖ as a function of the
first component of the initial translation (picture on the left) and of the ratio of the two
components (on the right) for all the asteroids for which our algorithm ends successfully.

with a fast convergence to zero of the generating functions) are not those corresponding
to the best results: we can see it, for instance, by comparing the rows related to 1173
Anchises and 1647 Menelaus with 2241 Alcathous. In general, when I2 � I1 (i.e. on the
right part of the pictures in Figure 10), we have an excellent agreement between the two
methods. Indeed, there is only one of such cases (i.e. 1871 Astyanax, which looks very
far from the diagonal in Figure 10) where the maximum of the relative difference is larger
than 2×10−5; but the initial conditions of that asteroid are quite far from the equilibrium
point and in that case we remarked that, by calculating slightly smaller expansions of the
functions, the final results are clearly worse, therefore, we expect that the agreement can
be improved by increasing the size of the expansions. Note that the size of the expan-
sions is not only determined by the final number of the performed steps of the algorithm.
Indeed, there are many parameters ruling the truncations of Hamiltonians and canonical
transformations, that will be described in the next section.

The agreement between the semi-analytic integration and the numerical one progres-
sively deteriorates when the value of either I1 or I1/I2 increases, up to the worst case
of 2594 Acamas. Moreover, we have seen that using slightly smaller expansions of the
functions to calculate the parametric equations of the final invariant tori, the difference
between the two methods of integration remains approximately the same for all the as-
teroids except for the above discussed case of 1871 Astyanax (in most of the cases the
agreement is even better with smaller expansions). These facts bring us to conclude that
the main limitation on the precision of the semi-analytic integration should be due to the
accumulation of the numerical errors in the calculation of the truncated series approxi-
mating the canonical transformations. The size of this error seems to be mainly ruled by



26 On the construction of the Kolmogorov normal form for the Trojan asteroids

the value of I1.

6 Details on the computer–assisted proof

The proof is done for a high order expansion of the Hamiltonian. To avoid the control of
the estimates for all the canonical transformations of Section 4, we will start the computer–
assisted proofs from point (d) of the algorithm described in Section 4.3. The last column
of Table 1 contains also an estimate of the size of the modification introduced by working
on a truncated expansion of the RTBP instead of the true RTBP given by (1). Note that
for asteroids whose value of I1 is not too big, the differences due to the change of models
are not physically relevant.

We will introduce a further simplification. In order to prove that an orbit cannot diffuse
anywhere in the phase space, one should ensure that there is a topological confinement.
The basic element to carry on this “trapping strategy” is the proof of the existence
of families of invariant tori which are close to the initial conditions and have a fixed
(Diophantine) ratio of the frequencies (ω1, ω2). Then, the two final trapping tori are
given by the intersection of the fixed level of energy with two “good” families that are
selected by trial and error (see [LG00]). In this paper, we will simply prove the existence
of some families of invariant tori close to the initial conditions of some asteroids, without
completing the trapping method.

Let us now precisely state which is the starting point of our computer–assisted proof.
We first did all the canonical transformations described in Section 2. Then, we performed
the Birkhoff normalization as described at point (i) of Section 4.1, by truncating the
Hamiltonian up to degree 60 in the actions I. Afterwards, we did the initial translation of
the actions as at point (ii) of Section 4.1, where the value of the vector I for each asteroid
is reported in the third column of Table 1. In this case, we truncated the Hamiltonian up
to degree 20 in the actions p and to degree 42 in the angles q. Thus, we derived 23 different
initial Hamiltonians (that we indicate with the symbol H(n#)) and each of them is related
to the asteroid with catalog number n#. For each of them, by adapting the technique
used in [LG00], we tried to prove the existence of a family of tori with frequencies very
close to the corresponding ones in the second column of Table 1. In the following, we
describe such modifications.

Let us first introduce some notations. If v ∈ Rn, we denote |v| =
∑n

j=1 |vj| . Also,
we write the expansion of a generic function g ∈ Pl,K , with multi-index notation, as
g(p, q) =

∑
|j|=l

∑
|k|≤K [cjkp

j cos(k · q) + djkp
j sin(k · q)] . Then we introduce the norm

‖g‖ =
∑
|j|=l

∑
|k|≤K

[
|cjk|+ |djk|

]
. (31)

We need estimates for the norms of the functions f
(r,s)
l and f

(r,s)
l appearing in

H(r)(p, q) = ω · p +
∑
s≥0

∑
l≥0

f
(r,s)
l (p, q) , (32)
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and (25), respectively; where the sequences of Hamiltonians {H(r)}R′
r=1 and {H(r)}R′′

r=1 are
defined as at points (d) and (e) of Section 4.3, starting from H(1) = H(n#) and from
H(1) = H(R′). More precisely, we select a couple of positive integers R′ and R′′ (to fix
the ideas, in the following we will assume R′ = 24 and R′′ = 2048); then, we look for a
positive constant E and four finite sequences {er}R

′
r=1 , {zr}R

′
r=1 , {εr}R

′′
r=1 and {ζr}R

′′
r=1 of

positive real numbers such that∥∥∥f (r,s)
l

∥∥∥ ≤ es
rE z l

r for 1 ≤ r ≤ R′ , s ≥ 0 , l ≥ 0,∥∥∥f (r,s)
l

∥∥∥ ≤ εs
rE ζ l

r for 1 ≤ r ≤ R′′ , s ≥ 0 , l ≥ 0,
(33)

The estimates are obtained as follows:

(a) Estimate of the generating functions X
(2)
1 , X

(2)
2 , . . ., X

(R′)
1 , X

(R′)
2 , χ

(2)
1 , χ

(2)
2 , . . .,

χ
(R′′)
1 , χ

(R′′)
2 , and of all the intermediate functions necessary to evaluate the previous

ones. This is obtained through a preliminary explicit calculation (by following the
prescriptions given in Section 4, but using intervalar arithmetic, see, e.g., [KSW96]
and [SWW00]) of all the coefficients appearing in the expansions of the functions

f
(r,s)
l and f

(r,s)
l with 0 ≤ l ≤ 20, 1 ≤ r ≤ R′ and 0 ≤ s ≤ R′ + 1. Then, we used a

scheme of iterative estimates analogous to that described in Section 4.1.1 of [LG00].
We just introduced a few obvious changes because here we have to estimate also
the terms f

(r,s)
l of the Hamiltonians H(r) generated by the preliminary Kolmogorov’s

normalization algorithm without translations. Following such a procedure, we ob-

tain explicit upper bounds for the functions f
(r′,s)
l , X

(2)
1 , X

(2)
2 , . . ., X

(R′)
1 , X

(R′)
2 , and

f
(r′′,s)
l , χ

(2)
1 , χ

(2)
2 , . . ., χ

(R′′)
1 , χ

(R′′)
2 , with 0 ≤ l ≤ 20, 1 ≤ r′ ≤ R′, 1 ≤ r′′ ≤ R′′ and

0 ≤ s ≤ R′′ + 1.

(b) Derivation of the upper bounds (33) on the infinite sequence of terms appearing in
the expansions (32) and (25). Here, we have found convenient to start by defining

e1 = max
j=1 , 2

{∥∥∥∥∂X(2)

∂qj

∥∥∥∥} , z1 = max
j=1 , 2

{
1

Ij

}
. (34)

Then, we select E as the minimum value such that the first inequality in (33) is
satisfied for r = 1 (let us recall that we only have to check a finite number of in-

equalities, because the Hamiltonian H(1) is truncated in such a way that f
(1,s)
l = 0

if l > 20 or s > 21). We obtained the values of the terms appearing in the finite
sequences {εr}R

′′
r=1 and {ζr}R

′′
r=1 by applying iteratively the formulæ (46) and (48)

of [LG00], starting from ε1 = eR′ and ζ1 = zR′ ; while {er}R
′

r=1 and {zr}R
′

r=1 are
analogously derived, by replacing in (46) and (48) of [LG00] the symbols ε, ζ

with e, z and the quantities G(r)
11 , G(r)

12 , G(r)
21 and G(r)

22 with maxj

{∥∥∂X
(r)
1 /∂qj

∥∥},
0, maxj

{∥∥∂X
(r)
2 /∂qj

∥∥} and maxj

{∥∥∂X
(r)
2 /∂pj

∥∥}, respectively.

Let us now discuss the results obtained. For three asteroids (namely, 1143 Odysseus,
1173 Anchises and 1647 Menelaus) we have found that the functions generated by the
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Table 2: Summary of the upper bounds obtained through a computer–assisted proof. The
ratio −ω1/ω2 is given by its expansion in continued fractions.

code
num.

−ω1/ω2 Range of ω1 ε2048 E ζ2048

1143 [0,12,2,1,1,3,12,1,4,64,2,1] −10−10≤1+
ω1

0.080453760256
≤10−10 0.64 8.7× 10−4 1.7× 105

1173 [0,12,1,1,35,2,2,1,2,133,11,1] −10−10≤1+
ω1

0.079687873098
≤10−10 0.77 3.0× 10−4 5.1× 104

1647 [0,12,2,4,1,43,5,2,1] −10−10≤1+
ω1

0.080027652157
≤10−10 0.75 1.8× 10−3 2.6× 104

algorithm satisfy the estimates in (33) up to R′′ = 2048 with the final values of ε2048 ,
E and ζ2048 reported in Table 2, when the frequencies ω1 and ω2 are subject to the
restrictions described both in the second and third column of Table 2. For these three
asteroids, we can apply Theorem 2 in [LG00] (proved in [Loc01]), because the threshold
value ε∗ calculated as in the statement of that theorem is always grater than ε2048 (i.e.
ε∗ ' 0.85 in all the three cases). Therefore, we can claim the following
Theorem: Let us consider the three different conservative dynamical systems related to
the Hamiltonians H(n#) (defined at the beginning of the present section), where the catalog
number n# can be equal to 1143, 1173 or 1647. They admit one family of invariant tori
each. These three families of tori are such that the fixed ratio of the frequencies ω1/ω2 and
the range of ω1 have the values reported in the second and in the third column of Table 2,
respectively.

Let us recall that the possibility of applying the KAM–type Theorem 2 in [LG00]
strongly depends both on the number of steps for which we explicitly compute the func-
tions generated by the algorithm (i.e. R′) and on the number of times we iterate the
estimates (i.e. R′′), with the help of a computer (see the related discussion in [CGL00]).
The choice of these parameters (i.e. R′ = 24 and R′′ = 2048) had to take into account
the limits imposed by the computing resources available to us, but it has been suitable
enough for our purposes.

When we compare the results in Table 2 with Figure 9, it is clear that the computer-
assisted proof has been successful for the closest asteroids to the equilibrium point.

What about the remaining asteroids? We think that a few technical modifications
of the iterative estimates should be enough to prove the existence of invariant tori close
to the orbits of some asteroids, that are near the equilibrium point (namely, 624 Hek-
tor, 1208 Troilus, 2148 Epeios and 2456 Palamedes). The idea is the following: in the
cases quoted above, the method fails because, from the iterative formulas (46) and (48)
of [LG00], it follows that εr ≥ exp(

∑r
j=2 2/j3)ε1, even when the generating functions are

very small. Such a problem can be overcome, by just skipping a few steps of the standard
Kolmogorov’s normalization (i.e. the one including the translations) and by restarting
the algorithm from a r = r such that

ε1 '
[
r2
(
G(r)

11 + G(r)
12

)
ζr−1

]1/r

and

ε1 '
[
r2 max

{
G(r)

21 , 2rG(r)
22

}]1/r

.
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On the other hand, we remarked that even the sequence of upper bounds generated
by the iteration of the estimates in Section 4.1.1 of [LG00] (which is previous to the cal-
culation of the sequences {εr}R

′′
r=1 and {ζr}R

′′
r=1 , that introduces a further worsening effect)

looks clearly divergent for the following asteroids: 2260 Neoptolemus, 1870 Glaukos, 884
Priamus, 659 Nestor, 1404 Ajax, 1869 Philoctetes. A rigorous proof of existence of tori
near to the orbits of these objects, or those located even farther from the equilibrium
point, looks beyond the limits of our scheme of computer–assisted proof. There are four
other asteroids (namely, 588 Achilles, 911 Agamemnon, 1437 Diomedes, 1867 Deiphobus)
for which our approach might be successful, but this should require some technical im-
provements other than those suggested here.

Let us recall that we have not rigorously proved the stability of the motion of any
asteroid, because we did not try to ensure the confinement of the orbit by completing the
“trapping strategy”. Since the effects of the gravitational attraction exerted by Saturn
(and by the other major planets) do strongly change in time the values of the vector I
related to the various asteroids, we consider that our previous analysis is more interesting
than having produced a complete result of stability related to some particular initial
conditions. In fact, we think that our discussion shows clearly enough the capabilities
and the limits of these techniques.

7 Conclusions

In this paper, we have studied the problem of the stability of the Trojan asteroids in the
context of the planar RTBP. The basic techniques that we have used are:

1. The frequency analysis method: to compute the fundamental frequencies for a set of
Trojans and to investigate the global dynamics in a neighbourhood of the Lagrangian
points.

2. A variation of the Kolmogorov’s normalization algorithm: to construct an invariant
KAM torus for each pair of frequencies.

The frequency analysis method helped us to highlight some interesting features of the
planar RTBP related to our problem. Indeed, the numerical study near the equilateral
points in the action-angle variables (I, ϕ) defined in Section 2.2 reveals that the extension
of the stability region with respect to the actions, I, can become much larger if the angles,
ϕ, have some particular values. This fact is very unpleasant if one is interested in a pertur-
bative approach, because the coordinates (I, ϕ) are the usual starting point for applying
Birkhoff or KAM theory and the size of the perturbation is (roughly) proportional to the
norm of the actions. Moreover, the frequency analysis has revealed a further difficulty for
such theoretical approaches, i.e. the existence of a manifold (not far from the equilibrium
point) where the correspondence between actions and frequencies is degenerate.

The variation in the Kolmogorov’s normalization algorithm is needed due to the fact
that we want to construct invariant tori at some distance from the equilibrium point.
The translations of the actions involved in the algorithm are the main source of numerical
instability and may prevent the procedure to be convergent. To solve this inconvenient,
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first we have constructed an intermediate object (a “quasi-invariant” torus) without using
the translations of the actions and, then, this quasi-invariant torus is used as the starting
point of a new Kolmogorov’s normalization, targeting now the final torus. To implement
this strategy in an efficient way, we use a procedure that selects an intermediate torus that
is close to the final one. We think that the main source of improvement in the analytic
part of this work is due to this new strategy. In fact, our algorithm succeeded in 23 over
the 30 cases considered. This corresponds to improve the area of success by a factor close
to 100 compared to previous methods (see Table 1 of both [GS97] and [SD00]).

We have also seen that our reformulation of the Kolmogorov’s normalization algo-
rithm can be translated in a computer–assisted proof of existence of invariant tori. We
successfully used this technique for the three closest asteroids to the equilibrium point.

Finally, let us remark that, even though we have dealt with an application to a classical
problem of Celestial Mechanics, systems close to an elliptic equilibrium point actually
occur in many problems of physics and chemistry. Since our new perturbative approach
try to overcome some difficulties that are peculiar to neighborhoods of elliptic points
and the strategy used here does not exploit in a particular way the features of our actual
problem, we believe that our procedure can have interesting applications in many different
fields.
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