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1. Introduction

In a recent paper, [7], Lebowitz, Mazel and Presutti, have introduced a model of
identical point particles in the continuum, proving a first order phase transition with the
particles density as order parameter. The interaction is given by two and four body, finite
range, translational invariant, Kac potentials and the phase transition and its proof are
based on a Pirogov-Sinai scheme. Ground states are replaced by the minimizers of the non
local free energy functional, which describes the system in the Lebowitz-Penrose limit; the
small parameter, which in traditional Pirogov-Sinai models is the temperature, in LMP is
replaced by an effective temperature 5714%, v > 0 the Kac scaling parameter, d > 2 the
space dimensions and 37! the true temperature of the system.

As originally argued by Kac, Uhlenbeck and Hemmer, [6], Kac potentials are supposed
to model the van der Waals theory of liquid vapor phase transitions, and indeed the limit
v — 0, after the thermodynamic limit, gives rise, in a large variety of models, to a phase
diagram which agrees with the one proposed by van der Waals (with the Maxwell, equal
area law included). For a true proof of the van der Waals theory in a statistical mechanics
setting, however, we would need = fixed and indeed this is what accomplished in LMP,
where the phase transition is proved at a fixed (but small) value of v > 0.
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In this paper we study the quantum extension of the result. Intuitively one may think
the transition to quantum as a delocalization of particles, whose positions in the classical
case are just points. This notion can be made quantitative in the Feynman-Kac represen-
tation, in which points are replaced by loops, namely brownian motions which travel for a
time (8 and are conditioned to come back to their initial position at the final time. On the
other hand, a characteristic feature of the LMP analysis is coarse-graining, which exploits
the fact that the Kac potential energy is quite insensitive to the exact positions of the
particles. This matches beautifully with the loops description, and it makes conceivable
that quantum delocalization effects could be handled in this way. Indeed this is what we
prove in the present paper, where we conclude that a phase transition is present also in
the quantum model.

We study here the quantum Boltzmann statistics, the extension to the more realistic
Bose and Fermi statistics should however be possible as the liquid vapor phase transitions
that we consider are away from the range of parameters where Bose condensation effects
and the Fermi surface structure are relevant. Technically however, the extension requires
a considerable amount of work and this paper is already rather long and complex, so we
leave the issue to future works.

The Pirogov-Sinai scheme consists mainly of two stages. The starting point is the
notion of contours and here is where quantum effects are more relevant. Our contours
in fact take into account both local deviations from the liquid and vapor densities (as in
LMP), but also the occurrence of exceptionally long loops. The joint combination of the
two mechanisms could in principle produce dangerous domino effects and the heart of our
proof is to exclude such catastrophic events. Long loops, in the end, will give the largest
contribution to the weight of the contours. With the notion of contours established, the
first stage of the P-S scheme is based on the reduction to restricted ensembles. It is at
this point that the correct value of the chemical potential for phase coexistence is found
by equalizing the pressures in the plus and minus restricted ensembles. This is all done in
the present paper where we also prove some energy estimates, which constitute the main
term in the Peierls bounds. They are derived by solving variational problems for the non
local, free energy functional of the Lebowitz-Penrose limit.

The second stage (in the P-S scheme) where the proof of the Peierls bounds is completed,
involves an analysis of the finite volume, surface corrections to the pressure. Traditionally
in Pirogov-Sinai models this follows from cluster expansion, but, as in LMP, we do not
know whether a cluster expansion is valid in the range of parameters we are using. In LMP,
cluster expansion has been replaced by Dobrushin uniqueness and here we follow the same
approach, but with a quite different proof. The reduction to restricted ensembles, places
the problem in a phase-transition free setting and in such a space the high temperature,
Dobrushin uniqueness condition is satisfied, but not for all boundary conditions. The
bad ones, however, have small probability, hence the necessity of a relativized Dobrushin
uniqueness theorem. In a companion paper by the same authors, [1], the issue is discussed
in a more general setting and a uniqueness criterion is first proved and then checked to
hold in a variety of models including the present one. With the help of this, the surface
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corrections to the pressure are estimated and the Peierls bounds proved. Phase transition
then follow in the usual way.

The paper is organized as follows. In Section 2 we define the model and state the main
theorem, Theorem 2.1. In Section 3 we introduce the fundamental notion of contours and
in Section 4 we write the £, diluted (in the sense of Pirogov-Sinai) partition functions in
terms of contours, introducing then the 4 restricted ensembles with cutoff contour weights.
In Section 5 we choose the value of the chemical potential, by equating the pressures of the
plus and of the minus ensembles. In Section 6 we divide the proof of the Peierls bounds in
a sequence of intermediate estimates which are then proved in the remaining sections and
in the appendices.

2. Model and main results

2.1. Classical model. In classical statistical mechanics the phase space of a system
of identical point particles is the space of all locally finite subsets of R?. It is convenient
here to consider a larger phase space () where the particle configurations are sequences
q = (¢:), ¢ € RY, which put finitely many elements in any bounded set of R?. The order
of the elements in the sequence is unimportant and physical observables in this space
are represented by symmetric functions. Accordingly a sequence with n elements has a
statistical weight with a factor 1/n!, see (2.5) below.

We will denote by ¢ M A the subsequence of ¢ obtained by discarding the elements
of ¢ which are not in A; we call |¢| the cardinality of ¢, thus |¢ M A| is the number of
particles of the configuration ¢ which are in A. We denote by Qs, = {qg € @ : |q| < o0},
QM ={qeQ:q=qnA}, ACRY Q= {q € Q":|q] =n}, nanon negative integer,
obviously Q* = | | -, @5.

In the LMP model, the energy of a configuration ¢ € Qg, is

hy(q) == / ex (jy * q(r))dr (2.1)
R
where v > 0 is the Kac scaling parameter,
Gyra(r) =Y gy(ra),  Gy(rr) =) (2.2)
i €q

with j a bounded, symmetric, translation-invariant probability kernel on R?, j(0,-) sup-
ported by the unit ball, and with some regularity properties stated in Subsection A.1 of
Appendix A; A € R is the chemical potential and for x > 0 the function e, is given by

6)\<£L'> = =T — — + — (23)

The conditional energy of the configuration ¢ given ¢, (¢,q € Qgn, (¢, ) the configura-
tion which collects all the particles of ¢ and §) is

hoa(dla) = T\ (45 @) = 7y a(9) (2.4)
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The free measure vy, A a bounded, measurable set, is the Lebesgue-Poisson measure
on Q% defined by

/A G(q)va(dq) == Z % /n G(q, ... qu)dq ...dg,, G € L®(Q" R) (2.5)

2.2. Euclidean model. The quantum version of the LMP model with Boltzmann
statistics becomes, in the Feynmann-Kac representation, “an Euclidean model” which is
like the classical one, but with configurations of loops rather than configurations of parti-
cles. The latter are defined below, while we refer to Ginibre, [5] for the derivation of the
Euclidean model from quantum mechanics.

The configurations of loops are sequences g = ( gi), where a single loop g, is a continuous
function g, : [0, 8] — R? with g,(0) = ¢,(3) and ¢,(0) € Q. We will denote by () the space
of loops configurations, by Qﬁn the subset of () with finitely many loops, by Q1 the space
of single loops. @, A C R, is the space of all loops whose starting point is in A, Qﬁ the
subset of Q" with n loops.

In the Euclidean model, the energy Hg,1(g), g € @, is

B
Hooa(@)i= [ hoala®)i (2.6
and the conditional energy

Hg2(919) = Hsn (. Q) — Hs 0 (Q), GG € @, (2.7)

x € R?, is the probability on
Q1 supported by continuous loops w(t),0 < ¢ < /3, which start and end in x; moreover on
a cylinder set

The conditional Wiener measure (Brownian bridge) W

z|x?

A={we Q,|w(t) € By,...,w(t,) € B, }

(with 0 < t; <...<t, <3 and By,..., B, measurable subsets of R?), is

WI(A) = (2mB)"? /B [ =) e - )

e Dp—ty 1 (Tn = Tno1) - Dp—t, (T — 1p)dry .. dry, (2.8)

where
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The Lebesgue-Poisson measure v 5(dg) on @Q*, A a bounded measurable set, is such
that, for any G € L*( Q" R),

Jo, Glamaen =35 [ o Gl )

XWaile (dg,) - Wep e, (dg ) )dxy . . . dy, (2.9)

2.3. Gibbs and DLR measures. In Appendix A, Subsection A.2, it is proved that
for any q € Qqn and § € Q,

hoa(alg) = blal, b= inf &\(z) (2.10)

(2.10) is a stability property of the hamiltonian, much stronger than usual stability because
of the uniformity on the conditioning; it is a very peculiar feature of the LMP model, in
many respects unessential in [7], but technically quite important in our proofs.

Given ¢ we will denote by ga the particles of ¢ which are in A. Then, the Gibbs measure
in the bounded, measurable region A with boundary conditions ¢ is the probability on )

e~ Bhyx(aal7) (das)6 (dane) 2.11)
———— va(dga)dg,. (dgac 2.11
Zaaa(Ag) I
(0, the delta measure at x) which, by (2.10), is well defined for any g € Q.

We will extend the previous notation to loops, thus calling g, the set of loops of ¢
which start in A. Then, in the Euclidean model, the Gibbs measure in A with boundary
conditions g is

psaa(dglq) =

e_HB,'y,A(gA‘g)

ZsAan(AQ)

whenever ¢ verifies the property that in each ball of R? the number of particles of g(t) is
bounded uniformly in ¢. By (2.10), (2.12) is then well defined.

A DLR measure y for given values of 3,7, A is a probability on @, resp. @, such that,
for any bounded, measurable region A, the conditional probability of y with respect to the
o-algebra Fic, is p-almost surely (2.11), resp. (2.12); Fy. being the o-algebra generated by
functions which depend on g, in the classical case, and on g, . in the Euclidean model, i.e.
on the loops which have origin in A¢. In the latter case, consistency of the above definition
requires that, for any n,

1 (dgg) = vsa(dg,) 0g (dgy.) (2.12)

u(g: sup |g(t) M B,| < oo) =1, B,={reR:|r| <n} (2.13)
0<t<p

In the context of the DLR measures, phase transitions means that there are distinct DLR

measures for a same value of 3,7, A\. Existence of phase transitions is trivial at the level

of a mean field approximation of the model.
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2.4. Mean-field model. The mean field approximation of the LMP model is de-
scribed by the mean field free energy density

s(z) = —z(lnz — 1) (2.14)

where e, (z) is the energy density defined in (2.3), s(-) the entropy density and x > 0 the
particles density.

For 3 < . := (3/2)%2, f4,(x) > 0 for all X\ and x and [z, is a convex function. For
any (3 > [, there is an interval of A’s in which the function fz,(-) has two local minima
and a unique value, A = Ag, where they are equal (thus being global minima). The two
corresponding minimizers are denoted by p; < ng, elsewhere the minimizer is unique.
Thus phase transitions at the mean field level (i.e. non uniqueness of the minimizers) occur
at 8 > (. and A = Ag; the order parameter of the transition is the density and pfﬁE are the
equilibrium densities in the + phases.

2.5. Phase transitions. As in [7], we restrict hereafter to 8 € (8., f), where 3y >
B, is defined in (C.3). In [7] it is proved that for any 7 > 0 small enough, there is
Actass(53,77), and two distinct DLR measures at 3,7, Adass(5,7). Here we will prove the
quantum extension of the result.

Theorem 2.1. For any d > 2 and any 3 € (B, o) and any v > 0 small enough, there
is M(B,7) and two distinct DLR measures at 3,7, A\(3,7)-

As in the classical case, we will prove Theorem 2.1 by constructing the two distinct
DLR measures via a thermodynamic limit procedure, after “imposing + and — bound-
ary conditions”. The persistent memory of the boundary conditions follows from Peierls
estimates obtained by extending the Pirogov-Sinai methods. The proof yields a detailed
control on the structure of the typical configurations, showing that in the two distinct DLR
measures of Theorem 2.1, the coarse grained image of the particle configurations ¢(0) have
approximately a homogeneous density; moreover the values of the density are respectively
close to the mean field values pé[. We will also show that the typical loops are “short” so
that the loop remains confined around their starting points and the energy of the loops is
for v small, typically very close to 3 times the classical energy of the starting points of the
loops.



QUANTUM PHASE TRANSITIONS 7

3. Coarse graining, contours

In this section we introduce the important notion of contours. Contours are designed to
indicate location and nature of the “large deviations” from equilibrium which may occur in
a configuration. The definition involves a coarse graining procedure from where we start,
after recalling that throughout the sequel the inverse temperature (3 is kept fixed inside
the interval (., By) and often dropped from the notation; A instead varies in the interval
Ag£1, but it will be eventually fixed equal to A(53,7), the value at which a phase transition
occurs.

e For any ¢ € {2",n € Z}, we set

e ={rerto<n<t1<i<d} (3.1)

and call D® the partition of R¢ made of cubes which are translates of C’ée) by vectors
whose coordinates are integer multiples of £. In this way D is coarser than DY) if ¢ > ¢'.
We will denote by C,(,Z), r € R?, the cube of DY which contains 7.

o Abstract formulation. Given ¢_ < {4 both in {2",n € Z}, we are going to define three
families of functions on R?. As we will see later, 1 < /_ < £, and each configuration g will
generate three functions, one for each one of the above families. The functions in the first
family are denoted by 7, they belong to L>(R?, {0, £1}) and are D~) measurable. Namely
n(r) is constant on each cube of D~) where it may have value 0, 41. The functions in the
second class are denoted by o € L®(R? {0,1}) and they are D“+) measurable. Given 7
and o as above we then define a third function © by setting

+1 if n(r')=+1land o(r’) = 1 for all v’ € o) I_I(Sﬁt[C'r(Z*)]

O(n,0:7) = (3.2)

0 otherwise

We will frequently use in the paper the following notation: 6% ,[A], A a D¥-measurable
set, is the union of all cubes in D® which are in A° and are connected to A, (two sets
being connected if their closures have non empty intersection); 6% [A] = 6%, [A°].

out
Notice that © as defined in (3.2) is a D+) measurable function.

e Phase indicator. We will associate here to each loop configuration g three functions
n(gq;r), o(g;r) and O(g;r) which belong to the classes specified above, ©(g;r) being “the
indicator of phases” of the configuration g. The choice of the functions depend on j3, 7,
¢_, 0, and a positive parameter (: some of them may be added as superscripts, to remind
dependence on such parameters.

The function o(g;r) is an indicator of the existence or absence of long loops, a loop
w(t),0 <t < 3, being “long” if

sup |w(t) — w(0)] > 7717 (3.3)

0<t<p
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and “short” in the opposite case; ¢< and ¢~ denote the loop configurations obtained from
g by selecting only its short and, respectively, its long loops.

With such a notion, we set o(g;r) = 0, if there are a long loop g, € ¢ and a time
t € [0, ] so that g(t) € C{): otherwise, o(¢;r) = 1. In other words, {c(g;-) = 0} is the
minimal D“+) region which covers all the long loops ¢~ , while on its complement all loops
are short.

The function 7(g;r) indicates the regions where the empirical density is close to the
liquid (plus) and vapor (minus) densities, or where it deviates from both. Given /_ and a
positive “accuracy” parameter (, we set

+1 if (-4 g=(0) N 0| — pF| < ¢
n(gr) = (3.4)

0 otherwise

(notice that the definition of n(g;r) depends also on [3).
Finally, the phase indicator ©(g;r) is defined by (3.2), using for  and o the functions
n(g;r) and o(g;r), namely

O(g:r) = O(n(g;), (g )iv) (3.5)

The function O(g;r) is “a phase indicator” in the sense that the two regions {r :
Of—*+)(g;-) = £1} are interpreted as those where the configuration is in the liquid, +,
and in the vapor, —, phases. The complement is where “large deviations from equilibrium
are concentrated”.

e Contours. Let n and o be two functions as above (all the parameters (,¢_, ¢, 3,7
having been fixed), then the contours {I';} of the pair (1, o) are the triples (sp(I';), nr,, or,),
where sp(I';) are the maximal connected components of {©(n,0;-) = 0}, and nr, and or,
are the restrictions of  and o to sp(I';).

It follows directly from the definition that:

Lemma 3.1. If ' is one of the contours of (n,0) then, on each one of the mazximal
connected components of 8. [sp(D)] U 65F [sp(D)], o = 1 and 1 is constant and non zero.

o The contours of ¢ are defined as the contours {I';} of the pair (n(g;-),o(g;-)). We
denote by I' the map which associates {I';} to g, writing {I';} = [(g). Finally I' =
(sp(I"), nr, or) is a contour, if it is an element of ['(g) for some g.
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4. Contour models

As we will see, there are choices of the parameters ( and /. for which the contours
become rare and small, provided ~ is small enough and the chemical potential is suitably
chosen. By classical arguments this will imply the existence of two distinct Gibbs measures,
each one selected by its appropriate boundary conditions.

4.1. Choice of parameters. We set

(=97 fy,=7y"0* (4.1)

where 1 > «a > a > 0, the precise requirements will come out from the proofs.
By default and unless otherwise specified, contours are relative to the parameters (4.1).

4.2. Partition functions with constraint. A special role is played in the sequel by
the plus and minus, “dilute” partition functions, whose definition imposes restrictions not
only on the choice of boundary conditions but also on the possible contours which may
appear.

Throughout the paper we use the notation

q,=14,€q:4,0) € A} (4.2)

e Recalling the definition of I'(g) from the previous section, we define for any D*-)-
measurable region A, the maps I's by setting ' (g) = {I';}, where {I';} is the set of all
contours of the pair (nx 1,04 +), where

(4.3)

+1 otherwise

o (r) = U(QA;T’), a+(r) = {U(QA;T) ifrel

For any set A contained in the range of Ef, we define the partition function with constraint

A as )
Za (M Alg) = / va(dg)e P 9d,e) (4.4)
Iy (QeA

e A configuration g is a + boundary condition for A, if {I't.(g) C A°}.

) ZiA(A\Q) is the &+ dilute partition function in A with b.c. g, if g is a &+ b.c. for A
and

Z5\(M@) = Zoa (N ATE © A} [2) (4.5)
where, for any subset B C A (including A itself)

(I C B} = {{I‘Z} ¢ range of 't : sp(I';) C B, for all T; in {FZ}} (4.6)
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We may also write (see for instance (4.14) below) Zif/\(/\; A|Q) for Z., » (A; .A]Q) if g is

a £ b.c. and A is a subset of {I'f T A}.
Remarks. We first need some notation. Call

A=687A],  Ag=A\A (4.7)
gC B=qg eB, forall¢g; €qeQ
gqUB=gqt)C B,0<t<p
With these notation
(L@ CAy={n(g;r)=1 forallr € A} N {o(g;r) =1 forallr € A} (4.10)

This shows that the constraint in the partition function (4.5) is actually made of two
conditions. The first one (which refers to n) is local and involves only loops starting from
A; the second one is instead global, as it it requires that any long loop g, must stay always
inside Ag.

A second remark about (4.5) is that the loops of g which originate outside &.5;" [A]
do not interact (for v small enough) with the loops of ¢: in fact to get within interaction

range, a loop should be long and enter into (5&;] [A], against the condition that the contours
of I't.(g) are inside A¢. Thus Z \(A]g) is insensitive to changes or removals of loops of gae

Ly

oui [A], provided g remains a + boundary condition.

which originate in the complement of 9,

4.3. Weight of contours. The goal is to write first the partition function as the
partition function of “a gas of contours” and then to prove that the gas has a low density.
Each contour will contribute to the partition function with its statistical weight. The
weight of a contour is the ratio of its probability over the probability of it being absent;
the probabilities being the conditional probabilities specified below. We first need a few
extra notation about contours, others will be added when needed.

Given a contour I', we call

K =0 spr)], K= {7’ € K :ne(r) = :l:l} (4.11)

noticing that, by Lemma 3.1, K = KT U K~, with K™ and K~ mutually disconnected.

[ is a plus [minus| contour if K™ [K~] is connected to the unbounded component of
sp(I")¢. Let us proceed by supposing that I' is a plus contour, the definitions for minus
contours are completely analogous and omitted. We call int; (I') the maximal connected
components of sp(I")¢ which are connected to K~ and set

int™(T) = | |int; (T), A~ =6, [int™(I)] (4.12)
noticing that, by Lemma 3.1, n = —1 on A~. By int; (T') we then denote the remaining

maximal connected components of sp(I")¢, except the one which is unbounded, int*(T") is
the union of all int; (T).
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The weight of a plus contour I' with b.c. g, is

N%/\(Q)

D (9) (419)

W’th)\(F; q) =
where, shorthanding below A~ = int™ (I'),

N%)\<g) = / Vsp(D)\K+ (dg,) G_H%A(gqu"')Z,;/\ (A_; {E;— C A” \A_}‘g,>
n=nr,o=or
(4.14)

Dya(g) = / R O A (A7{rk ca\alg)
n=0=

(4.15)
4.4. Partition function as a gas of contours. Let A be a bounded region,
Cy = {{Fl} :all T'; are + contours, sp(I';) C A,
dist( sp(I';), sp(I';)) > ¢, for all j # 1 } (4.16)

with C, defined analogously. By a simple inductive argument, by now classical in the
Pirogov-Sinai theory,

ZoNg = )

ua(dge O TT W (T g) (4.17)
{ri}ecs Qi i

where Qi are the plus, minus, restricted ensembles in A, namely

Q= {ge Q" :Tig) -0} (4.18)

and W, (T'; g) is the weight defined in (4.13).

In the classical n.n. Ising model, (4.17) becomes much simpler: Qi is a single configu-
ration, the ground state configuration with all spins equal to +1 (resp. —1). The contours
are just surfaces (in the dual lattice) and their weights are small (equal to the exponential
of minus 3 times the perimeter of the contour, if the spin-spin couplings are set equal to
1). Thus (4.17) becomes the partition function of a non interacting gas of contours (except
for the compatibility condition). For (3 large, the statistical weight of each contour is so
depressed that cluster expansion techniques become available. In our case (4.17) is not
as simple, the gas of contours is non-trivially coupled to a “restricted ensemble of loops
configurations”, 3. A possible approach is to fix the configuration {I';} in (4.17) and
integrate over vy: as a result, we have a true gas of contours, but the contours do now
interact with each other.
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We will not follow this approach and study instead the combined system of loops
configurations in the restricted ensembles Qi coupled with a gas of contours.

The strategy for bounding W;’ L (I'; @) is based on two points: first, to prove that the two
partition functions Zix in (4.14) and (4.15) have approximately the same value; secondly,
that the integral on the r.h.s. of (4.14) is much smaller than its analogue on the r.h.s.
of (4.15). While the second point is robust, as it follows from an analysis of the cost of
deviations from equilibrium (as imposed by the definition of contours), the first one is much
more delicate, and it rests on a special choice of the chemical potential A\, as a function
of the inverse temperature 3 and of the Kac parameter 7. Technically, the most difficult
point is to show that the difference between the two partition functions (which is a surface
term) is smaller than the cost of the deviations from equilibrium, cf. Section 11.

4.5. Abstract contour models. Following the Zahradnik’s version of the Pirogov-
Sinai theory, we introduce an abstract contour model where the weights of the contours
are given a priori (our choice is (4.25) below), thus they are not necessarily equal to the
true ones.

We then define an abstract partition function, using (4.17) with the weights (4.25)
replacing the true ones: let A be a bounded D-)-measurable region, A C Cf, then

ZihAD = ) / va(dg)e” A TTW (T g) (4.19)
A
{Ii}eA Q:t i

(the hat superscript referring to the new partition functions and the new weights) and
simply write Zi/\(/\@) for Zf})\(A; CE|g).

As mentioned, we regard (4.19) as defining ZAWi/\ for given Wf/\, so that if the weights
are not the real ones, the partition functions are fictitious. It is however possible (without
a direct comparison with the true quantities) to understand if the weights from where we

started are the real ones. To this end we go back to (4.14)—(4.15) that we regard now as a
definition of the 1.h.s. thus getting, for given I,

N;A(Q) = / Vsp(M)\ K+ (dg/) e_HﬂM(g |QK+)ZA;)\ <int*(F); Ci;t—(l“)\A* ‘—q/>
n=mnr,o=or

(4.20)

ﬁ;ﬁk(Q) = / . Vsp(T)\ K+ (dgl) e_HﬂM(g ng-‘-)ZAI)\ (int_<r); C;t—(F)\A* ‘g/)
n=o=
(4.21)

and analogous expressions for Nv_ 5 and ﬁ; - Notice that N,;L 5, and lA)j/' ,, are functions of
the weights VAVf)\ via (4.19).

By an inductive procedure on the volume of the regions, which, being by now classical
in Pirogov-Sinai models, is omitted, we then have:
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Theorem 4.1. Suppose that for allT' and q as above,

A~

A N+
12, (i g) = D (1.22)
, ny,A(Q)
then
WAT 9 =WaT 0 Z5,(MQ) = Z5,(A|g) (4.23)

for all A and q.

4.6. Cutoff weights. At the very end of our analysis we will prove that there are
A(B,7v) and a constant ¢y > 0 so that, for all v small enough, the true weights satisfy

+
W’Y A(

A (@) S e 8 L Ne = [sp(D)| (4.24)

uniformly in I and ¢, (the bound improves if the deviations defining the contour I" are due

to the n variable). With this in mind, we then specify the weights Wf/\ to be the cutoff
weights

i e N9
WE (I g) =min{e e N 222 (4.25)
” { Dix(g) }

Notice that the r.h.s. depends on the weights Wf/\(l“’; -), with I'" such that sp(I") is con-
tained in int™ (I") (supposing for instance I' a plus contour). Thus (4.25) becomes a true
(non circular) definition through an inductive procedure on the volume of the regions.
Notice also that the factor 2 present in the exponential in (4.24) is instead missing in
(4.25).
Using again an inductive procedure on the volume of the regions, which is also omitted,
we then have:

Theorem 4.2. Suppose that for some A(3,7), the cutoff weights Wf’)\(F; q) defined by
(4.25) satisfy the bound

WE(D; @) < o7 A (4.26)
for all T and q. Then (4.23) is verified.

We have thus overcome the hardest point of the analysis, namely we can work with
weights which are small and, by Theorem 4.2, we only need to check at the end the
consistency property (4.26).
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5. Choice of chemical potential

The aim is to prove that the cutoff weights defined in (4.25) are (at least for v small
enough) strictly smaller than e=%7 '~ By Theorem 4.2 this will imply that they are
equal to the true weights and hence that the Peierls estimates hold; the step from this to
the proof of Theorem 2.1 is then reported in Section 11.

In this and in the next section we will prove the Peierls estimates, under the validity
of some intermediate theorems which constitute the main body of the paper and which
will be proved in the successive sections and in the appendices. The main point of the
whole argument is a correct choice of the chemical potential A(/3, ), which, according to
Pirogov-Sinai, must equalize the pressures in the two restricted ensembles. We will in fact
prove that with this choice there is a phase transition. In this section we will prove that
such a chemical potential indeed exists, we will see later where this choice is specifically
needed.

We will consider here the £ restricted ensembles Qi defined in (4.18), with A a bounded

D-~)-measurable region and eventually a D) cube. By default, 7, o and © without
superscripts, are defined with the parameters (4.1).

By taking advantage of the fact that the thermodynamic pressure is independent of the
boundary conditions, we choose a special class of boundary conditions:

ZE(Applae) == > A va(dg)e (@I 1ae) HW+ (Ti: q) (5.1)
{Fi}ECi: Qi

where,

B
H, 7 (glp51ac) _/O hya (g(t)|p51ac)dt,

hya(Q(8)]p51ac) = /€>\ (Jy * [g(t) + p51ae]) — ex(pgiy * Lac) dr

and, if ¢ is a particle configuration and p(r), r € R, a measurable (non negative) function,

by @ p)0) =y )+ 4y 0l) = Y () + [t (52
ai€q
It is sufficient for our purposes to prove the existence of the thermodynamic limit for
the pressure over cubes A,, of side 2"¢, , and with the above special boundary conditions
(but the existence of the thermodynamic limit is valid with much greater generality). In
Section 7 we will prove the following theorems.

Theorem 5.1 (Existence of pressure). The limits

o 08 25 (Aaloflne) s
n—00 5|An| T A

exist and are both continuous function of X in the interval |A — Ag| < 1.




QUANTUM PHASE TRANSITIONS 15

Theorem 5.2. There is a constant ¢ > 0 and for all v small enough there is \(3,7) €
As — 2, Ag + ey so that

A

P 5 =B

7A(B57) (5'4)

(B)

6. Peierls estimates: scheme of proof

Having found the ‘“right” chemical potential, hereafter denoted by A, = A(3,7), we
begin the proof that the cutoff weights in (4.25) with A = A, are (for 7 small enough)
strictly smaller than e~cr7'Nr - Notational remark: by default, when temperature and/or
chemical potential are missing as subscripts, they are meant to have the above values.
Thus, for instance, H, = Hg z3,)-

For the sake of definiteness, we suppose that I" is a plus contour and, recalling (4.25)
for notation, we want to show that

NF(gey) < e 27 N D¥ (g, ) (6.1)

where Lh.s. and r.h.s. are defined respectively in (4.20) and (4.21).
Once (6.1) has been proved, then, by (4.25),

. N*
i (1 g) = 2
‘D'y,)\(g)
and, by Theorem 4.1,
fo(ré q) = Wwi)\(r; q) (6.2)

We will prove (6.1) after a chain of inequalities for N,j , recovering (6.1) at the last step.

6.1. Contribution of the long loops. The long loops produce the first gain term,
denoted by g; -, g standing for “gain”. Let

_ o~y IN© o) }{r e sp(l') : or(r) = 0}}
Gy =e , N = i } (6.3)
and
sp.(I") = {r csp(l') : ©(nr, 1;7) = :I:l} (6.4)

Thus sp_ (') are those regions in sp(I") which belong to the contour only because of the long
loops. In Appendix B we will prove that for a suitable value of ¢; > 0 and shorthanding
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below A_ =int™ (") Usp_(T),

~

) = gl”/ Vot usp_ay(dg) e )
n_nro—
(A_ ’ Cl:lt A—l q) (6.5)

where Z (A C;lt o A,! q) is the partition function with the constraint described by

the second of its arguments, namely the sum in (4.19) is restricted to all {I';} € C,_ so
that sp({T;}) M[A~ U sp_(T")] = 0, see (4.16).

6.2. Contours with only short loops. We rewrite (6.5) in terms of the contours
generated only by the density fluctuations. Let

{ sp(I';)} the maximal connected components of {r € sp(I') : ©(nr,1;r) =0}  (6.6)
and, correspondingly,
K =6, o)) M e =1}, A7 = 8, it ()] (6.7)
Since for any i, A, C {A~ Usp_(I')}, shorthanding A_ = int™ (I') Usp_(I') as in (6.5),

Caviausomy & Camviar

hence

~

Ni(ggs) < 914 / Mot s, e (49) eI TT MO (g gy.)  (6:8)
nN=o= 3

where

M’gi)(gv gK+) —H (419,19

Vas usp(ri)\Kj(dQ/) €

7) (6.9)

is the expression for J\Af;r relative to a contour I' which has only short loops. Let ¢ > 0 and

/o':l;n:np on sp(I';),n=—1on A
X7 (int;(l‘) \ A7

gg')y = o TEENT, (6.10)

6.3. Main estimate. There exists a constant ¢ > 0 so that
MO, gye) < g8 2 (int; (D) UspT) \ K3 €l (g )
(6.11)

Postponing the proof of (6.11), we have:
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6.4. Conclusion of the proof. Calling ¢, = l_Igél)7 we get, shorthanding A =

sp(I') Uint=(T) \ KT,

N (@) € 12 25 (s0(T) Uit (D) \ K5 Chg | )
B=sp, (I') U {Wlsp(I) U A; ]} (6.12)

{ln order to reconstruct ZA);F(QKJF) (see (4.21)), we need to replace B by sp(I') U A~. We
ave

sp(I') = sp_(I") Usp_ (") L; sp(I) (6.13)

|_| (47 U b sp_ (1)) (6.14)

Thus we need to add the constraint of no contour to a region A contained in sp_(T") U
857 [sp_(I)]. The number of D++) cubes in such a region is bounded by 3d|sp_(I)|¢7¢,
(recalling that the number of cubes contiguous to a given one is 3¢ — 1). Then, by Lemma

G.2,

~ d s —d e—wa71/2 ~
N«:—(QK+) < 91492 e lep-DIE5 Dj(gK+) (6.15)

which, for v small enough, yields (6.1) with ¢; < ¢, ¢1 as in (6.3)-(6.5).

Proof of main estimate
It remains to show (6.11). In Section 9 we will prove that with a small cost we can
replace in the energy A((,7) by the mean field value Ag. The idea of the proof is that using
stability we can reduce to configurations whose density in the D¢~~)-cubes is bounded by
>~ Recalling from Theorem 5.2 that |A\g — A(3,7)| < ¢y'/2, we then deduce that there
is a constant ¢y so that

MO(g. gie) < by / Vi Lo (dg) € s idiend

o=1;n=nr on sp(I';), n=—1on A

S/ (int;(r) \ A-

R N (R T

(we denote by bSZL the loss terms, b standing for “bad”).

6.5. Separating corridors. In Section 8 we will prove a “small deviations result”,
namely that “well inside” regions where n = 1 (or n = —1), the density is in fact“ much
closer to” p? than what implied by 7 being 1 (or —1). For this we introduce two corridors
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CFand C; of width ¢, /6,

Cr =0, lsp(T)] 1 {ne, = =1}, CF = (0= lsp(Ta)] 1 {mr, = 1}) \ B}
(6.17)
B = (5 lsp(T)] 1 o, = 1))

Thus C; is at the minus boundary of sp(I';), C;" is away from K" by £, /6 (and hence also

away by the same quantity from the ”interior” sp(T) \5fn+ 7[sp(I")] of the spatial support of
I';). The important point for what follows is that these corridors are well inside the regions
where 1 = £1, respectively.

We then decompose

sp(T;) =B uCruT,UC; (6.18)

the identity defining 7; (under the requirement that (6.18) is a decomposition of sp(I';)).
Calling

b8, = exp {exy (1G5 | + |G ) } (6.19)
there are c3 and w positive so that, denoting by Fj,(+) the functional defined in (C.10),
Mg, ge) < BB exp{ = By [Fan, (05 Lye) + Faay (051,041}

-H Q4G +ri1,+)
/ B2 kTPsrct
X/ I/B;&-\Kj-(dg) e i i
77:0':1
7Hﬁ'y>\ (g ‘p71 —7p+1 +)
AR P o PB T ol
X/ VTi(dgTi> e ! ‘ ‘
n=nr,0=1

xZ; (it (1) Crr oy ’ piler ) (6.20)

We have in this step used the Lebowitz-Penrose coarse graining technique and properties
of the non local functional, we are going to use the argument again and thus postpone
comments on this point.

6.6. A variational problem. The gain term ggz/
(6.20). Following the classical Lebowitz-Penrose approach, we will first bound the integral
in terms of a minimization problem for the non local functional Fj ,(p) (see Appendix F)
and then prove lower bounds for such a problem which exploit the imposed deviations from
equilibrium present in the integral. All that is done in Section 9 and in some appendices,
where we prove that

—Hpyn5(4, o5l — 51 +)
/ VTi(dgTi) € P ¢ g
n=nr,o=1

< (o) exo { = 87 (Sors DT + Ly oo+ 1 o) F(6.21)

comes from the integral over g, in
K2
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with Iy 5 defined in (C.18). The terms 6[ * (o Ate the surface corrections to the

pressure in the limit v = 0.

6.7. Ratio of partition functions. Using the two identities

]"/_Tia’YC,-_ + FB,)\ﬁ(pgl'yCi_) fﬁ Aﬁ(pﬁ”’yc | 'YA ~CT

(6.22)
fﬁ,)\g (p—ﬂ}—)|’ycz_| = I’:_Ti,’YC; + FB,/\[} (pgl'yC;) + I'—y’—A;,'yC;

proved in Proposition C.3, we then get from (6.20)

i i i) 7 (i —Hp (@14, 1051 +)
M's)(ga _QK+) < <g§7)7)2b§7?y bé}v/‘ VBj\K;r(dg,> e 7AB P8 7o
n=o=1

X exp { — By (FB’A@(pgl’Y[CjUTiUCi_]) - IW_A;,A/C[ + I;FA; ,w;) }
x Z (int;(r); Ch:t; (O)\A ’ p510;> (6.23)
Maybe the most delicate part of the proof is the following bound, proved in Section 7?7

eXP{ﬁV 'YA_ —} Z_ <11'1t ( ) C;lt (TNA; pElC_) < b(l)

By—d[+ Z+ (int; (T); C* 1) "
eXp{ v VA7, C_} n ( ) int; (T)\A; Pﬁ

(6.24)
b, = exp{en|A7 [} (6.25)

with ¢4 a positive constant and 1> a’ > a > a > 0.

This is the point where the choice of the chemical potential is important. In fact, (6.24)
is an estimate on the finite volume corrections to the pressure: the log of the partition
functions are to first order given by P 5.(5.y 1t; ()], hence by (5.4) these contributions

cancel between numerator and denominator. As said before, the terms ﬁ] o (ry, 0 e the

surface corrections in the limit v = 0, and bfm bounds its finite v correction. Hidden in
this description is an estimate of exponential decay of correlations which allows to localize
around and close to the surface, the corrections to the pressure (which are then computed
by taking the limit v = 0 value and then estimating its v > 0 correction).

We have so far shown that

‘ J —Hp (914 +,P+1 +)
M's)(g7gK+> < ( 77) b b4)7/ IVBJ'\K;"(dg/> e B KPB o]
n=o=

B g (05 ot o) S (4 + +
xe Ve uTn Z7 (mt (I); C’mt (A ‘pﬁlc;>

(6.26)
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6.8. Reconstruction of a plus partition function. We will reconstruct ZADDYL by
doing in reverse the previous steps. Call F, = F y3,) and

b} = ees (G HITIHICT D2 (6.27)

)

Then, as in (6.16), there is ¢5 > 0 so that
! Dy2pl i —Hp 3787 (1D o151 4)
MV()@’ Qper) < (géa)w)Qbé’Z/---bé%/ ’/B?\Kf(dg')e R KR C
n=o=1

— —d +
e By (05 1ot uruer) )Z+(1nt () CL DO\A; ‘p >
(6.28)

Using Appendix F we want to replace the free energy functional by a partition function.
The r.h.s. of (6.28) can be rewritten as

i i i ~Hg (@ +0514)
(952208 - b} / Ve (A4) / vy-(dg) e ORI e
n=o=1 n=o=1

g’;‘;>

(6.29)

X67577dF7(p217[03—UTiUC¢_])e Hg y a0 (4" |pﬁ o )ZJr( (F)\A;

Moreover,

Hﬁ,%k(ﬂ,v)(glgj\[(;‘ |QKZ,+= pglcj) + 57_(1177(/)2? 17[CjuTiuC;}) + Hpy2(8,7) (QZ;— |P§1 f)
= HB,W,A(B,W)(QI]gj\K;|QKZ_+) + 577dF7(P§17[cjuTiuc;]|QIBZ_+\Ki+7 QZLL_ )+ Hpyx8) (QA )

Adding subscripts to remind the regions from where the loops start, by (F.9),

_ﬁ’y_dF’Y(pgl'y[CfuTzuC;] |ngz+\Kz+’ g;llz_) S log Z’Y(T‘Z . Cz_ U O;FLQIB;F\K;H g;llz_)
+eey' (T + |G | + |CFY) (6.30)

hence we proved that there is a constant bé?y = 07" /(1) 5o that

MO(g, gye) < (o828 -0, 2 (int; (D) Usp(T) \ K75 G4 |4
(6.31)

Summarizing, for v small enough there exists a constant c¢; = ¢5 + - - - + ¢ such that
(gél,’)y)ng)Y .. bg,)v < — <26,)ﬁ(172a)d+2a C7€+ »y’}/ )NE‘ (632)

As 2da + 2a < —do + @’ we obtain (6.11).
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7. Equality of pressures

In this section we will prove Theorems 5.1 and 5.2.

7.1. Proof of Theorem 5.1. For notational simplicity we only refer to the + case.
Let

logZ A Anlpg 1) logZA;f/\(An,ﬂpElA%il)

D, (n):= — 7.1
A ﬁlAn’ 6|An—1| ( )
We claim that there is a constant ¢ such that
sup | Dya(n)| < 27" (7.2)
A=Agl<1
Since for any n
log 2+ Aot 1pe
8 2, (Mlpi Lag) s

Bl An]

is a continuous function of A, existence of the limit (5.3) and its continuity then follow
from (7.2)—(7.3), thus we need to prove (7.2).

Lower bound. Decomposing A,, into cubes A, (i) of side 2”71, see right above (A.19),
we call A° the union over all 7 of A,,_1(4) \ 5fn+’” [An—1(7)]. We have

+1 .0 A
M) > Y /Q ua(dg)e @) T W (T g (7.4)
{r:}ect, i i

Exploiting that the configurations are in the restricted ensemble, we gain a control of the
interaction energy. Referring to Lemma A.6 for details,

log Z+/\(A \pﬁ 1ac) > 24 logZA;f)\(An 1 AO |pﬂ e 1) — (2", )Ty (7.5)
where A° | = A,y \ 6557 [Ay].

As the weights are small (by definition) we can bound the cost of extending their
presence to the whole A,,_;. Referring to Lemma G.1 for details, we have

log Z:::)\ <An 1;C Ao |P5 1Ac 1) > log 2,;‘:)\(An—1|p;@i_1A;,1) - 2d<2n_1)d_16_cf7_1/2 (7.6)

By (7.5) and (7.6), there is a constant ¢ > 0 so that

D, A(n) > —c27" (7.7)
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Upper bound. Using Lemma G.1, instead of (7.4) we get

2n—1)d—1efcf"/71/2

Z:::/\(An|p;1/\%) < 62d2d(

Xy e @ [

{T; }eC

and, instead of (7.5),
logZ%\(A |p[61Ac) < 2d[10gZA;r’)\(An 1 AO |p51AC 1)
+ 2d(2n—1)d—16—0f7 /2} + C(2n€+,'y)d_1'7_1

Hence, D, x(n) < 27", which together with (7.7) proves (7.2) and the theorem. O

7.2. Proof of Theorem 5.2. In traditional Pirogov-Sinai models, the statement is
proved using the implicit function theorem after establishing bounds on the derivatives
w.r.t. A; such an approach yields local uniqueness. To avoid bounds on derivatives, which
are here not so straightforward, we will use a different, weaker approach, showing that
the difference ]5;r N — FA’W’ ) is a continuous function of A which undergoes a change of sign.
Continuity in A has been proved in Theorem 5.1, the change of sign property follows from
its validity in the mean field limit together with closeness to mean field for v small enough.
We restrict A to the interval |)\ Ag| < 4%, recalling that ¢ = v* and ¥** > ~'/2 and look
for a change of sign of P,;r A\ P7 ,, for A in such an interval.

Using Lemma G.1, we can drop, with a “small error”, the sum over {I';} in (5.1),
retaining only the term without contours. We then use Proposition F.1 to get

1)
PjE < — lim inf ,G,AA/AZ(MP[; ) <2
=00 pe A |Anl g

where AT is the set of all p € L®(yA,, R,) such that the averages in the cubes of D~
are close to pg within ( = *. By (C.16)

(7.8)

pwi,xﬁg’f/ —m e ‘/ Faa( * [pa, + pj Lag))dr (7.9)
p

By (A.6), for p € AE, there is ¢ > 0 so that

J* pa, + p5lag) € oy — ¢ — Yl p5 + ¢+l ) (7.10)
Then, by (7.9),
c
P* < — 2 inf fa(s
S ﬁ ls—p5 | <CHe/ Y-y oals)

Recalling that fj,(-) is a double well function with two minimizers, pg, we deduce that
for A — \g small enough, fz(-) is still double well with local minima at p?i - Moreover,
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1050 — P3| < X = Ag| < ey, for y small, [p3, — p5] < {4yl and

~ Cc
P < 57" = foalos) (7.11)

For the lower bound we use (F.7) getting
Fopnn, (P p51as) ¢ 12

P* > — lim —— M2 pM e AE
VoA n—oo ’yd|An‘ ﬁ
By the previous argument, for v small enough p™ (r) = pg’ W14, € AE) so that
- c
P> —fanlpsa) — 571/2 (7.12)
(7.11)—(7.12) show that
. . _ 2c
[Py = Pl = [Fax(o3) = (o)l < 577
which completes the proof of Theorem 5.2, because
_ d _ _
foosl03) = Fons(05): xlhanlpzn) = fonlb)I|,_ = o =5 >0
=g

8. Small deviations

In this section we will prove (6.20). Let A be a bounded D!-~)-measurable region,
which satisfies the “fatness property”

{r:dist(r,A) < 4y} < 3YA| (8.1)
(3¢ — 1 the connectivity of Z%). Let then
Zyns (8 QL19) = /QA va(dg)e "o U (8:2)
+

and suppose o(g) = 1, g(0) C A° and that Av(®~)(g(0);-) < 2pg+, conditions which are
fulfilled in the case of (6.20).
Let finally A be a D“)-measurable subset of A and suppose

dist(A,A) > 10y +~71, £>0 (8.3)

In the proof of (6.20), we take for A a maximal connected component either of

A7 0 (8 sp(C)] N {r € sp(T) s, = —1})
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or else of
(65 sp )] N {r € sp(T) e, = 1}) \ K

In either case (8.1) is verified.
A in the proof of (6.20) is either C;” or C;". Since y~'¢ > ¢, /100, then (6.20) follows
from (8.4) below.

Proposition 8.1. There are w > 0 and ¢ > 0 so that for any A and A as above
Z

DA (A V2| [ et Al) ~By 4Fa r, (p514a)
(A QYD) < eV EIAFeT A B.ag(Pg 1y

X2y As (A \A; QY4 g, p§1A> (8.4)

Proof. For the sake of definiteness we restrict to the plus case. By (F.6) and using
the assumption (8.1), there is ¢ > 0 so that

log Z1,(A; Q1 18) < — inf Sy~ Fia, (plp) + ey ?[A (8:5)
where

A= {p e L(yARy) s 7= (pir) = 1} (8.6)

and 79 (p;7) is defined as in (3.4) with |g M c£‘>| replaced by [ p(r’) dr. For € > 0, let
pe € A* be such that

Faas(pelp) < e+ il Fy, (plp) (8.7)

Calling
D=0o""[A], B = {,0 € L¥(v(A\ D), Ry) : 97 (p;r) = 1} (8.8)
inf Fps(plp) 2 =€ + Fpa,(pelplp) + 1nf Faa,(ploclp) (8.9)

In Theorem D.3 it is proved that the inf on the r.h.s. is actually a minimum, the minimizer
is unique, say p, and there are w > 0 and c,, such that for all r € A\ D:

16e(r) = pjf| < cpem D) (8.10)
Thus, calling p. = plp + pe,
pig‘* s (plp) + € 2 Fp,(Pelp) 2 Fpng(Pelya) + Fprg(Delyana)lp + pelya)

> —ce ' |IYA| + Faa,(pf1ya) + Fia, </3617(A\A) ’/7 + thA)
and choosing € < ce™|yA],

nf Fa,(plp) 2 —2ce™ | YA + F s (5 1ha) + Fp, (ﬁelv(A\A) ‘ﬁ +p§ 17A> (8.11)



QUANTUM PHASE TRANSITIONS 25

By (F.7)
exp { — By "Fs, <ﬁ51'y(A\A) ‘/7 + PE%A) }
< e N 70, (AN 25 QY |2 514 ) (8.12)
By (8.5), (8.11) and (8.12) we then obtain (8.4). O

9. Large deviations

In this section we will prove the statements in Section 6 about the “large deviations”
from equilibrium. We will repeatedly use Lemma 9.1 below, where

N = e ¢ (9.1)
and, given a configuration g,
n(r) =1g(0) NG| (9.2)

Lemma 9.1. Let A be a bounded D“-~)-measurable region, n* a {0, 41}-valued func-
tion on A, q any finite loop configuration. Then

Z2,85:) (A; n=mn",0= 1}\g> < alaye (9.3)
Zy.8M8.) <A; {n=mn*0=1n(r) <N,re A}|g>

Proof. Let {X} be the set of the centers of the cubes of D) which are in A. Then
Z1.876:) (A; n=n.0= 1}@) =D Zysapa (A; {n=n"0=1,

n(a:)gN,xEX\Y,n(y)>N,y€Y}|Q> (9.4)

and

Z'y,ﬁ,k(ﬁ,v) (Aa {77 - T]*70- - 1771,(1') S N,JI € X\Y,n(y) > N7y € Y}‘—Q)

Zy gy | Di{n=mn"0=1n(z) <N,z e X\Y,n(y) = N,y € Y}]g)
N! Vi
—Bbpd 1p —.
< ( > ) [e=Pbed ) ) = C(Y) (9.5)

p>0
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To derive (9.5), we first write

vsa(dg) =[] Vo ot- ()

zeX

Then in each cube CZSL’”), y € Y, which has N + p particles, p > 0, we pick up p particles
and call ¢’ the collection of all such particles over all the cubes with y € Y. Calling ¢ the
remaining ones, by (2.10)

H,(q¢+ 4'19) - H,(4|9) = H,(¢¢, 9) > b|¢| (9.6)
which yields (9.5) because 1(g(0);x) = n(n(zx)) is a function of the number n(z), and, by

(C.3), n(n(z)) is constant for n(z) > N.
Recalling the Stirling formula

nl = n"+1/2e—”\/%(1 +0 (%) ) (9.7)

we write

1 1
N +p)! > N(N+p)+1/2€_(N+p)\/27r<1 +0 ( ) ) > — NINPeP
(N +2)2 Vi) )70

for N large enough (hence, recalling (9.1), for v small enough). Then

—Bbyd —Bbypd p
e 2 ([e Eﬁ]e> 22,

(N+p! = NI N =N1°
so that, recalling that C'(Y) has been defined in (9.5),
c(y) < 2l (9.8)

and, by (9.4)-(9.5),
Z%ﬁ,)\(ﬁﬁ) (A7 {7] = 77*7 0= 1}’.@) < 3|X|Z%57,\(g77) (A, {77 = 7]*, o=1,
n(z) < N,z € X}|g) (9.9)

Lemma 9.1 is proved. O

Proof of (6.16). By Lemma 9.1 with A = A; U sp(I';) \ K,

MP(g.g) < 30 [ va(dg)

o=1;n=nr on sp(I';),n=—-1on A ;n(r) < N,r € A
/
g)

xe—Hﬁ,w,A<ﬁn>(g'|gK+’Q)Z; <int¢_ L)\ A7

(6.16) then follows from
Hy s (@152 @) = Hono:0 (€ 145> @) = 141(AB7) = As)
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A= A(B,7)| < ey¥/? and |¢| < [e7€?]|A| and then dropping the condition n(-) < N. O

Proof of (6.21). To have lighter notation we drop the suffix ¢ and write T, C* for Tj,
C#. By (9.3),

Lhs. of (6.21) < 3T/ / vp(dg,) e ol drles o= rites)

n=nr,c=1,n(r)<N,reT

By (F.10), there is a constant ¢ > 0 so that,
Lh.s. of (6.21) < — inf By Fs5,(p|p) + ev?|T| (9.10)
pPEA*

where

A ={p € LT R 1 plr) < X = ™42, 9= () = me(yr), 7 € 9T} (9.11)

p=(pslic pilicr) (9.12)

A bound for the minimization problem of (9.10) is proved in Theorem E.2, which we apply
taking A = 77" and ¢ = v/_ , and supposing 7 small enough. We have

No+ Ni+ > 37Ny (9.13)

where Ny and Ny are defined in (E.2)-(E.3), while Nz is the number of cubes of D(+~)
which are contained in 7. In fact if C' is a DO%) cube in T and C* is the union of C
with its neighbor ones, it cannot happen, by the definition of contour, that 7¢=~)(p;7r)
is constantly equal to 1 or to —1 in C*, hence C* must contain at least an element of {C?}
or of {C’Ji} (9.13) then follows recalling that 3¢ — 1 are the cubes contiguous to a given
one.
Thus, by (E.4), calling ¢’ the constant ¢ in that equation,

Lhs. of (6.21) < —57_‘1{[c/(2(7€_,7)d]3_dNT

o (PHINT + Ly o + IjT,W} +eMT) (9.14)

10. Finite volume corrections to the pressure
We need to prove that the absolute value of the difference between

log { " "Fn ZH (A5 €y | pf1ac) § (10.1)




QUANTUM PHASE TRANSITIONS 28

(shorthanding A = int; (I') and A = A;") and the corresponding term relative to the minus
ensemble, is bounded by ¢|A|y*, with ¢ a constant and o’ as in (6.24).

10.1. Main result. This will be achieved by proving that

(10.1) = BPF 5 [N =B a0, (07 A\ A + /A o Loa(r)dr  (10.2)
L s

out

where
AO = AlO (103)

having called Ap = Ag_1 \5&“’” [Ag], Ag = A, 10 is not optimal. The remainder term
L, A(r) is “small” in the following sense. There are wy, ¢ and ¢’ positive so that

‘L’y,A(T)| S Ce*WO'YdiSt(T,AC)’ re /xo7 (104)

| /A P dr| < ¢y || (10.5)
] »Y

out

After proving the analogous bounds in the minus case, we exploit the identities P;LA( B =

p,y_’)\(ﬁﬁ) and fgx,(p5) = fars(p3), to conclude that
Lh.s. of (6.24) < / 2ce”wordistrAY) g L 9y A| (10.6)
AO
which proves (6.24).

10.2. Strategy of proof. (10.2)-(10.5) is an estimate of the “finite volume corrections
to the pressure”, a result usually proved using cluster expansion techniques to exponentiate
the partition function. One then obtains a sum (or an integral) of quasi local terms, which
differ from the pressure by a term exponentially small with the distance from the boundary
of the domain. The terms which are close to the boundaries however, giving a contribution
which is proportional to the surface times the range of the interaction, are a priori larger
than the gain term from the energy of the contour. The special choice of the boundary
conditions, given by the constant value pg, allows to compute such dangerous terms to

leading order as v — 0, giving e ”_dI;rAwAC, which exactly cancels with the prefactor in
(10.1). The next order correction in 7 gives rise to the term ¢/y*|A| in (10.5), which covers
also the exponentially small corrections to the bulk terms and it is infinitesimal w.r.t. the
gain term from the contour as 7 — 0.

In order to prove (10.2)-(10.5), we will choose among the several Dobrushin-Shlosman
versions of cluster expansion, [4], the one based on an interpolation of the hamiltonian.
L, (r) will then be the expectation of a local function translated by 7; the expectation is
with respect to a Gibbs measure for a convex combination of hamiltonians. Exponential
decay of correlations for such measures is then responsible for (10.4), while (10.5) will be
proved using a Lebowitz-Penrose argument.
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10.3. An hamiltonian representing contours. By using cluster expansion we can
regard the contribution of the contours to the partition function as an additional term in

the hamiltonian:
S [IWhTsg = et (10.7)
{rijced,  f
Referring to Appendix G for more details, we mention here that the hamiltonian K j\“\ (g A )
is expressed in terms of potentials U :

Kialgn )= D Uk(gy) (10.8)
AEA\A
with UX as in (G.6) and (G.7). We then call
H+(Q|P 1pe) = Hﬁﬁ)\(ﬁﬂ)(mp—gl/\c)+KX\A(QA\A> (10.9)
and have
- CHF(Olot L re
zy <A$ Chva ’ PglA“> B /QA va(dg)e " (divstac) (10.10)
+

10.4. Interpolating hamiltonians. Given a a reference hamiltonian Hy(g), we set
HY, =uH] + (1 —u)Hy, u € [0,1] (10.11)

with H defined in (10.9). H
parameter. Then

+u 18 the interpolating hamiltonian and u the interpolating

logZAj( A\A ) pﬂlAc) logZJrO(A‘ Ps 1Ac)

1
— [ du i [ (@l 1) = o) (10.12)

where Zj’o is given by the r.h.s. of (10.10) with H replaced by Hy and Mj,u,/\ is defined
as it is described right before (10.15).

Hy will be the hamiltonian of a free gas, for which the representation (10.2) is easily
derived. The difference H(g|pj1ac) — Ho(g) in (10.12) will be a sum of local potentials,
and the crucial point will be a proof that the measure ,u;r’u’ A is well approximated by its
thermodynamic limit and that this is translational invariant.

The typical example where the interpolation method works is at high temperatures. In
that case, the reference hamiltonian Hj is taken equal to zero. The interpolating hamilton-
ian is then the same original hamiltonian, with 8 — uf3, i.e. at higher temperatures, and
the whole scheme works. We are in a sense not too far from this case, as we are working in
the restricted ensemble with a single well situation, but the extension requires some care.

To choose Hy (that will be called Hy 5) we first approximate

HY(glps1ae) — Bhay(9(0)|pf1ac),  g=g,
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and then expand the latter to first order in j,  (g(0) — p31a),

b (gOp5 L) & by (o Lalod 1) + (o)) [ (90) = pjLa) dr

= B3 'Hya(q) (10.13)
Using the identity

I (5 1Al P 1ae) = ex, (p5) Al + 7Ly pe
proved in (C.19) and
[, (40) = 1) dr = |g0)] - g5 1A
we can rewrite

Hoa(Q) = —BAer|g| + BEN
(10.14)

Aeit = =€), (pF), Ex = lex,(pf) + Aepfl|Al + 77 L5 pe

The hamiltonian Hj s has only a one body potential and it describes an ideal gas, which
is thus easy to study. The measure uf;u’ A 1s Gibbs on Qﬁ with hamiltonian

H.(glpg1ac) = wH(g]ps1ac) + (1 — u)(—BAen|g]) (10.15)

having dropped from Hj » in (10.15) the constant term SE, present in (10.14).

10.5. Pressure of reference hamiltonian. We are going to prove that
log {eﬂfd]jrrAwAC ZA;“O} = pIA] (10.16)

7 0+8 5, () < ™77 (10.17)
Calling C a cube of side /_ ,

Al/ed
Z::—,O — /QA VA(dg)e_H()’A(g) p— (/n':l I/é (dg)eﬁ)\eﬂlgl) B_BEA
+
Then, recalling the definition of F5 in (10.14), we get (10.16) with
epjyhoéoiﬁ — (/ Vé(dg)eﬁAeﬁg) e_ﬂ(e)\B(P?g—)‘f‘)\eH P;)éd_w (1018)
n=1
It remains to prove (10.17). We have

/ ve(dg)eP 4l = exp {emwi 77} = el (10.19)
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because Aeg = (log p)/f, by the mean field equation. Recalling the definition of pI* in
(10.18), we then get

epw Ofd P p— e(l);—ﬁexﬁ( )+ﬁ>‘eﬁ'pﬁ ) -y R

/ Vé(dg>€ﬂ>\cff\g\
n=1
/ ve(dg)e™ !

Since pz; — ﬁ)\eﬂpg = s(p;), we have

R =

o +0pd o= ¢ —Bfs, )\ﬁ(pﬁ)£7 5 elog(l—(l—R)) (1020)

and (10.17) follows once we show that 1 — R is bounded by e~ ¢ > 0.

There are two contributions to 1 — R: one comes from density deviations, n # 1.
By (10.19) in fact the average number N of particles is p+€‘f ~» thus the probability that
IN — pj €d S > *y“fd is a large deviation estimate (for an ideal gas) and it is bounded
by exp{—c~**(®
loop, this is bounded by €epj fd .» where € is the probability that a brownian bridge is
+ gd

) T he second contribution to 1 — R is due to the occurrence of a long

longer than v~/2, and Ps is the mean number of particles. Hence 1 — R < e~ ' and

(10.16)-(10.17) are proved

10.6. Energy difference. We have proved so far that

1
(101) = p 0] = [t [H] (@l ac) ~ Hoa(@)] du (10.21)
0

with pj’o verifying (10.17). By the help of (10.14), we can write more explicitly the energy
difference:

Hpxy)(dlpglac) — Hoa(q) =
= /¢(_CL r)1p0 + Ua (g, 7)L(a0) + va(g r)laadr — By L, e (10.22)

where
B
o(g.”) = / exom) G * G(0)) — exy(05) + Aettd % [g(0) — pi] dt
/ {erom Gy * [0(0) + pE1ac)ercam U * [ 1ac]) — Taysoen, (0F) et +
15}
+ /0 AetJy * [G(0) — pg1a] dt
wan= Y Ui (10.23)

ASr,ACA\A A
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Notice that ¥ (g;7) = ¢(g,7) if r € Ag and Pp(g;r) =0if r € (Auéﬁgt” [A])c. According
to Lemma A.5, ¢ and 1, are uniformly bounded.

10.7. Decay of correlations. In [1] it is proved that for v small enough the system
of conditional probabilities {.f, o (-1¢,.), Ci € D~} satisfies the Dobrushin uniqueness

condition, uniformly in v € [0,1]. In particular, it is shown that for each u € [0, 1]
there exists a unique measure ,uj,u which is DLR w.r.t. the above system of conditional
probabilities; moreover /ﬂ;u is invariant w.r.t. translations by integer multiples of £, , and
there are co and wy positive so that for any bounded measurable function f on g, and any
u € [0,1],

Al = 13 S]] < coem o BHAAI £l (10.24)

10.8. The thermodynamic pressure. Take A = A, in (10.21), A,, a cube of side
2", ., i.e. one of those used in Theorem 5.1 to define P,:“/\(ﬁ )" By letting n — oo, and
using the results of Subsection 10.7, we can then identify the thermodynamic pressure as

5PIA<M>ZP?°—/ !C|/“V“ (@n+3 UA g | drdu  (10.25)

Aep+, W
reA

having used that ¢, and Ua are uniformly bounded and that Ux decays exponentially, see
(G.7). C denotes the cube from D+ which contains 0.

10.9. Bounds on remainders. We use (10.25) to express pZ 0in terms of the other
quantities appearing in (10.25) itself. We insert such an expression in (10.21) and get

(10.1) = BEY, 5 [Rol—BFan, (05)IA\ Aol + / Lo(r) + La(r) + Ls(r) + Ly(r) dr
where the remainders L4, ..., Ly are
Ly(r) = (p;r,o + B8 (PE)) Tavao(7) (10.26)

La(r) = = [ 4 607) a5 = i 00 )+ o] du L)
Lg(r):/o wh Z FLUA] dulAO(r)—/O i [oa (7)) du L asao)(r)

ASr,AZA\A

Ly(r) = —/0 /f;%A (YA (-, 7)] dudpoye(r)



QUANTUM PHASE TRANSITIONS 33

By (10.17), L, satisfies the bound (10.5). By Subsection 10.7 and (G.7), Lo satisfies (10.4).
Using again (G.7), we prove that L satisfies (10.4) and (10.5), and it only remains to bound
Ly.

By Corollary A.4,

\/ V(g ) — 0 (g(0), r)dr| < ey A] (10.27)

71/2)

where %(\7 (q(0),r) is defined as in the second one of the equations (10.23) (i e. the one

relative to 5 (g,r)), with g(t) on the r.h.s. replaced by ¢(0) and j, by jyil see (A.3).
Letting

Lsuv:::—¥/du;%A[wS/”“(g«»,r>chuhAw4r> (10.28)
we have 0
/ La(r)|dr < / ILs(r)|dr + ey'2|A] (10.29)
and it only remains to prove the bound
[ 1ms)lar < o) (1030)

For any ¢(0) = ¢,(0), let
(y1/2) o
Bi= {r¢ A 507« [g(0) + pfLacd (1) = g}l = 7 (10.31)
Recalling that [As., — Ag| < ey'/?, there is a constant k; such that

-1/2
| /(AO) U8 g0, ) dr = By el < R (AL OS]\ A,

out

ré¢B

We distinguish in the expectation in (10.28) whether |B| is either smaller or larger than
|Aly”, getting

—1/2 o
[ 1Ll dr < o A usi )\ A+ 160l

—1/2
0 un [1g(o>:|3|>|A|w’ /( AO)Cw/(\V '(q(0),7) d?‘] du

There are therefore constants ko, k3 so that
[ Vstoldr < ko121 ksl sup o [(000) <1812 1417)] (1032
ue|0,
Call A = A%\ 5@ [AY], then, by the DLR property,

TN [{|B| > |A|v“’}} = L [M;U,A\A [{|B| > A"} g, pghcﬂ (10.33)
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where 17, Al [g5s P4 1ac] is the finite volume Gibbs measure in A\ A in the restricted

ensemble of configurations Qﬁ\A with interaction determined by the Hamiltonian H7,.
The contribution to the corresponding Gibbs factor coming from KX\ 4 can be bounded
using (G.7). We then get

a eyl
AN [{!BIZIAW }IgA,pg‘lAc] < exp {c[Ale™7" 2}

$Phma {1812 1A Hgx pf1ae] (10.34)

where p on the r.h.s. denotes the Gibbs measure on Qﬁ\A with hamiltonian
WH iy (3 (G a7 1 ) + (1= 0)(—BAa)] g 0)] (10.35)
By an error bounded by ec2V PIMAL a0 (6.16), we can replace A((3,7) by Ag, we call

pfyr’ g A\A the corresponding Gibbs measure. By the argument used in Subsection 6.5

p’—;)‘B?U%A\A [{‘B‘ > |Aly* }‘QA,pglAc]

canyl/2 a
< e MRt o[BI = 1417}

/)El(A\AO)C] (10.36)

To bound the r.h.s. we perform the continuum approximation using the analogue of Propo-
sition F.1. Due to the presence of the reference hamiltonian, the free energy functional is
modified into a u-dependent functional. Call D = (A \ A°) and define

s(z)

Fioo) = [ fBlon)dr, f3(a) = —danr =20 (10.37)

B

{p € L*(D,Ry) : g7 (p;r) = 1,7 € D;

. / a a
{15 5 (04 p§100) () = pf| > 7"} > 7" (574D} (10.38)

Then, by the analogue of Proposition F.1,
Prssiaas [{|B| > 4"} P§1<A\A°>C] < exp {071/2|A!

— inf (uFsns (ool ine) + (1= wF(ep)) | (10.39)

where the functionals on the r.h.s. are the excess free energies, namely Fp 5, (pp| ngl De) =
F[&/\B(pD‘pngc) — Fﬁ)\ﬁ(nglplpglm) and similarly, fg(pD) = Fg(pD) — Fg(png).
Using as in (E.7) that pg is a minimum of fj, we obtain for pp € B
Fins(polpi1ne) = Faa, (05 1nlpi1ne) + ey* 71 A (10.40)
Since

F3(pp) = F3(pf1n) + 7> 1A (10.41)



QUANTUM PHASE TRANSITIONS 35

from (10.39) we get

Phasmo [1B12 1457} o5 aor] < exp {3141 = 54} (1042

and (10.30) is proved.

11. Conclusions

So far we have proved that given ﬁ € (6., Bo) there exists v > 0 and for all v < 4
there is A\(7, 3) so that the weights W s (L5 @) defined in (4.13) satisfy the bound

W5 (5 @) < e2e7 N (11.1)

(The bound (11.1) follows from (6.1)-(6.2)).
Given a contour I' call

6(I) = (sp(T) U int(T)\ K+ (11.2)
Let uig shorthand the “dilute” Gibbs measure in A with + b.c. ¢ and parameters 3, v,
A(B,7), namely the Gibbs measure in A with with £+ b.c. ¢, conditioned on {O(:;r) = 1

for all r € 617 [A "[A]}. Then, for v sufficiently small,

out

1

Mj/\ ( {there is I" so that ¢(I") 5 0 }) < e Y (11.3)

(11.3) follows from bounding the probability of occurrence of a contour I" by e 2% 7INe and
then summing over all I' with ¢(I") 5 0. For v > 0 small enough, by a classical counting
argument which is omitted, we then get (11.3). Thus

(0 =13) z1—e™ (e =1}) e 1)

which shows that the effect of the boundary conditions persists in the thermodynamic
limit.

The implication that there are two distinct DLR measures requires a proof that the
above dilute, finite volume, Gibbs measures have limit points in the thermodynamic limit
and that they are DLR measures. The information gathered in the previous sections yield
such conclusions and much more, as we will see in the present section. We start from a
realization of the dilute Gibbs measure which is nice because it makes quantitative the idea
that the configurations are “an ocean of plus” (in the plus case) perturbed by a collection
of “islands” which are typically rare and small.
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11.1. A realization of dilute Gibbs measures. For simplicity let us just refer to

g

the measure Mif» with plus boundary conditions. Let p;r’ \ (dg) be the Gibbs measure on
Q+ (supported by g,. outside A) with hamiltonian H,(g,|g,.)+K5 (g,), the latter defined
in (10.7); recall that the cutoff weights coincide with the true ones. By the last remark and
using the representation (4.17), the partition function of the above Gibbs measure is the
same as the true dilute partition function, i.e. the partition function with only H,(g,|g,.)

but without the restriction of the configurations being in the restricted ensemble (the only

restriction coming from the dilute condition, namely that © = 1 on St [A]).

+4

P..a (dgq) does not contain all the information necessary to recover u;f‘z, but the latter
can be easily reconstructed from the former, as we are going to show. To this end we
denote by W,JYF’AHQ), qE€ Q+, , the law on C}, defined as

H W;—(Fz’, QA)

- i -

ATt a, ) = , Lt ecy (11.5)
LU 3 | CE
{rjyecy J
+4 + +
The skew product of p, ~(dg,) and 77 ,(-|g, ) defines a measure on Q+ x Cy , denoted by
+.4 +.4

my i (dg AT = w7x ({03} g, )p 2 (dg,) (11.6)

4

In words, this measure is obtained by sampling g according to p;i A (dQ), this is the “ocean
of plus” in the previous heuristic description. Then, given ¢, we “throw independently
except for exclusion”, contours I' taken from Cy, with rate W (T, g, ).

A last step is still needed to reconstruct ,ujAg We will introduce a transformation
Tzi (r,y Which, for each (g, {T:}) € @ . X C*, maps bounded measurable functions on Q

into bounded measurable functions on @) x C* such that the following formula holds
+.4 +.4
=3 o Tia )y g (r) (11.7)
{riyect +

where C* = {{FZ} :sp(Ly)] < oo dist(sp(I;),sp(ly)) > Aw} denotes the projective
limit of the sets of contours C. Shorthanding ¢({T';}) = |_| o(I';) and

{Ti}ext = {Ii € {Ii} : #(I';) is not contained in any ¢(I';),j # i}
we set

Tgoa(h) = / FGyqriper Do) Paodrd) <dg"%<{ri}>c5{E(%({ri})c’%({ri})) - {Fi}ext}>
(11.8)
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where the measure on the r.h.s. is the Gibbs measure in ¢({I';}) with b.c. ¢ and conditioned
on the set of loops configurations which have among their contours all the contours {T'; }exs-

The proof that (11.7) holds with the choice (11.8), is obtained by a procedure similar to
that described in Subsection 4.4, for details we refer to Theorem 7.20f [1]. If f is cylindrical
w.r.t. B, ie. depends only on g, then T&,{ri}(f) depends only on

{Ti}s = {Tulsp(Ts) N B # 0}

and on gp 1.y ,)-

11.2. Couplings. Let A’ and A be bounded, D“++)-measurable sets, A’ 7 A, and let
q and ¢ be plus b.c. relative to A and A’ and call m and m’ the corresponding measures
defined by (11.6). In Theorem 7.3 of [1] it is proved that there is a coupling dP(§,¢’) of
m and m', § = (g, {I';}), ¢’ = (¢, {I'}}) with the following property.

e Call A a set of agreement for (¢,¢') if g, = @), all ¢(I';) and ¢(I"}) are either in A
or in A and,

{TZ- e {l;} :sp(Ty) C A} = {F; e {T}} :sp(I')) C A} (11.9)

e There is then a positive constant ¢ so that if B is a bounded set in A,

P({B C A, Ais aset of agreement}) > ] — e distBAY (11.10)

e As a consequence if f is a bounded function, cylindrical in B (i.e. which depends on
qy), then

Im(f) —m'(f)] < 2| f||ooP({B C A, As a set of agreement}c) < 9| f[|owe st BA)

(11.11)
and the same holds for the dilute Gibbs measures, because if there is an agreement set A
which contains B then all ¢(I';) which intersect B are in A, by definition of agreement set.

11.3. Thermodynamic limits. By letting A R? (for D¥+~) measurable A), the

i? . . .
measures m., AQ (dg, {I';}) converge weakly, independently of the b.c. to limit measures m>

on the space @) x C*. The result is a direct consequence of (11.10) and, by (11.7), also

+, .. .
the Gibbs measures f., Ag converge weakly to limit measures ,uff, which by the argument

presented in the beginning of the section, are distinct from each other. In particular, (11.7)
holds also in the thermodynamic limit. To conclude the proof of Theorem 2.1 we thus need
to prove that 5 are DLR.
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11.4. The DLR property. Referring for for the sake of definiteness to u, we have

to prove that for every bounded Borel sets A C— R¢, A’ © R? and every bounded, cylindrical
function f(g) =

QA/
//f o a(dg g, )i (dg) = /f Qi (dg) (11.12)

where ji, 4(dg'|g ,.) is the Gibbs measure in A with b.c. g,. (when the parameters are v,
B, A7, 3))-

The usual proof is based on the fact that p7 is limit of finite volume Gibbs measures
for which (11.12) holds, so that the equality, which holds at finite volumes, is preserved
under weak convergence and holds as well in the limit. The difficulty here is that dilute
Gibbs measures do not satisfy (11.12). We instead have

//f :uyAA dQ|QAc MWA (dg) = /f NWA (11.13)

where 7 ,.,(dg'|g,.) is the conditional probability of ,u%’Ag(d_q) given ¢,. outside A.
Namely

(40 ,) = 1y a (410, O 7) = 1,7 € 5507 [A]}) (11.14)
For A large enough, A C (A \ 0w’ [A]) and the condition O(g;r) = 1,7 € 6.7 [A] is
+4

a condition on ¢, = ¢,. (satisfied almost surely w.r.t. [, » ) and a condition on ¢',.

The latter is the requirement that no long loop in ¢, reaches (Si:r 7[A].  Let {C,} be an
increasing sequence of D+ cubes which invades R?. We postpone the proof that

[y, ({Q’(t) NCy # 0, for some t € [O,B]}‘QAC) < e distACh) (11.15)

Then the cylinder functions

gn = f(d)py,aldda,.) — [(q) (11.16)

/g’(t)[Cn, for all t€[0,0]

approximate g (defined as g, but without the restriction on the integral) in the following
sense

/|gn(g) ~ 9(@)l1} (dg) < [lglloce™ A (11.17)
(11.13) implies [ gn(q)p(dg) = 0 and (11.12) holds due to the following calculation
[ stanaa)| < i [ lant0) - atalitan =0 (1L.18)

Proof of (11.15).
([0 €5 # 0. € [0,01)]g,.) < Wi sup fold) — (0] > st (4,C5)

0<t<p
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By (B.12) with h =1,

Wtﬁo( sup |w(t) —w(0)] > R) < ce—R?/(28)
0<t<p

from which (11.15) follows.

11.5. Structure of DLR measures. We have proved that there are two distinct
DLR measures, namely the measures uf which are limits of finite volume, dilute, + Gibbs
measures. We have also uniqueness, in the sense that any sequence of dilute plus Gibbs
measures converges to uj and any sequence of minus measures converges to y- . Hence the
measures uf; are invariant under translations by integer multiples of £, , and, by the same
argument used in [3], any translational invariant DLR measure is a convex combination of
145 -

! A representation like (11.7) holds also in the infinite volume. In fact the measures

g

p;r’  (dg) converge in the thermodynamic limit, as the coupling property is a fortiori ver-
ified. Call the limit measure p?(dg). For each ¢ € Q" a process is well defined where
contours I' € {I';}* are placed with rate W, (I'; ) independently except for exclusion (using
Kolmogorov’s theorem for projective limits of probability measures ). The skew product
of the process p¥(dg) with the latter has the law of m? and, analogously to (11.7),

Wt (F) = md (TG oy (1) (11.19)

Appendix A. Properties of the hamiltonian

A.1. Assumptions on the interaction. We suppose that j(r,’) is a bounded, sym-
metric probability kernel on R, translation invariant, i.e. j(r,r’) = j(0,7" — ) for all r, 7",
and supported by the unit ball, i.e. j(r,7") =0 if |r — r'| > 1. Letting

A(f)(r;r/) = sup ’j(ra 7’1) _j(Ta r?)lﬂ = 2717” €Z (A]‘)

r1,r0€ Ci,ZZ)LJ 52t [C’i,%)]

out

we also suppose that there is a constant ¢ so that for any r, ' and ¢ as above,

/A(Z) (r;r)dr' < ct, /A(E)(“ r')dr < ct (A.2)
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(A.2) is obviously satisfied if j(r,r’) is differentiable with bounded derivative or if
J(r,r") = clj,_ <1 (c the normalization constant), the case considered in [7].

A.2. Stability of energy. We will next prove (2.10). Let ¢ € @, and g € Q. Recall-
ing that b = inf,>¢ €} (),

ex(z +y) —ex(z) > by, z,y >0

we obtain .
ex(y # lg+a) —ex (G + a(r) 2 b jyxq(r) =b>_ j,(r.q:)
so that . -
hoaal) = [ 03 5 (i = b
because j,(r, ") = y%j(yr,yr') is a symmetrizglprobability kernel. O

A.3. Energy coarse-graining. For any ¢ = 2", n € Z, we set

AVO(fir)y =0t [ fedr, O (') = AVOG(r, )ir) (A-3)
ctf

Lemma A.1. Let p € L®(R%R,), £ =2"n € Z, c as in (A.2), then, calling p¥)(r) =
AV (pyr)

5O = i(r)] < AO (i) (A-4)

jrp =3 x%p (A.5)

Grpr) =i p(r) < et sup  |AVO(p;)] (A.6)
|r’ —r|<1410¢

Proof. (A.4) is an immediate consequence of (A.3) and (A.1). (A.5) follows from

j * p(ﬁ) - j(f) 0 — j(f)

and (A.6) from (A.4) and (A.2).

% P % p

The Lebowitz-Penrose limit involves a coarse graining of the hamiltonian, the coarse-
grained version of the hamiltonian with mesh ¢ being the hamiltonian with kernel

30 (ryr") o= 2100 () (A7)
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namely

I}
H(q) = / WO, hO(q) = / er, (1O % q)dr (A8)

2

In Appendix F, we will actually use the mesh ¢ = y~%/2 and replace H,,(q|q) by

ﬁh&’;m)(g(O)]Q(O)) with ¢ = g,, § = g,.; A is a bounded D"~)-measurable region,
o(g+ q;-) =1 (i.e. all loops are short) and there is a constant, namely

X, = max{v/2, e} (A.9)
such that
1g(0) M C2 | < Xot?_, |goync=)| < Xord . for all C7) e DY) (AL10)
Given A in R? and R > 0, we write

OpA = {r € A :dist(r,A°) < R} U {r € A°:dist(r,A) < R} (A.11)

Proposition A.2. There are ¢ and v* positive so that, for any v < ~*, A, ¢ and q as
above,

H (12 — 5,0 (9(0)12(0))] < ey 2 (1AL + 10,1 (A.12)

Proof. By assumption, the loops of ¢ and g are all short, then, if v is small enough,
for all r such that dist(r, A) > 2y, and for all ¢ € [0, 3],

G la@®)+gO)0) = =g, 50 x (g0 +a@)](r) = [+ g(0)](r) (A13)

where j, *[q+ ¢'] = j,* g+ j,* ¢, which is the same as defining g+ ¢’ as the configuration
which collects all loops of ¢ and ¢'.

Recalling that j is bounded and supported by the unit ball, by (A.10) there is a constant
¢ so that, for any ¢ € [0, 3],

hrlg®) a0l <e G0 (gt +gt)] < c (A.14)

Since |€)\ ()| is bounded on the compacts, there is a new constant ¢ so that

B
Lh.s. of (A.12) < c/ / (
0 JAug, 1A

_|_

gy [g(®) + 2] — 577+ [g(0) + g(0)]

—1/2

Gy qt) — j07 4 Q(O)Ddrdt (A.15)
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Since all the loops of ¢ and g are short, recalling the definition (A.1) of A®), we get

/Auazv_l A (

gy [g(®) + g(0)] — 507 % [g(0) + g(0)]dr

< X o A
ueq)+go) AN

< ¢y"?)(g(0) + g(0)) M (AU Dy, 1A)]

because A('Yl/z)(w“, vq:) =0, 7 € AU Ooy—1 A, if ¢; ¢ AL Ogy—1A.
The same procedure is used for the last term with g alone in (A.15) and the proposition
is proved. U

The same proof applies for the following variants:

Corollary A.3. There are ¢ and v* positive so that for any v < v*, A, q and q as
above

_ Y _
H,7(012) — Ho (A0 (g(0)] @] < e (1A + 01A) (A16)
Corollary A.4. Let A be a cube of side 2", -, ¢ = q, and @(g + pglAc) =1 then,

—1/2
Hoa(alofata) = 80T, (@(O)]0f3100)| < ey /2] (A7)

[the analogous result holds for the minus case/.

Lemma A.5. There is a constant ¢ so that if n(¢(0);-) # 0 and o(g;-) = 1, then

Jrrat) e, 0<t<p (A.18)

Proof. Since [}, * (t)](r) < v*[|j]le0| g(t) M B(r,v7")|, B(r,7~") the ball with center r
and radius 7!, for y small enough, [j, * ¢(t)](r) is bounded by the sum of |g(0) C’LL’”)‘

over all cubes with |/ —r| < 3y~! (because, by assumption, all loops are short). Such a
sum is bounded by (377")*(pjf +¢), because nf-)(g(0);-) # 0. The lemma is proved. [

The next lemma is used in Section 7 in the following context: A, is the cube of side
2", ., it is union of 2¢ cubes A, 1(i), i = 1,..,2¢, of side 2" 710, .. g € Q" is such that
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o(g;-) =1 and n(g(0);r) =1 for all » € A,,. We then set g = 4y, @ and
2d
Us(g) = Hoa(glpslag) = Y Hia (49105 1n, 1) (A.19)

i=1

Lemma A.6. There is a constant ¢ > 0 so that with the above notation
n d-1 _
U£(g)] < c(2704,) 77 (A.20)

Proof. Using repeatedly the relation
Ho\(g+ 414" = Hoa(dld' + &) + Hy\(4'14")

we have
Ho 7 (glp51a;) Z (gO1g" D + -+ g% + pE L) (A.21)

Writing g for ¢ and ¢’ for ¢ ’H) +- 4+ g ) + Ps 1 Ac, we have, calling 3 the boundary
of A,,—1(7) and using the fact that all loops are short,

Hoaldd) -~ Honta) = [t [ IR C LS ORY (IG)

—ex(iy + 4 (O) = ex(Gy = gO)(r) par - (A:22)
Thus, by Lemma A.5,
|H,0(4lg) — Hya(9)] < 2y
Analogously
|H, A (4910510, 1e) — Hya ()] < 18y

and the lemma is proved. O

Appendix B. Bounds on long loops
In this Appendix we will prove (6.5). We shorthand
vy (dg) = va(dg) 1g-g- (B.1)

where, for any g, ¢~ is the collection of long loops in g, so that vy is supported by
configurations with only long loops. Calling A = {r € sp(I') : or(r) = 0}, (6.5) becomes a
consequence of the following proposition:
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Proposition B.1. There is ¢; > 0 so that for any bounded, D) -measurable region
A and any g € Qg (i.e. q is a configuration in R? with finitely many loops not necessarily
starting from A°)

/ yi(dg)eva(%g) < efcl’Y_lNA (BQ)
o({d;)=0 on A
where Ny = |A| /¢4
Proof. By (2.10),
Lh.s. of (B.2) < / 3 (dg)e MY (B.3)
o(g;)=0 on A

Denoting by @, the space of single loops, namely the space of periodic, continuous, R?-
valued functions w(t), t € [0, 3], we define iteratively an increasing sequence of stopping
times T, k > 0, with values in [0, 5] U {400}, as follows. We set Ty = 0 and, for k£ > 1,
T, =00 if Tp_1 > ﬁ, Whﬂe, if Ty 4 < B,

t € (Th1,B] if |w(s) —w(Tp_1)| <y V% for all s € [Ty_1,1),

T = and |w(t) — w(Tj_1)| =y~ /2 (B.4)

+00 if |w(s) — w(Th1)| <y~ 2 for all s € [Ty_1, 3

Written differently: Tj, = inf{t > Tp_1| supse(r,_, qlw(s) — w(Ti-1)] > y~1/2}

By (B.1), vg(dg) is supported by configurations ¢ = (g,,..q,) with 7T1(g,) < oo,
1=1,,.,n. We decompose

{Th < o0} = | {Th = 00, Ty < 0} (B.5)
E>2
hence
1 n
VK (dg) = Z E H Wxi,wi (dwl) dxilwi@\ ]‘{Tki (wi)=00,T}, —1(wi)<oo} (B6)

nki,. kn  i=1
where W, ,(dw) is the law on ); of a Brownian bridge starting at .
We are going to show that the condition {o(g;-) =0 on A} in (B.2) implies that

ki + .+ ky > 279N, (B.7)

In fact, if |w(s) —w(a)| < y~1/2 for all a < s < b, then the set {w(s),a < s < b} is contained
in a ball of radius v~ /2, which is covered by at most 2¢ cubes of D(W_l/z), hence by at most
24 cubes of DY), Thus if w € {T} = 00,T}_1 < oo}, then {w(t),0 <t < 3} touches at
most 29k cubes of D“+) and (B.7) follows.

By (B.3)

> Ale=Pyn L
Lhs. of (B2) <) > M [T Woo({Tk, = 00, Th,s < 0})  (B.8)
n=1  k;>2/i=1,..n n i=1

k1+,..+kn>279Ny
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We bound Wo o ({T}, = 00, Ti,—1 < 00}) < Woo({Thi—1 < oo}). We claim that for i > 2

W(]()(Th < OO) < Woo(ﬂ iy < ﬁ) + W()()({T > g} M {Th < OO}) < QWO,O(S[%] < g)
(B.9)

where S, are the stopping times defined as in (B.4) but having replaced v~/ by y~1/2/2.

Let @(s) = w(B—s), then f—S1(©) > Tj—1(w) and, by iteration, 5 — Sk(©) > Th_k(w).
Thus, if Tjp/o(w) > B/2, then § — Sh_[r/9 (@) > 3/2, and Si_[r/9 (@) < /2. Then the last
inequality in (B.9) follows the symmetry under time reflection of the law of the Brownian
bridge. We also have

W070 (T1 < OO) < 2W070 (T1 < §> < QW(),O (Sl < g) (BlO)

We can now reduce to a probability of a Brownian motion (starting from 0), whose law will
be denoted by Wy. In fact, if f(w) is a bounded function measurable on {w(s),s < 3/2},
then

/ Woo(dw) f(w) = (2mB)%/* / Py(dw) f(w)e =2 GO (97 3 /2) /2
so that, for h > 1,
Woo(Th < 00) < 272 Wy Sy < g) p(h) = max{[h/2], 1} (B.11)

By the strong Markov property of Brownian motion, the difference of the stopping times
Sk — Sk_1 is independent of S; — S;_1, then, by classical properties of Brownian motion,
see [9],

_ (h)
Woo (Th < 00) < 221 Wy (S < g)p(h) < (cem ey’ (B.12)

for a suitable constant c.
Going back to (B.8), we get

> —Bb\n _ B
Lh.s. of ( Z Z M(ce_vl/(w)y(kl D)+-p(kn—1)

n!
n=1 k;>2,i=1,..,n
k14 4kn>272Ny

> (|A|€7’Bb)n *7_1/(2ﬁ) p(k1)+"'+p(kn)
oY (e )

n=1 ki>1li=1,..,n
k14 4kn+n>2"9 Ny

and since ki + .. + k,, > n,

A —Bb\n 3 (k1) ++p(kn)
Lhs. of ( Z 3 M(CW 1/<2ﬂ>)p " (B.13)

n!
n=1 k;>1,i=1,..n
k14.4kn>2"9"1 N,
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Moreover

(k14 4 k) (B.14)

|

plky) + -+ p(kn) =

hence, calling
N =2"91N,/8 (B.15)
and supposing  small enough, (in particular  such that ce™ /(160 < 1/2)

o0 —Bb\n n
Lh.s. of (B.2) < [06_771/(25)]]\[2 M(Z (06_771/(25))k/8>

n!
n=1 k>1

< exp{ — N[y~ '/(28) — logc] + |A]e‘ﬁb206_771/(16ﬁ)} (B.16)
which proves (B.2). O

Appendix C. Basic properties of mean field

C.1. Mean field free energy density. The mean field free energy density fz (),
x > 0, defined in (2.14), has a phase diagram which exhibits a phase transition. There is
in fact a critical [inverse] temperature 3, = (3/2)*? such that, for 8 < ., 5 ,(x) > 0, for
all A and z, while, for any 3 > (. there is a unique value of A\, A = Ag, where fg,, has two
distinct minimizers, p?, elsewhere the minimizer is unique. However there is an interval of
values of A containing A\g where there are still two local minima at pj A1 ,0;7 x> Paa p}j A
is the global minimizer if A > Ag and it is interpreted as the density of the liquid phase,
which, for A > Ag is the only equilibrium phase; for A < Ag instead, pj, is the global
minimizer and interpreted as the density of the gas phase. The two values, pg > pg, are
then the densities of liquid and vapor at phase coexistence, occurring at A = As.

Minimizers are solutions of the mean field equation f3 ,(z) = 0, which, at A = Ag, reads

as
r = Kg(x):= e s (C.1)
When [ > [, it has three solutions: 0 < p; < p% < pg, and
s (05) >0 (C.2)
Notice that L
pg _ e—ﬁexﬁ(f)g) < e (CB)

with b defined in (2.10).
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There is By > (. so that
Kj(o}) € (=1,1) for all B € (6, o) (C.4)

while Kj(p5) € (0,1) for all 3 > (.. Therefore the linearization of the map x — Kp(z),
at x = pg[ is a contraction when [ € (8., ), this is the reason for restricting in the paper

to ﬁ € (ﬁcaﬁO)'

Since

inf €} (z) = €\(v/2) =: b (C.5)

x>0

the maximum of Kg(x) is reached at = v/2 and for any
X > Xy :=max{V2,K3(v2)},  Kzg(v2)=e™ (C.6)
Ks(z) - [0,X] — [a, X] a = min{Kz(0), Kg(X)} (C.7)

In Section 10 we have considered the plus and minus free energy densities, defined for

6 >1 by
s(z)
f¥e) = N = "5 M= =4, 069) (©3)
fg’+(x), [resp. fg’f(x)] is a strictly convex function with minimum at = = p3, [z = pg3].
The interpolating mean field free energy is then

fru@) = ufsp, () + (1 —w)fy*(z), wel0,1] (C.9)

which, for v < 1 has ng as its unique minimizer.

C.2. Mean field free energy functional. In terms of statistical mechanics, fz ) is
the limit canonical free energy density with a mean field interaction. For Kac potentials,
in the “the Lebowitz-Penrose limit” (i.e. first the thermodynamic limit, then the limit
v — 0), the relevant quantity is a free energy functional which, in the model considered in
this paper, is given by

Fsa(p) = /GA(J' *p) — % dr (C.10)

which we regard as a [non local free energy] functional on L (R% R, ), the space of non
negative valued, bounded measurable functions with compact support. The integral on the
r.h.s. is then well defined as €,(0) = s(0) = 0.

The relation with statistical mechanics will be recalled in Appendix F, notice also that
on a torus A, Fg,(21) = faa(x)|Al.

It is often convenient to rewrite Fj,(p) as

Fasl) = [ fasti o)+ 5(s%0) = g 5(0)) dr (©1)
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Notice in fact that the second term is non negative for any p, by the concavity of s(-),
so that the minimizer of the functional on a torus is a function constantly equal to the
minimizer of fz(:).
The conditional free energy
Ea(plp) = Fpa(p+p) — Fa(p) (C.12)

is the free energy of p € L(R% R, ) “conditioned to” p € LF(R%GR,).

Associated to the free energy densities fg’i(-) and fgﬁu(m) defined in (C.8) and (C.9),
we consider their corresponding free energy functionals, defined for 8 > 1 on LP(R%R,)

by
f7(p(r)) dr (C.13)

and
Fi0) = uFpa(e) + (1= 0FS*(0) = [ . (p(r))ar (C14)

C.3. Equilibrium. We will prove here that the conditional free energy “has range 27,
Lemma C.1 below, and that equilibrium outside a region propagates inside, Lemma C.2
below. We will use throughout the sequel the following notation: given a function p and a
set A,

pa(r) = p(r)lrea (C.15)

Lemma C.1. Let A be a bounded measurable region and pye € LF(ARy). Then
Fsa(palpac) is continuous on L®(A;Ry), it does not depend on p(r), r € A°\ 02\ and
there is a constant c independent of A and ppae so that

Fgx(palpac) = /Afﬁ,/\(j % [pa + pacl)dr — c(1+ |lpa + pac|*)[01A] (C.16)

Proof. Continuity follows from the continuity of ¢ — fs,(t) and ¢t — s(t). To prove
(C.16), we use (C.11) to rewrite Fj , in the following way, (0 A has been defined in (A.11)),

Fsa(palpac) = / faa(d* [pa + pac])dr
AUOLA

1 ) _ . _
3 s(j # [pa + pac]) = * s([pa + pac]) dr
AUOLA
A 1 . . _
— | Saald * pac)dr — —/ S(J * pac) = j * s(pae) dr  (C.17)
oA ﬁ A

where we have used that fz(0) = s(0) = 0.
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The r.h.s. of (C.17) does not change if we vary py. outside A U 9, A. By concavity of
s(+), the second term on the r.h.s. of (C.17) is non negative. Since there is ¢ so that for
any t, [fs(t)] < c(1 +t*), hence (C.16). The lemma is proved. O

Lemma C.2. Let A be a bounded measurable region and A' = A U 0,A. Then,
for X > Xg, [N < Ngf, piada [pgada) ds the unique minimizer of Fp(palphalana)

[Fsx(palpsalana)/-

Proof. Suppose A > Ag (the other case is analogous and omitted). Calling prc =
pja1ac, the first term on the r.h.s. of (C.17) is bounded from below by [AUA|fzx(05,),

the inequality being strict unless py = ,0; y1a. The second term is non negative, the other
ones do not depend on p,, thus the minimizer is unique and given by py = ng yIa. O

C.4. Surface corrections. Here we suppose A = Ag. We have proved in Lemma C.2,
that, if outside a region A there is equilibrium, i.e. p(r) = pz;, then the conditional minimal
free energy is obtained when p(r) = p; in the whole A (the analogous property holding in

the minus case). This does not mean that the corresponding free energy is equal to the
equilibrium free energy density fg , (pg) times the volume, because

Tinne = Fons (p51]p310) = fon, (051N (C.18)

is not 0. I;AAC is a “surface term”. In fact using (C.10) instead of (C.17) we obtain
instead of (C.11)

. _ 1
Faalpalon) = [ cantielon-+ onl)dr = 5 [ s(ou) v
ALIOLA 6 A

—/ ega(j * pac)dr
oA

Using such an expression in (C.18), we get

I,Bi,A,AC = /(9 ]_Ac e)‘ﬁ(pé) — e)\ﬂ(j *p;l/\c) dr
WA

(C.19)
= h(p51alps1ac) — [Alex, (p5)

An analogous formula, with A replacing A¢, defines I;E’A,A. Notice that IEE,A,A =+ IEEA’A.
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Proposition C.3. Let A be a bounded measurable region, then

F (P§1A> + 15 pen = Fpag (ﬂ§1A> + 15 pen = fons (p5)IA] (C.20)

Proof. Using (C.10) we can write Fj x, <p§1A> as

S +
= [enti= (51anr - % A

s(p3) .
= /Ae,\ﬁ(pg)dr — ; |A] + /81A <6Aﬁ(j *(p5ly)) — 1y GAB(P%E))dT

= fos (P?) + ]EAC,A

g

Remark. If in Proposition C.3 we take A equal to C; or C;', we then obtain (6.22).

C.5. Dynamics. For any bounded measurable region A, we consider the evolution
equation

d
L= —p+®s(p;-) on A
dt
p(r,t) = po(r) on A° x R, (C.21)
p(r,0) = po(r) on R?
where
(I)B(p; r) - efﬁ]*e,\ﬁ (3*p(r)) (C,22)

and py € L®(R% R,).

(C.21) has then a unique global solution p(r,t), namely, for each r, p(r,t) is differen-
tiable for t > 0 and converges to py(r) as t — 0. Moreover, for each t, p(-,t) € L®(R% R,).
By setting T (po) = p(+,t) we thus define a semigroup T* on L>®(R?% R,).

The solution p(r,t) of (C.21) solves also the integral version of (C.21), namely

t
prt) = palr) + [ IRl )ir)ds (C.23)
0
from where we deduce that
e tpo(r) < p(rit) < e po(r) + (1 —e e (C.24)

with b as in Subsection A.2.
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The upper bound in (C.24) allows to improve the lower bound. In fact, since |e} (z)] <
|Ag| + |x| + |§_|!37 we can bound @z from below by
O4(p(t, ;1) > o= B(XslHlIpoll oo +Dp+ 3 (lpoll oo +e2)3) . D(B, ||po|l ) > 0

which implies
p(r.t) = e 'po(r) + (1 — e )D(B, ||pollL=) (C.25)

Our main interest for dynamics is that it makes the free energy decrease. A direct
calculation shows that

Proposition C.4. Let p € L*(R%) and A as above. Then for anyt >0

t
Fax, (TtA(P) 1A‘P 1Ac> — Fg, (P 1A‘p 1Ac> = —/ Ts(T: (p); A)ds (C.26)
0
1

Ts(p; A) = / ( =P+ s(p; ’)) 5( — log p + log ®4(p; ~))dr (C.27)

A

Zs(p; A) > 0 with equality iff
p(r) = ®s(p;7), forallr € A (C.28)

Proposition C.5. Let p € L®(R?) non-negative and A as above, then, as t — oo,
T2 (p) converges by subsequences in L>(RY). Moreover, any limit point u of T*(p) satisfies
(028) and Fﬂ(u|pAc) S F(pA|pAc>.

Proof. For each non-negative p € L®(RY) the set {TA(p) — e~'p| t € [0,00)} is
relative compact in the uniform norm. This is true, because the following estimate and
Assumption A.2 shows that it is equi-continuous.

(TMP)() — e () — (T ()(r) — eo(r))] (C.29)
< / e~ |@5(TA(p): 1) — By(TA(p); )| (C.30)
< phe® / e~ TA ()| ds / i(r, ) — §(r', 2)|da (C31)

Let p € L*(R% R, ) and let (ﬂﬁ(p))neN be a converging sequence. Recalling (C.24) and
(C.25), the integrand in Fj , <TtA(p) 1A‘p 1Ac> is uniformly integrable, (C.26) holds also

for the limit point, Zs(T*(p); A) is continuous in ¢, and hence for the limit point Zs(-; A)
is 0. g
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For the interpolating free energy functional, dynamics is defined by replacing ®z(p; )
with
—Blujxe’ (xp(r —u)é £
&5, (0ir) = 6 (uirel , Greo(r)+(1-wel (o)) (C.32)
recall in fact that A% = —e’/\ﬂ (p?) The solutions to the evolution equation define a

semigroup TtA’i’“(p) for which the analogues of Proposition C.4 and Proposition C.5 hold.

Appendix D. Non local functionals, small deviations

The main result in this appendix is that if a density profile is in a neighborhood of the
equilibrium value in a region A, then by decreasing its free energy it can be made closer to
equilibrium at an exponential rate from the boundary of A, Theorem D.3 below.

By default, throughout the sequel ¢ denotes an element of {2",n € Z}. The “coarse
grained image” Av?(p;7), p € L®(R?), see (A.3), is a bounded function constant on the
cubes of D®. For any ¢ > 0 we then set

+1 i |[AvO(pir) — psa| < C
' (pir) = AV o) = o2 (D.1)
0 otherwise

Lemma D.1. There are ¢}, dy and €y all positive so that for any ¢ < (), any € < doC
and in {2",n € Z} ), any bounded DY -measurable region A and any p € L°(R*, R,) such
that 19 (p; 1) = £1, dist(r, A) < 10, (@5 below as in (C.22))

[®s(psr) —p5| < (1—e)(,  reA (D.2)
|j % p(r) — pfﬂ < 2¢, dist(r,A) <2 (D.3)

Proof. As the proofs for the + and the — cases are the same, we will only consider

the former. By (C.4), for 8 € (B, 5c)

d —pe, (s
4. Beig (5) <1
ds s:pg
Then, for each € > 0 small enough, there is § > 0 such that, for all s > 0 with |ng —s| <4,
e/ + 1 —
Blef (5)] < (1= ™) = 225 (D.4)

Pp
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Take (o < /2. By (A.6) and for ¢ < 1,

7% p(r) = 3% p(r)] < (o +Q)el,  dist(r, A) <2

By (A.5) j % p e [pf — ¢, p} + (] so that

7% p(r) = p| < ellph +¢) + ¢ < (L+e)¢ (D.5)
for the choice 0 < dy < m. We have thus proved (D.3). (D.4) implies that
“\Ps
. . Be, (ph) . .
Blj* e, (5% p) = ey, (p5)] < (L =€) jx |jx p— pf] (D.6)

Using (D.5) we can bound this by
el +
(1— )& (1 4 )¢ (D.7)

which is in particular bounded by
e +
eﬁ AB(I)[})C (D8)

By the inequality |e” — 1| < ell|z|, where x is the Lh.s. of (D.6), using (D.7) and (D.8) we
get

Bel (o)
[@a(pir) —pfl < €T (1= (D.9)
—Be +
Choose ¢y < ¢ s In(1+¢?) then (D.9) is bounded by (1—¢€*)¢. Choose € small enough
— B¢’ +
then the lemma is proved with {§ = min{d/2,e Phs (25 In(1+€?)}. O

Given ¢, £ and a D®-measurable region A, we set

N,y = {p € L®(RY, R*) : 9SO (p;r) = +1, whenever dist(r, A) < 10} (D.10)

Lemma D.2. Let ¢ and ¢ as in Lemma D.1, A a bounded D) -measurable region and
pE Ngj,[z,/v then TP (p) € NS,EM for allt > 0.

Proof. We just consider the 4 case. Let 7 > 0, vy € NZ&A’
Srwy = {U € C([0,7]; L®(R%R")) : v(-,0) = vp(-) and v(r,t) = vo(r) on A° x [0, 7] }

Let then ¥ be the map on S;,, defined by setting for ¢ € [0, 7] and r € A:

U(v)(r,t) = e vg(r) +/0 ds e’(t’s)q)g(v(-, s);r)

As in (C.24) we have that ¥(v) : [0, 7] — L>®°(R¢,R") is continuous and
<

0,
eup(r) < U(0)(r,t) < e up(r) + (1 —e e
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Hence ¥ maps S, ,, onto itself. If 7 > 0 is small enough, ¥ is a contraction on S, ,, w.r.t.
the sup norm, because 0 < ®5(v(-,s)) < e P, The fixed point of ¥ is the orbit T*(vy),
0<t<r.

If v € Njyu by (D.2),

py — (1 —=e0)¢ < @a(v;r) < pj + (1 —€0)C (D.11)
Hence the set
Y ={veS ., v(.t)€ N, forallt e [0, 7]}

is left invariant by W. Since Y is closed, the fixed point of ¥ is in Y, hence T (vg) € N, <+ A
0 <t < 7. By induction the statement remains valid for all ¢. |

Remark. The same conclusion holds for the semigroup TtA’i’“ defined below (C.32),
namely TtA’i’“(p) € Nci’g’ s for all t > 0. The proof is completely analogous and when we
get to (D.11) we observe that q)ju(p; r), which is defined in (C.22), verifies

7, (vir) = (Pa(vir)" (o)
hence, if v € NZZ,N
%, (vir) < (p5)' " (0 + (1= @)Q)" < pf + (1 =€)

with equality only if u = 1. The lower bound is proved analogously, hence also TtA’i’” (p) €
N, for all £ > 0.

With the above notation, we set for any p € N, 557 It

where 15 stands for the restriction of a function v to a set A.

Theorem D.3. There are (o (Co < ¢}, ¢, as in Lemma D.1) w and ¢, all positive,
so that the following holds. Let ¢ < (o, ¢ < doC (dy as in Lemma D.1) , A a bounded,
DY -measurable region, p and p in NCJ,E&A' Then:

o In Xip, there is a unique minimizer, V=, of Fp;(-[pac); VE(r) = (0E;r),
r € A, and it is the unique solution of this equation in Xip. Moreover

WE(r) € lps —C+ el ps +C—el], reEA (D.13)
[Ya(r) — pf| < cpe™ @A) (D.14)

where NS = {r € A°: dist(r, A) < 2;pac(r) # pg)} (€0 as in Lemma D.1).
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o Finally, Zf@/A) is the minimizer of Fg,(-|pac) in Xpp, and calling, by an abuse of
notation, NS = {r € A°: dist(r, A) < 2;pac(r) # pac(r)}, then

[Pa(r) = Ya(r)] < cpem @10 (D.15)

Proof. To simplify notation we consider only the + case. By Lemma D.2, the following
is known: T leaves X , Invariant and since & N , 1s closed under uniform convergence on

the compacts, for any u € X X’ , TAu converges by subsequences to an element 1) of
X9, = {qp € Xy, : o solves (C.28) in A}
and F x,(ualpac) > Fa,(1alpac), the inequality being strict unless v € X3 :
FB’)\/G(UAlpAc) > wmf Fj, Aﬁ(%\\p/\c) for any v € Xy, \ Xg?p (D.16)

By Lemma D.1, any ¢ € X}  satisfies the first condition (D.13).

We will next show that for ¢ small enough, XK , consists of only one element, ™, which
is therefore the strict minimizer of Fjs x,(valpac). Suppose that ¢ and ¢ are in AR , then,
for any r € A, and writing ws = 51/1 +(1—s)¢,0<s<1,

Y(r)—¢'(r) = — (¢ 7)
xe *1s) . . .
— _ﬁ/ Birehs G E (e’)fﬁ(j*ws)]*(w—zﬂ’))ds (D.17)

—Be. +
Since |e o *ﬁ(p")e’)(ﬁ (p5)l < 1and by (D.3), jxu(r) and j*¢'(r) are both in [pj —2¢, pf +2(]
for all dist(r, A) < 2, it then follows that if {; is small enough,

— B¢ tia
AT (o 4+ b) < 1 (D.18)

e ¥:= sup fe
lal,[6]<2¢o
Therefore
() = ¢'(r)| < ejxix Y-
and since ¥ (r) = ¢'(r) = p(r) for r ¢ A, it then follows that ¢ = /.
Finally, let ¢ € X} , and Ve XR 5, then, for r € A,

[(r) = D(r)] < e 5w jx (J —d[1a) +¢j % j * Lag (D.19)
By iterating (D.19) and calling ng the largest integer such that 2ny < dist(r, A%), we get

[(r) = d(r)[ < ey e

n>ng

which yields (D.15) with
ce”

l—ew
By choosing ¢ (r) = pj, we have )= pj and (D.14) follows from (D.15). O

(D.20)

Cy 1=
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Remark. The same conclusions hold for the interpolating free energy functionals
Flélfu(pA|pAc). The 1.h.s. of (D.17) becomes, for the interpolating functional,

! —Blujxel (5% —u)e, +
S [P OIS) o (e (w (— ) ds

0

for which the same bounds used in the previous proof apply.

Appendix E. Non local functionals, large deviations

Lemma E.1. For any p € L*°(R% [0, Xo]), Xo > 0 (e.g. as in (C.6)),

o) =g #s(p)) = g [ i) (o) = dwpr) ar’(B)

Proof. According to the integral form of the Taylor reminder one can express for
r,y eR

s(y) — s(z) = () (y — 2) + / §"(2) (¢ — 2)dz

For z,y € [0, X(] one can bound this integral below by

1 1 )

> Sy -2) - [ (o= =)y - )+ ()

Hence putting y = j * p(r), © = p(r’') one obtains the required result having in mind that

/j(ﬁ r')s' (3 p(r)) (7 = p(r) — p(r')) = 0.

In the next theorem we will use the following notation.

e Given ¢ and ¢, A denotes a bounded, DY-measurable set, such that the maximal
connected components of A are at mutual distance > 2. By xac(r), we will denote a
function on A€ which, on each one of the maximal connected components of A€, is constantly
equal either to p?; or to py. We will then call AL the regions where x,<(r) = pg
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e Given py € L®(A;R,), we define the families {C?,i < Ny} and {Cji,j < Ni},
N07N:t > 07 as

{c) = {C’O e DY . C0 A /j(r, r)dr =1 for all 7/ € C?;

A
0 (ppsr) =0, 7€ Cio} (E.2)
ey = {(cf.cyem L [CF UG T A G5 C6L,[Cy]
79 (pa;r) = £1 and /] r',r)dr’ =1, for all r € C’ﬂE
A
CHUC NG uCy] =0 if j # k;} (E.3)

Theorem E.2. There are 1, d, and c all positive so that for any ( < (; and £ < d,(?
the following holds. Let A be a bounded, DY) -measurable region, px € L>(A;[0, Xo]), then

Fppa(palxac) = fors(05)IAl + Ixpe + I{ac + 0 (No + N2) (E.4)
(recall that IKA is defined in (7?) and that fsx,(05) = fans(05))-

Proof. We will use the shorthand notation
. ¢
R=jxlpatxt),  D={rer:|R() - pil >3} (E5)

Recalling that Fj,(palxac) = Fpx,(pa + Xac) — Fpa,(xac), we write
Fgs(palxac) = Fi + Fo + Fy

Flz/fg,AB(R) dT, ﬁ/ —]*S pA—l—XAc)d
A

Fy = A Tos(R) — fans(J * xac) dr + s(R) — j * s(pa + Xac) dr

5 /y
—/Afﬁ,w*xm dr——/ (% xae) — J # s(xac) dr

We claim that

Since there is a positive constant ¢; so that
Py > fo,(pf) Al + (| D] (E.7)

(E.4) will then follow after proving that there are a and o’ positive so that

>— d
Bz 16X, C*Not

16X
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Proof of (E.6). Since e the second integral in the definition of F3 is non negative;
o faxs(R) > fons(ps); @ s(* xae) = s(j * pilac) 4 5(j % pylac),

F3 > /A fos(p5) = fons (3% p3lac) dr +/A fors(pg) = fors(d % pslac) dr
< ¢

- / fos (7% pslac) dr — /Af,@,xﬂ(j * pgLlae ) dr
. 1 o : _
5 s(j* palac) —j*s(pslac) dr — B/S(J ¥ pglac) — j*s(pglae ) dr
hence (E.6), after recalling the definition (77).

Proof of (E.8). By Lemma E.1,

Bz ) S+ ) S(E)

S(C) = 2LX0 /A dr /C _0 j(r,r')(p(r')—R(r))er’
ﬂ@ﬂ::;%[&héwqﬂnmcwv—nmf (£9)

Using the notation (A.1), (A.3) and the assumption (A.2), [j(r,7") — j©O(r,7")| <
AO(r,¢"), for any r' € C?,

/drA(Z) (r,r") < s, e’y

1 2 X
0y > _— 10) / N _ 10 95d
S(CY) > ZXO/Adr/C?j (r,r)(p(r) R(r)) dr’ — ¢ 5 o

Recalling that j)(r,7') is constant on 7' € C?, by Cauchy-Schwartz and shorthanding C

for C?,
tel / R(r)) dr' > ( /C (") ~ R(r))ar)”

(me—nmezum§2

hence, calling r; the center of C?,

If r e D°,

X

¢ ﬁd/ FOr r)dr — s =200 (E.10)
pena 2

S(C?) > X,

Let a € (0,1) be such that

a
—<

5 ¢y as in (E.7) (E.11)

l\:>|<‘3
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then
2

¢ d/ (¢ / :
—/ O(r, r)dr > a——107 O(r, r)dr
8Xo  Jpera o) - 8Xp DC|‘|A o)

s o o L0
> d
= 8X0 "8 Jp " Jeo (r,7")

having used that [, §O(r, 7Y dr = 1, 7' € C?, which holds by the definition of the family
{C?}. Hence

0
Xo
oy (L4 2 A0 4 C1oo .
;sm > (5.~ a5 )Nt = S¢ID (E.12)
We choose d; so that
A0 2O
03 dlC < 16XOC
so that (E.8) will follow from the proof that for a suitable a’ > 0
) > — .
SS(CF) 2 oGNS (.13)

J<N+

To bound S (C;E) we proceed as before. By an abuse of notation, we denote by ;) (r, ')
the quantity defined by averaging j(r,r") over r" € C’;L L C; instead of a single cube. By
assumption (A.2), there is a constant ¢4 so that

/drA(Z)(r, ') < eql, r' e Cf L C’;

hence

1 2
+ > (€) ! AT — - d
) = 92X, /dT /ijcj 7 (T,r)(p(r) R(r)) dr’ 04 %020

50 (r,7") drops from the integral, as it is constant when 7’ varies in Cf LC; ;5 then, denoting

by rji the centers of Cf and calling r* =r; — rj+7

/ijcj_ (P(r') - R(r)>2dr’ > %/cj (p(r’) — o+ T*)>2dr’

By Cauchy-Schwartz

]C*!/ p(r +r ))2dr’ > (/C+ p(r')dr’ — /'_p(ﬂ)dr/)Q

The analysis of S(C’f) proceeds hereafter as for S(C?), till we end up with (E.13), thus
(E.8) and consequently the theorem are proved.

The theorem is proved.
O
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Appendix F. Reduction to variational problems

Following the classical proof by Lebowitz and Penrose, [8], we will derive here upper
and lower bounds on the partition function in terms of a variational problem which involves
a non local free energy functional.

We fix 3 € (B, o) and A € (Ag — 1,A5 + 1), we will often drop  from the notation.
We consider constrained partition functions generically denoted by

Zy (A5 Alg) (F.1)

where A is a bounded DY-)-measurable region and g a boundary condition. We will
suppose that all loops in g are short, that g(0) C— A¢ and

=4 |g(0) n e = Av-2(g(0); ) < X, (F.2)

The constraint is determined by a D~)-measurable, {0, =1}-valued function n.(r), 7 € A,
as

A={g(0): 1 (gO)r) = nalr); AVE(gO)ir) < Xo, rEA} (F3)
The transition to continuum involves two spatial scales, whose lengths are y~/2 and v~!
We set )
p(r) = AV (G077 r), e (PA)° (F.4)
and
A {p € L¥(vARy) - ) (prr) = s (v 1),
AvO=(pir) < X, r € ’yA} (F.5)
Proposition F.1. There is ¢ so that,
log Z,a (A3 A12) < = inf By Fsana(plp) + 7'/ (1A] + 104, 1A (F.6)
where OrA is defined in (A.11); while, for any p € A*,
log Z,\(As AlQ) = =87 Fpanalplp) — ey P (JA] + |01,-1A]) (F.7)

Proof. Upper bound. By Proposition A.2 and calling A = A U 04,1 A,

log Z, x(A; Alg) < log 27, (A5 A|g(0)) + cr' A

(v~1/?)

where Z '\ is the partition function for the classical model, i.e. with particle and not

loop configurations and with hamiltonian hg”/\_ 1/2)( 4(0)]g(0)), which is defined in terms of
(v~

/ . .
the interaction kernel jy ' 2)(7’, '), namely the one obtained from j,(r,r’") by averaging

the second variable over the cubes of DO™*). Then h7 \ (q|g( )) depends on ¢ and g(0)
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only via the number of particles in each one of the cubes of DO We then integrate

over the positions of the particles g(0) keeping fixed the above particles numbers. By the
Stirling formula,

|logn! —n(logn — 1)‘ < clogn

with ¢ a suitable constant. The number of particles in a cube of DO in A is bounded
by Xoﬁﬁ, due to the constraint A and the assumptions on g(0). Thus, calling A} the

collection of all p € A* which are DO"*)-measurable and such that for all r, p(r)y~%2 is
an integer, there is a constant ¢ so that,

_ _ 12y, _
Zoa(hs Alg) < Y exp{ = By EL A (lo) + (112 + 4" logy 1) AT}
pEA
where FO''*) is the functional with kernel ;") (r, /). Since Fﬁ(t/,:)x = Fprqn on D
measurable functions, the last inequality holds with Fjp » 4o as well.
Since

(v/?)_

Card (A}) < [Xoed A"

we have, for a suitable constant c,
log Z,A(A; A|g) < =By ienfli Faqaa(plp) + 0(71/2 + 442 logy‘l) |A|
p *
which proves (F.6).

Lower bound. Let p € A", p < Xy and p € A%, p(r) = ny¥? whenever p(r) €
[(n —1/2)y%2, (n +1/2)7y%?). Then, as before

log Z,A(A; Alg) = =57 Fyn (9lp) — ‘3(71/2 +%? logfl) A
(F.7) then follows from

¥ Fpana(plp) — FM,YA(M/;)) < 1ogy YA

Remark. Proposition F.1 extends to the case of the interpolating hamiltonian of
Section 10 because the reference hamiltonian is one-body and for it, the transition to
continuum is trivial.

Using instead of Proposition A.2 either Corollary A.3 or Corollary A.4 we obtain the
following variants of Proposition F.1:
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Corollary F.2. There is ¢ so that,
log Z,\(A A19) < = inf By Fypn(6l@) + v/ (1Al + 01,1 A] (F.8)

where OrA is defined in (A.11); while, for any p € A*,
1o Z,n(A5 AJ2) > —37Fyan(pl@) — e72(1A] + 104y A (F.9)
Corollary F.3. There is ¢ so that,
log Z,A(As Alps,) < = inf By “Faaan(plpsa) + o' (IA]+ 1034 (F.10)

where OgA is defined in (A.11); while, for any p € A*,

log Zy A(A; Alp50) = =B Fpaan(ploza) — (Al +|0s,-1A]) (F.11)

Appendix G. Cluster expansion

In this appendix we recall some basic facts of cluster expansion in the context of the
contour models we have used in this paper. For simplicity we just refer to the plus case, and
consider the family {T'}* of all possible bounded plus contours and non negative weights

wt (), T € {I'}*, bounded by e=27"'Nr_ For instance w™(I') = W%\(Fi; q), g€ QJr.

G.1. The abstract setup. We regard {I'} " as a graph, calling connected two ele-
ments, I' and I of {T'}* if sp(I")M sp(I') # 0. We then define for any finite set C C {T'}*:

Z(C,w) = > [w) (G.1)

{I';}CC:T;is disconnected from I';,iz#j %

which we regard as a function of the variables w(I').
Denote by Z the collection of all multi-indices I on {I'} T, i.e. I is a N;-valued function

on {I'}T such that |I] := Z IT) <oo. Let I €Z,call C ={I": I(T") > 0}, and define
re{T}+

_ 1 1(r)
wr = ﬁD log Z(C,w)‘wzo Fl;[Cw(F) (G.2)

where D! is a partial derivative with w(T) differentiated I(T)-times, while I'! = [T I(T)!.
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G.2. The main result. Using the above notation, w; = 0 unless C = {I" : I(I") > 0}
is connected. Moreover, calling R(I) := |_| sp(I'), then if 7 is small enough,

I:1(T)>0
S Jwrern M < (G.3)
I:R(I)>r
and, for any finite set C C {I'}*:
log Z(C,w) = Z wr (G.4)
LR(I)CC

After noticing that the number #(A) of contours I' with same sp(I') = A is bounded

by (3“’72“2)1\[A and since 2o < 1, we have #(A)e‘QC”*lNﬁ < 1 for v small enough and

(G.3) follows from the general theory, see for instance [2].

G.3. Effective hamiltonian. Let A be a bounded D-)-measurable region and g €

Q+. Then
A et
Yoo Wi g =e (G.5)
{ricel ¢

where Kff is an hamiltonian whose potentials Uf are given by

Ux(gy)=— >, wi (G.6)
I:R(I)=A
and, by (G.3),
IUA (gy)lloo = €767 Ma2fa (G.7)

In the remaining part of the appendix we state and prove results used in the text.

Lemma G.1. There is v* > 0 so that for any v < ~v* and any bounded, D" +)-
measurable set A

log Z H ‘

{Tibsp(T)NAAD i

where N is the number of DU+) cubes in A, i.e. NAE‘}W = |A|.

) < vaeer G8)

Proof. By (4.25),

W'):/lf/\(ri; )H < e 2 Ay (G.9)

[e.e]
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Moreover if D is a bounded, D7-measurable set, and since ¢, ,/(_ ., = y~2*,
pad \N
cardinality of {I" : sp(I') = D} < (37 ’ d2> 7 (G.10)
Thus N
(e A
exp of Lhs. of (G.8) < (143 (3772) ez (G.11)
D30
Since 2ad < 1 and if v is small enough, we have
$ o N 2o N < e (©.12)
D30
and N
_1\ Va -1
exp of Lh.s. of (G.8) < (1 +e 7 ) < exp{Nae 7 '} (G.13)
The lemma is proved. U

Several times in the text we have used the following corollary of the above lemma. It is
convenient to give here a general formulation which covers different cases. A is a bounded,
D-~)_measurable region, and considering, for the sake of definiteness, the plus restricted
ensemble, let ¢ be a plus boundary condition outside A (g may as well be replaced by
p31ac). A below is a “decreasing constraint” on the contours, meaning that if {T';} € A
and {I';, } a subset of {I';} then {I';, } € A; we also suppose that the cardinality of A and
of its elements are finite. Finally, A is a bounded, D%+~)-measurable subset of A.

Lemma G.2. Let v* > 0 as in Lemma G.1, v < v* and A, q, A and A as above.

Then ) )
Z (M {A sp(D) A =0} g) o e
ZI\ (A Alg) B

(G.14)

Proof. Call = the denominator on the Lh.s. of (G.14). Its expression involves a sum
over {I';} € A. For each element {I';} € A, call {I';} the subset of contours such that
sp(I';) MA # (). Since A is decreasing, the configuration obtained from {I'}} erasing {I';}
is still in A and, by construction, verifies the constraint in the argument of the partition
function in the numerator of (G.14). Thus

=<( Y TI|am|| ) Za s tasmna = oyg)
{Ti}sp(Ti)NA#D i >
which, by (G.8), yields (G.14). The lemma is proved. O
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