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Abstract

We study the spectral and scattering theory of the Nelson model
for an atom interacting with a photon field in the subspace with less
than two photons. For the free electron-photon system, the spectral
property of the reduced Hamiltonian in the center of mass coordinates
and the large time dynamics are determined. If the electron is under
the influence of the nucleus via spatially decaying potentials, we lo-
cate the essential spectrum, prove the absence of singular continuous
spectrum and the existence of the ground state, and construct wave
operators giving the asymptotic dynamics.
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1 Introduction

In this paper we study the spectral and scattering theory for the Hamiltonian
HNelson =h & I + I ® / ‘k"CLT(k)CLU{Z)dk + (I)(QZ)
R3

describing the electron coupled to a (scalar) radiation field in the Nelson
model ([15]), a simplified model of nonrelativistic quantum electrodynamics.
The Hamiltonian acts on the state space defined by Hyeson = L*(R3) @ F,
where

F =PI’ (RY)
n=0
is the boson Fock space, ®7 being the n-fold symmetric tensor product;

h=—iA,+V(z), in L*R}),
is the electron Hamiltonian, where V' is the decaying real potential describing
the interaction between the electron and the nucleus; a(k) and af(k) are,
respectively, the annihilation and the creation operator;

/RS \k|at (k)a(k)dk

is the photon energy operator; and the interaction between the field and the
electron is given by

_ @ efikxa eik:r:a
@(w)—u/m\/m{ k) + e a(k)} dk,

where g > 0 is the coupling constant, and (k) is the ultraviolet cut-off
function, on which we impose the following assumption, using the standard
notation (k) = (1 + k2)'/2,

Assumption 1.1. Assume that the function x(k) is O(3)-invariant, strictly
positive, smooth, and monotonically decreasing as |k| — oo. Moreover,
Ix(k)| < C{k)™N for a sufficiently large N.

In this paper we study the restriction of Hyeson to the subspace with
less than two photons. Let P denote the projection onto the subspace H of
HNelson giVeH by

H= Ho ©® Hl; HO = Lz(Ri), Hy = L2<Ri> ® LZ(Ri),



which consists of states with less than two photons. Then we consider the
Hamiltonian H = P Hyeson P on this space. With respect to the direct sum
decomposition H = Hy @ H1, H has the following matrix representation

_ (—%AH/ n{gl >
nlg)  —3A+V + K|

Here we have defined the operators |g): Ho — H; and (g|: Hi1 — Ho by

(lg)uo)(x, k) = g(x, K)uo(x), ((9\U1)($)=Agg(w, k) (, k)dk,

where the function g(z, k) is given by

x(k)e

g(z, k) = 7

(1.1)

We write

go(k) = lg(a, )| = X&) 12)

V]

It is obvious that |g) is bounded from H, to H;, and that (g| is its adjoint.
We assume that V' is —%A—bounded with relative bound less than one, so
that H is a selfadjoint operator with the domain

D(H) = H*(R%) @ (H*(R’) ® L*(R*) N L*(R?) @ L} (R?)) .
Here L?(R?) denotes the usual weighted L?-space, given by
Li(R%) = L*(R?, (k)*dk),

and H?*(R?) is the Sobolev space of order 2. Our goal is to describe the
dynamics of this model. In what follows u is the Fourier transform of
with respect to the x variables, D, = —i0/0x and D, are the gradients with
respect to  and y, respectively. Here y is the variable dual to k.

We denote by H, the operator H with V' = 0, the Hamiltonian for the
free electron-photon system. Hj is translation invariant, and it commutes
with the total momentum D, @ (D, + k). Thus, if we introduce the Hilbert
space K = C @ L*(R?) and define the unitary operator

U to(p) tio(p) ) 2R3
U.H> - =1 . € L*(R:;K), 1.3
(o) = (i) = (g ily) e om0 a9
then, with respect to the decomposition L*(R3; K) = f;fg Kdp, we have

RS ’ plgo) 50—k + k)



where |go): C 3 ¢ — cgo(k) € L*(R?) and (go| is its adjoint. Our first result
is the following theorem on the spectrum of Hy(p). We define for p € R?:

Ae(p) = min{3(p — k) + |k} =

ECR3 1

slpl> for 0 <[p[ <1,
pl =5 for 1 <|pl,
and, for (p, ) in the domain I'™ = {(p, A): A < A.(p)}, define

12 go(k)2dk
50—k + [k =X

F(p,\) = %pZ—A—/ (1.5)

It will be shown in Section 2 that

e The function F'(p, ) is real analytic, and the derivative with respect
to A is negative: Fy(p, ) < 0.

e There exists p. > 1 such that the equation F'(p,A\) = 0 for A\ has a
unique solution As(p), when |p| < p., and no solution, when |p| > p..

e The function A\, (p) is O(3)-invariant, real analytic for |p| < pe, Ao(0) <
0, and it is strictly increasing with respect to p = |p|.

Theorem 1.2. The reduced operator Hy(p) has the following properties:

(1) When |p| < pe, the spectrum o(Ho(p)) of Ho(p) consists of a simple eigen-
value Ao(p) and the absolutely continuous part [A.(p),o0). The normalized
eigenfunction associated with the eigenvalue A\o(p) can be given by

1
1
o,(k) = —pgo(k) : (1.6)
—EP: A ) \ T(p — &2 + [k — A (p)

(2) When |p| > pe, 0(Ho(p)) = [Ae(p), 00) and is absolutely continuous.

It follows from Theorem 1.2 that the spectrum o(Hy) of Hy is given by
O-(HO) = [27 OO), Y= >‘O<O)a (17)

and that it is absolutely continuous.
We write B(r) for the open ball {p: |p| < r} and define

Hone = {W / ¢™Ph(p)e,(k)dp: h € L?(ch)} CH



with the obvious Hilbert space structure. The space H,,e corresponds to the
space of so called one-particle states ([6]). The operator Hy(p) is a rank two

perturbation of
¥ oo
0 Lp—k)+ k)

and the Kato-Birman theorem and Theorem 1.2 yield the following theorem
on the asymptotic behavior of e~#Ho,

Theorem 1.3. For any £ € H there uniquely exist f; = (?’0> € Hone and
1,1

fa1+ € Hy such that, as t — £oo0,

—itAo(D
o—itHop _ e °.( ) fi0 (. 0
e_ziwe_zt)\o(Dx)le eztA/271t|k|f27Li

and the map £ — (f1, fo14) is unitary from H onto Hene & L*(RS).

— 0,

This result shows, in particular, that an electron with large momentum
Ip] > pe in the vacuum state does not survive. One might associate this
phenomenon to Cherenkov radiation, in the sense that the electron of high
speed always carries one photon. However, it is not clear how relevant this
description is. Usually Cherenkov radiation is described differently, in a
classical electrodynamic context, see for example [12].

When V' # 0, we prove the following results. The following assumption
on V is too strong for some of our results, however, we always assume it in
what follows without trying to optimize the conditions on V.

Assumption 1.4. The potential V is real valued, C? outside the origin, and
V(x), - VV(z) and (z - V)*V(x) are —A-compact and converge to 0 as
|z| — oo.

Under this assumption the spectrum of h = —%A + V has an absolutely
continuous part [0,00). If A has no negative eigenvalues, we let Ey = 0.
Otherwise, the eigenvalues are denoted Fy < E; < ... < 0. They are discrete
in (—o00,0). Zero may be an eigenvalue, but there are no positive eigenvalues
under Assumption 1.4.

Definition 1.5. (1) The set O(H) = {Ey, E1, ...} U{Z} U {0} U{ ) (pc)} is
called the threshold set for H.

(2) We say that V' is short range, if, in addition to Assumption 1.4, it satisfies
the following condition: V € L% _(R3) and for any 0 < ¢; < ¢y < 00

loc

00 1/2
/ (/ |V(tx)|2dx) dt < 0.
1 c1<|z|<ca



Theorem 1.6. Let V' satisfy Assumption 1.4 and Yo = min{ Ey, X}. Then:
(1) The spectrum o(H) of H consists of the absolute continuous part [Legs, 00)
and the eigenvalues, which may possibly accumulates at ©(H).

(2) Assume h has at least one strictly negative eigenvalue, i.e. Ey < 0.

Then the bottom of the spectrum inf o(H) is an isolated eigenvalue of H and
info(H) <Y+ Ey (< Xess)-

For the possible asymptotic profiles of the wave packet e as t — o0,
we prove the existence of the following two wave operators.

Theorem 1.7. (1) Assume that V is short range. Then, for f € H, the
following limits exist:

Wyt = tliin ¢t g=itHof (1.8)
(2) Let ¢ € L*(R3) be an eigenfunction of h with eigenvalue E: h¢ = E¢.
Suppose |¢p(z)] < C(x)™P for some C > 0 and 3 > 2. Then, for f € L*(R})
the following limits exist:

Edr _ 7 itH 0
Worf= tilinooe (e_itE_iﬂk'qﬁ(:E)f(k)) . (1.9)
We remark that eigenfunctions actually decay exponentially in many
cases, but eigenfunctions at a threshold may only decay polynomially.
There is a renewed interest in the Nelson model Hyeson recently, which
was first studied in detail in [15], and a large number of papers have appeared
(we refer to [5] and [6] and references therein for earlier works and a physical
account of the model). In [5] and [6], the spectral and scattering theory of
Hyeson (V' =0 in [6]) has been studied in detail, when the infrared cutoff is
imposed on the interaction, in addition to the ultraviolet cutoff. In particular,
the essential spectrum is located, the existence of the ground state is proved,
and the asymptotic completeness (AC) of scattering is established in the
range of energy below the ionization energy ([5]), and in the range of energy,
where the propagation speed of the dressed electron is smaller than 1 ([6]),
under the additional condition that the coupling constant pu is sufficiently
small. In many papers the atom is modelled by either —%A—l—V with compact
resolvent (confining potential), or the atom is replaced by a finite level system
(spin-boson Hamiltonian). For the spin-boson Hamiltonian, the spectral and
scattering theory has been studied in detail in subspaces with less than three
photons in [13], less than four in [19], and with an arbitrary finite number of
photons in [8]. For models with confining potentials, after the works for the
exactly solvable model with harmonic potentials ([1]) and its perturbation

6



([18]), [3] extensively studied the model with general confining potentials and
proved in particular (AC), when photons are assumed to be massive (see the
recent paper by Gérard [9] for the massless case).

In this paper we deal with the model with massless photons, without
infrared cutoff, with arbitrary large coupling constant, and with a decay-
ing potential, which allows ionization of the electron. However, the number
of photons is restricted to less than two, and the problem with an infinite
number of soft photons is avoided. Nonethelss, the model retains the diffi-
culties arising from the singularity of the photon dispersion relation |k|, the
different dispersion relations of the electron and the photon, and the photon-
electron interaction, which is foreign to the mind accustomed to the classical
two body interaction. We think, therefore, that the complete understanding
of this very simple model is important (and unavoidable) for understanding
models of quantum electrodynamics, which are intrinsically more difficult.

Finally, let us outline the contents of this paper. In §2 we study in detail
the function F'(p,z) and show, in particular, the properties stated before
Theorem 1.2. In §3 we prove Theorem 1.2. The existence of the isolated
eigenvalue of Hy(p) will be shown by examining its resolvent and identifying
the eigenvalues with zeros of F'(p, A); the absolute continuity will be shown
by establishing the Mourre estimate for Hy(p) and proving the absence of
eigenvalues by elementary calculus. In §4 we then prove Theorem 1.3 via the
Birman-Kato theorem and study the propagator e~#Ho in the configuration
space. In §5 we prove Theorem 1.6. We show 0o (H) = [Zess, 00) by adapting
the “geometric” proof of the HVZ theorem, the corresponding result for V-
body Schrédinger operators; we prove that the singular continuous spectrum
is absent from H, and that the eigenvalues of H are discrete in R\ O(H),
by applying the Mourre estimate for H with the conjugate operator A =
A, + Ay, Ap, A, being the generator of the dilation. This Mourre estimate,
however, is not suitable for proving the so called minimal velocity estimate, an
indispensable ingredient for proving (AC) of the wave operators by the now
standard methods (cf. e.g. [6]). This is because our A, # i[|D,|,y?], and A
cannot be directly related to the dynamical variables associated with H. For
proving the existence of the ground state it suffices to show inf o (H) < 3+ Ej,
since Yegs = min{X%, Ey}, ¥ < 0, and furthermore Ey < 0 by assumption. We
prove this by borrowing the argument of [10]. Finally in §6, we prove the
existence of the wave operators (1.8) and (1.9). The proof of completeness
of the wave operators is still missing, mainly because of the aforementioned
lack of the minimal velocity estimate.
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2 Properties of the function F'(p, \)

In this section we study the function F(p, z), defined for (p,z) € R? x (C\
[0,00)) by (1.5):

2 2
1=go(k)“dk

Fp,z:lp2—z—/ . 2.1

P2) =3 s(p— k)2 + k] -2 21

The following Lemma is obvious.

Lemma 2.1. (1) For each z € C\ [0,00), F(p,z) is O(3)-invariant with
respect to p € R3.

(2) FIm F(p,z) > 0, when £Im z > 0.

(3) Let K C C\ [0,00) be a compact set. Then |F(p,z)| — oo as |p| — oo,
uniformly with respect to z € K.

We will write F(p,z) = F(p,2), p = |p|, and F,(p, z) will denote the
derivative of F'(p, z) with respect to p. We will use the notation F(p, z) and
F(p, z) interchangeably. Let G(p,k) = 2(p — k)? + |k|. Then elementary
computations show that for each fixed p the function & — G(p, k) has a
global minimum, which we denote by A.(p). Due to the invariance, it is only

a function of p. Thus we will also denote it by A.(p). We have

12 for0<p<i,
Aolp) = {2’) == (2.2)

p—% for 1 < p.

Note that this function is only once continuously differentiable. We use the
notation I'~ for the domain {(p,\) € R® x R: A < A.(|p])} of R* also for
denoting the corresponding two dimensional domain

I~ ={(p,N) €eR*: p>0,\ < A\e(p)}.

It is obvious that F'(p, A) is real analytic on I'~ with respect to (p, A). Later
we will also need the domain

I ={(p,\) ER*: p>0,A> A\(p)}.



Lemma 2.2. The derivatives satisfy Fx(p,\) < 0 and F,(p,\) > 0 in I'",
and F(p, \) is strictly decreasing with respect to \ and is strictly increasing
with respect to p.

Proof. We set x =1 in the proof. Direct computation shows

a_F _ 1 _ go(k)zdk
no /(%(p—k>2+|k| ESVER (2:3)

To prove F, > 0, it suffices to show that F,, (p,A) > 0, when p; > 0,p, =
ps =0, as I is O(3)-invariant. We compute

oF go(k)*(pr — kv)dk B go(p + k)?kdk
o pl*/( PSSR YRS Ve /<§k2+|p+k|—A>2' (24)

The last integral (including the sign in front) can be written in the form
/ {/OO ( go(p1 — K, K)?
r2 LJo \GR2+[(pr — ki, B[ — A)?
"2
T ) b
where k' = (ko, k3) € R? and, for py, k; > 0,
go(p1 — k1, K')? > go(p1 + k1, k)2,
Vpr—k)? + (K)2 < V(o1 + k1)? + (K2,

The first inequality follows from Assumption 1.1. Thus the integral is posi-
tive, and the lemma follows. O

Remark 2.3. A computation via spherical coordinates yields for (p, A) € I'~
F(p,A) = 30" = A
27 112

P 0

0 2pr
Zrlog (1 dr. 2.5
gO(T)TOg( +%(T—p)2+7“—)\> r (2.5)

Lemma 2.4. There exist a constant p. > 1 and a function \,: [0, p.] — R
with the following properties:

(1) Ac(0) <0, (e, Ao(pe)) € v = {(p: Aclp)) : p = 0}, and
E={(p,A(p): 0<p<p}cCI. (2.6)

(i) F(p, Ao(p)) =0, p € [0, pc].

(iii) Ao is real analytic for 0 < p < p,.

(iv) Aop(p) >0 for 0 < p < p.

(v) There are no other zeros of F(p, \) in I'~, than those given by = in (2.6).

9



Proof. We examine the behavior of F'(p, A) on the curve 7. Taking the limit
AT Ae(p) in (2.5), we have (recall (2.2), and also |p| = p)

27TN2/OO 2 ( 4p )
— x(r)|“log ([ 1+ ——F—— | dr <0
o Sy N a0 )

for p <1, and it is increasing for p > 1 and diverges to oo as p — co. Indeed,
we have, using (2.2) and (2.5),

F(p, A(p)) =

Flono) = 3= 17 = 25 [ ixotog (14 =2 )

for p > 1, and it is evident that lim, .., F'(p, A\.(p)) = oo. By a change of
variable,

Flp+1X(p+1))

27 /°° ( Ar(p + 1))
1 2 2
=c-p° — x(r)|“log | 1 + ———== | dr
2 p‘l’l 0 | ()| (”f‘—p)Q

2rplp [ 4r(1+2)
=12 PP 21og |1+ ——22 | d
5P p+1/0 Ix(pr)| Og< + T

2 [ 4r(14 1)
. 1. 2 P
= p[5p 11 /0 [x(pr)|” log (1 + o0 dr].

This is manifestly increasing for p > 0. Thus, there exists a unique p, > 1
such that F(p, Ac(p)) changes sign from — to + at p = p.. It follows, since
F(p,\) in I'~ is decreasing with respect to A and F(p,A) — 0o as A — —o0
that the function A\ — F(p,\) has a unique zero A\;(p) for 0 < p < p.. It
satisfies (p, Ao(p)) € I'™ for 0 < p < p. and also \,(0) < 0. By the implicit
function theorem, X\, (p) is real analytic, and \,,(p) > 0 for 0 < p < p..

The last statement follows from the explicit formulae above. n

As above, we will also consider A\, as a function of p, through p = |p|.
The Hessian is given by

NN 1-(p®p
V]%)\O (P) = Aopp(P)D @ P + /\Op(p)%-

Here we write p = p/|p|, and p ® p denotes the matrix with entries p;pi. A
straightforward computation yields

At TIA(D) = () No0)- 2.7)

10



Remark 2.5. The second derivative Ao ,(p) at p = 0 is called the effective
mass of the dressed electron. Due to (2.4), we have F,(0,\) = 0, and hence

_F(0,),(0)
o0 =% o)

Using (2.5), one can compute F,,(p, A), and then take the limit p | 0 to get
the result

Fpp(0,2:(0)) = 1

_ 2mp /OOOX( 2 (r — 61+ 6X,(0) (2.8)

T .
3 T2 — A (0)3

The integral in this expression can be evaluated explicitly in the case x(r) = 1
for r > 0. The value is negative for all A\,(0) < 0. Thus we conjec-
ture (perhaps with an additional assumption on x) that we always have
F,,(0,X:(0)) > 0 (taking the sign in front of the integral into account). For
|1t| small we have this result, without additional conditions on .

Now using implicit differentiation and the result F,(0, A;(0)) = 0, we find

(2.9)
We recall from (2.3) that F\(0,A.(0)) < —1. Thus we conjecture that we
always have a positive effective mass (perhaps with an additional condition

on x). Let us note that A\,,(0) = 0 and the monotonicity of A\,(p) imply
Aopp(0) > 0.

3 Spectrum of Hy(p) and H,

In this section we first carry out the separation of mass in detail, and then
we prove Theorem 1.2.

3.1 Separation of the center of mass

It is easy to see that the Hamiltonian of the free electron-photon system

—IA | )
Hy = [ 2 .
0 (u|g> —1A + k|

commutes with the spatial translations

. uo(z) up(x + se;) .
7;(s): (ul(x, k:)) — <ei5kﬂ‘u1(:p + 565, k) seR, j=1,23.

11



Hence Hy and the generators

= ( 0 —id)ou, +kj) (3.1)

of 7;(s) can simultaneously be diagonalized. Thus, if we introduce the Hilbert
space K = C @ L*(R?) and the unitary operator U: H — L*(R};K) =
fsg, Kdp by (1.3), then we have the direct integral decomposition U HyU* =
fi") Hy(p)dp as in (1.4), where

_ (5P 0 0 ulgl\ _
)= (5 o) * (g "0) =M@+ 7 32

and T is a rank two perturbation of Hoy(p). Ho(p) is essentially the operator
known as the Friedrichs model. Thus, it is standard to compute its resolvent
and, if we write

—1p aO(p7 Z)7 r_ fO?
) -2 = ()= () ey
we have ~
N 1 z go(k) f1(k)dk
al(p, k,Z) _ fl(k) . ,[Lgo(/f)ﬂo(p? Z) (35)

sk 1kl -2 Sp—k)?+ [k -2

3.2 Proof of Theorem 1.2

We prove here Theorem 1.2 on the spectrum of a reduced operator Hy(p).
In what follows p, is the threshold momentum defined in Lemma 2.4.

As was shown in Lemmas 2.2 and 2.4, F(p, z) is an analytic function of
z € C\ [A(p), ), it has a simple zero at A,(p), when [p| < p., and has no
zero, when [p| > p.. It follows from (3.3)—(3.5) that C\ [A.(p),0) > z —
(Ho(p) — 2)~! is meromorphic with a simple pole at A,(p), if |p| < p., and
that it is holomorphic, if |p| > p.. Hence:

L. If |p| < pe, Ho(p) has an eigenvalue A (p), and (—oo, Ac(p)) \ {Ao(p)} C
p(Hy(p)), the resolvent set of Hy(p).

2. If |p[ = pe, (=00, Ac(p)) C p(Ho(p))-

12



By virtue of (3.3)—(3.5), we can compute the eigenprojection E, for Hy(p)
associated with the eigenvalue \,(p) as follows:

By == slim (2 = () (Holp) =) =, ® ey

Thus Ao (p) is simple, and e, is a normalized eigenvector, see (1.6) and (2.3).

Due to the decomposition (3.2) it is clear that gess(Ho(p)) = [Ae(p), 00).
Using Mourre theory [14] we show in Lemma 3.1 that [A.(p),00) is an ab-
solutely continuous component of the spectrum, the singular continuous
spectrum is empty, and eigenvalues are discrete in this set. In the follow-
ing Lemma 3.3 we then show that there are no eigenvalues embedded in
[Ae(p), 00). This concludes the proof of the theorem.

We take n € C*°(R?) such that n(k) = 1 for |k| > 1 and n(k) = 0 for
|k| < 1/2 and define a vector field X,.(k) on R3 by X,.(k) = n(k/r)VG(p, k)
for a small parameter r > 0. Recall that G(p, k) = 3(p — k)® + |k|. We then
define a one-parameter family of auxiliary operators A, by

0 0 i
A=y 8) A= fmm v v xm,

and let D = C ® C°(R3). The vector field X, (k) is smooth, X,.(k) = 0
when |k| < 7/2, and its derivatives are bounded. Hence it generates a flow
k — ®.(t, k) of global diffcomorphisms on R? such that ®,(t,k) = k for
|k| < /2, and for some ¢ > 0

e~k < |®, (¢ k)| < k], e < ||V, @, (¢, k)| < el 3.6
>~ r\t = ) ~ kEXr\l, >~
for all k € R?® and t € R. It follows that if we define

S (t) (u(ck)) - <\/det(Vk<I>r(t,Ck))U(<Dr(t7k))) ’

then J,.(t) is a strongly continuous unitary group on &, such that J,.(t)D = D,
d

t € R, and it satisfies
. c 0
—ig ) (u(k)) =0 <Aru(k:)> '

Thus A, is essentially selfadjoint on D, and we denote its closure again by
A,, such that J.(t) = e'Ar.

Lemma 3.1. Let I be a bounded open interval such that I C (\.(p),o0) \
{p?/2}. Then there existr > 0, such that A, is a conjugate operator of Hy(p)
at E € I in the sense of Mourre, viz.

13



(1) D is a core of both A, and Hy(p).

(2) We have that ¢4 D(Hy(p)) C D(Hqo(p)), and supyy -, [|[Ho(p)e™rul| <
oo for u € D(Hy(p)).

(3) The formi[Hy(p),.A,] on D is bounded from below and closable, and the
associated selfadjoint operator i[Hy(p), A,]° satisfies D(i[Ho(p), A.]°) D
D(Ho(p))-

(4) The form, defined on D(A,)ND(Hy(p)) by [[Ho(p), A.]°, A,], is bounded
from D(Hy(p)) to D(Ho(p))*.

(5) There exist « >0, 6 > 0, and a compact operator K, such that
P(E,d)i[Ho(p), A )"P(E,8) > aP(E,§) + P(E,§)KP(E, ),

where P(E,¢) is the spectral projection of Ho(p) for the interval (E —
5, E +90).

Thus (Ae(p),00) C 0ac(Ho(p)), 0sc(Ho(p)) N (Ae(p),0) = 0, and the point
spectrum of Ho(p) is discrete in (A.(p), o) \ {p*/2}.

Proof. We first show statements (1) ~ (4) hold for A, for any » > 0. (1)
is obvious. (2) is also evident because D(Hy(p)) = C @ L3(R3?) and the
diffeomorphisms k& — ®,.(¢, k) satisfy the bound (3.6). On D we compute the
commutator

i[Hoo(p), Ar]

|

RN

o o

=

Q

=

=

=°

I

=

~_
Il
=
=
~—
@
\]
N~—

Here we have
i[G(p, k), A = n(k/r)|ViG(p, k)] = n(k/r)|k +k —p|> >0,  (3.8)

and it behaves like (|k| + 1)? for large k. Since go(k) = x(k)/+\/Ik|, x is
smooth and decays rapidly at infinity and X, (k) = 0 for |k| < r/2, it follows
that A,gg is C*° and rapidly decaying at infinity, such that

iT, A = (u!zﬁgg@ u<férgo|>

has an extension to a bounded rank two operator. Thus i[Hy(p), A,] is
bounded from below, closable, and the associated selfadjoint operator has
the same domain as Hy(p). This proves (3). (4) holds due to (3.8) and the
arguments used in establishing (3).
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To prove (5), fix p € R* and E € (A.(p),00) \ {p?/2}. (Recall \.(p) is the
unique minimum of k — G(p, k) and \, = p?/2 is attained by k = 0 if [p| < 1,
and \.(p) = |p| —1/2 is attained by the unique solution k = k.(p) = (|p|—1)p
of ViG(p, k) = k+k—p=0,if [p| > 1, see (2.2).) Then E # G(p,0) and
E # G(p, k.(p)) and, by continuity, there exist » > 0 and ¢ > 0, such that

0 <6 < smin{|E — 1p°|,|E — A(p)]}, (3.9)
and such that
|G(p, k) — E| >20 if |k| <2ror|k—kp)| <2r. (3.10)
Then |G(p, k) — E| < 2§ implies |k| > 2r and |k — k.(p)| > 2r, and hence
n(k/T)IViGp, k) = [ViG(p, k)[* > . (3.11)
Indeed, for |p| <1+, |k| > 2r implies
ViG(p, k)| > |k + k| — |pl > 1+2r — |p| > r
and, if [p| > 14 r, we have p = k.(p) + k.(p) and
IViG(p, k)| = [k + k — ke(p) — ke(p)| > [k — ke(p)| > 2r.
Thus, if ¢y € C§°(R) is such that ¢o(A) = 0 for |A\| > 25, we have

0 0
¢o(Hoo(p) — E) = (() oo(G(p, k) — E))

and, by virtue of (3.11),

¢o(Hoo(p) — E)L(p)do(Hoo(p) — E) > r*¢o(Hoo(p) — E)*.

Thus, if we choose r and § as above, statement (5) holds with o = r? and
this ¢ by virtue of the following lemma. m

Lemma 3.2. Let ¢ € C°(R), and let L(p) be given by (3.7). Then the
operator L(p){¢(Ho(p)) — &(Hoo(p))} is a compact operator.

Proof. Let é be a compactly supported almost analytic extension of ¢. Then
writing Ro(p, 2) = (Hoo(p) — 2)~" and R(p,z) = (Ho(p) — 2)~', we have

1 -
Ho0) = (o) = 5 [ 9:6(:) Rl TRz = (.12
see [4, Theorem 8.1]. Here Ry(p,z) commutes with L(p) and L(p)T is a

compact operator, as 7' is of rank two, and RanT" C D(L(p)). Since (3.12)
is the norm limit of the Riemann sums, the lemma follows. ]
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Lemma 3.3. We have opp,(Ho(p)) N [Ae(p), 00) = 0.

Proof. We recall from Assumption 1.1 that go(k) > 0 for all & € R?\ {0},
go is smooth away from k£ = 0 and rapidly decaying at infinity. If A is an
eigenvalue, then there exists a non-zero vector (c, f) € C® L*(R?), such that

1(go, ) + 3p%c = Ac, (3.13)
ngo(k)e +{5(p — k) + [k} f (k) = Af (k). (3.14)

We show that these equations lead to a contradiction, if (|p|,\) € T'F.
We write G(p, k) = 1(p — k)? + |k| as previously. It is easy to see that

Sy=A{k: G(p,k) — X=0}

has Lebesgue measure zero. (This will be checked in what follows.) This
result will imply ¢ # 0, because {3(p — k) + |k| — A} f(k) = 0 otherwise,
which implies f(k) = 0 almost everywhere, a contradiction.

We divide the proof into a number cases.
Case 1. Assume [p| > 1 and A > A.(p) = |p| — 3.
(i) Assume first A # £p®. Then 0 € Sy, and the gradient

V.G(p, k) =k —p+k (3.15)

does not vanish on S, (it vanishes only when A = A.(p)). Therefore S, is a
smooth hypersurface (of Lebesgue measure zero), and we have

cpgo(k) 2R3
k)= ——"—"—¢ L (R’).

k) = G ¢ R
This is a contradiction.
(i) Consider now the subcase A = %pz. Then besides k£ = 0 the equation

Glp, k) —A=3k*—p-k+ k| =0

has a root kg # 0, and around any 0 # kg € Sy, Sy is a smooth hypersurface,
because VG (p, ko) # 0. Thus f cannot be in L?(R?) by the argument given
above.
Case 2. Assume [p| < 1 and A > A.(p) = 3p®. Then S, does not contain
k = 0, and the gradient (3.15) does not vanish, since [k+%| > 1 > |p|. Hence
S, is again a nonempty hypersurface, and f ¢ L2.
Case 3. Consider now the threshold case A = \.(p).

16



(i) If |p| > 1, then A (p) is the minimum of R? 3 k — G(p, k) at the critical
point k = k.(p), where the Hessian satisfies

I —

Hence k.(p) is a Morse type critical point, and
0<G(p,k) = A< |k — ke(p)?

near k = k.(p). Hence Sy = {k.(p)} (obviously of Lebesgue measure zero),

o epgo(k)| go(k)
0= 1am 0 -3 = e k)P

and f cannot be square integrable.
(ii) If |p| = 1, then A = A.(p) = 3p® = 5 and, if we let @ be the angle between
k and p,

Glp,k) = A= —p-k+ 3+ k| =3 +r(1 —cosf) >0, r=|k|.

Hence Sy = {0} is a single point and, by using polar coordinates, we have

)2 |ep?go(k)*dk
dk =
/” G k) — AP M2

4go(r)?r*sinfdOdr B 9
_O/ /0 r2r+21—0059)) (€= 2mlent)

:40/0 go(r)? (/0 (H—l%)zdt) dr

[e’s) 2
s [ AR
o TXr+4)

as x(0) > 0. Thus again A cannot be an eigenvalue.
(ili) Finally we consider the case |p| < 1 and A = A.(p) = 5p*. In this case

G(p. k) = A=3k* + |k| = p-k > [k|(1 = [p]),
hence Sy = {0}, and |G(p, k) — A| < Clk| for small |k|. Then,
ctigo(k) 2R3
flk) = 20— ¢ LR
(k) G k)~ (R%),
since f(k) has a singularity |k|~** at k = 0. O
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Remark 3.4. Since the Hamiltonian Hy(p) is essentially a Friedrich Hamil-
tonian, it is possible to give a different proof of Theorem 1.2, by proving the
limiting absorption principle for Hy(p) on (A:(p),o0) \ {3p*}. In order to do
this one studies the boundary values lim. o F((p, A + ic) for (p, \) € I't, and
then uses the explicit representation for the resolvent given in (3.4) and (3.5).
The argument in Lemma 3.3 is then needed only in the cases A = A\.(p) and
A= %pQ.

3.3 Resolvent and spectrum of H,

From the equations (3.3), (3.4), and (3.5), we derive the formula for the

resolvent: S ( @ _ (Gcl;?;xkz)z)) . (3.16)

Lemma 3.5. Let z ¢ R. Then we have

Colp,2) = =~ (fo(p) - u/ fJO(k)fl(p_ £, k) dk) , (3.17)

F(p,2) s(0— k)2 + k| — 2
A  hk) pge(R)Go(p+ k. 2)

Gip, k, 2) = , 3.18
BV 19

where F(p, z) is given by (2.1).

Since Aop(p) > 0 for 0 < p < p., Theorem 1.2 implies the following
theorem, by well-known results on the spectrum of an operator with a direct
integral representation, see for example [17, Theorem XIII.85].

Theorem 3.6. The spectrum of Hy is absolutely continuous and is given by
o(Hy) = [X,00), where ¥ = \,(0) < 0.

Remark 3.7. In quantum field theory one is often interested in the joint
spectrum of (Hy, P), where the components of the momentum are given in
(3.1). Such results follow immediately from the results in this section. In
particular, we see that in our case the eigenvalue \,(p) generates an isolated
shell in the joint spectrum.

4 The behavior of ¢ o

In this section we prove Theorem 1.3 and study the asymptotic behavior as
t — 400 of e (P2) in the configuration space.
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4.1 Proof of Theorem 1.3

By virtue of Theorem 1.2, e=®*#0(®) can be decomposed as
e~ itHo(p) — e—it/\o(p)Ep + e—itHo(p)lDac(Ho(p))7

where we set E, = 0, when |p| > p.. Here Hy(p) is a rank two perturba-
tion of Hyo(p), Hoo(p) has a simple isolated eigenvalue %p2 and the abso-
lutely continuous spectrum [A.(p),o0). The absolutely continuous subspace
is Kac(Hoo(p)) = {0} @ L*(R3?). Tt follows by the celebrated Kato-Birman
theorem (see for example [16]) that the limits

s-lim eitHOO(p)e_itHO(p)PaC(Ho(p)) = OF(p)

t—+o0

exist, and furthermore that the wave operators QF (p) are partial isometries
with initial set ICoe(Ho(p)) = Pac(Ho(p))K and final set {0} & L*(R?). Thus,

as t — +o0o0, we have for any f €
He‘itHO(p)f' — et e_itH"O(p)QS—L(p)f'HlC — 0 (4.1)

and [[f]]* = [|E,£]1* + || (0)E|I*.
If we write, with @ denoting the Fourier transform of u with respect to
the x variables as previously,

_ Jo _ fl,o(P) )
f (f1) €H, and E,Uf(p) <f1,1(p, k) ek for |p| < pe

then, with the understanding that f, o(p) = fi1(p, k) = 0, when |p| > p,, we

have o it (D)
x ~itho(p) [ £ — e e fro(z) . 49
U (/I{S e pdp) U (e—zkze—zt/\o(Dm)le (ZE, k) ( )

Since E, is the one dimensional projection onto the space spanned by e,(k),
we have

o ‘—1<f0(p)_u [ Bl i )

~ Ep, () (p— k)2 + k] = Ao(p)

and

—pgo(k) fro(p)
50— k)2 + k| = Xo(p)

fl,l(Pa k) =
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The operator (f;fg Epdp> is the orthogonal projection onto {h(p)e,(k): h €

L2(B,,)} and
o ([, ) ],

D
7% = U (/ Qoi(p)dp) U, Zif:(fo )
R3 2,1,

then Z* are unitary from U* (f;fg lCaC(Ho(p))dp> onto {0} ® L*(RY), and

U* : —itHoo OF (p)dp |Uf = 1 ! (4.4)

We insert the relation (4.1) into the identity e~"Ho = U*( ffi e~ ) dp)U,
and use the identities (4.2) and (4.4). Theorem 1.3 follows.

2
= I fr0llF, + 1 frall3,- (4.3)

If we write

4.2 Behavior in configuration space
1
As the operator e M2 24K hag been well studied, we concentrate on the
operator e~ "e(Pe)y(z) for the case t > 0. When o € C°(B(p,.)), we may
apply the method of stationary phase to

1 —1 TP 7
(27T)3/2/e e (P)Fizp (1) dp.

The points of stationary phase are determined by the equation

u(t,z) =

tVAo(p) = . (4.5)

It follows from (2.7) that det V2(p) can vanish only for p with [p| = p satis-
fying Aop,(p) = 0. By the real analyticity of As(p) it follows that these zeros
are isolated in (0, p.), with 0 and p. as possible accumulation points. Thus

a strictly increasing sequence, or the set is empty. Here we use M and N to
distinguish between the following cases. M = 1, if zeros do not accumulate
at 0. In that case we also use pg = 0 below. 1 < N < o0, if the zeroes do
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not accumulate at p.. In that case we introduce pyi1 = r < p.. We take
M = —o0 or N = o0, if the zeroes accumulate at 0 or p., respectively.

We consider only the case M = —oo and N = co. The other cases require
simple modifications in the arguments below. Define

G ={peR% p, < lpl <pi}. JeEZ (4.6)

We restrict our considerations to a set G, j € Z. The equation (4.5) has a
unique solution of the form p(x/t) = Zp(|x|/t), where p(|x|/t) is the solution
of Aop(p) = |z|/t, when ¥ € VA,(Gj).

Assume now 0 € C3°(G;). Then v(t,z) can be written in the form

t—3/26i¢(t,x)—i%’r+igs
GG CRE )+ ) ), (4D

where s = 0, if det V2o (p) > 0 for p € Gy, and s = 1, if det V2A,(p) < 0 for
p € G;. The phase function is defined by

o(t,x) = x - p(x/t) = o (p(a/t)), (4.8)

U1, Vg, ... are determined by standard formulae (see [11, Section 7.7]), and
for £ & VA(G), |v(t,z)| < Ox [t| ™™ (2)™" for any N and ¢ large.

v(t,x) =

Lemma 4.1. Let G}, s and ¢(t,x) be defined as above and let f, 4 € C°(G,)
for some j. Then the functions e~"*(P=) f, o(x) and e=*(Po) £ | (z, k) have

the following asymptotic expansions ast — oo for x € tVA(G,):

. .3 .
t_3/262¢>(t,x)71f+z%s

(det VZAo(p(z/1)))"/?

efit)\o(Dz)fLO ($) _

(Frote/0)
+t_1gl(x/t)+--->, (4.9)

. .3 .
t_3/2ez¢(t’w)_lf +igs

(det V2, (p(z/t)))1/? (f1,1(p(a:/t), k)
My (/L R) ), (410)

e*’it)\o(Dz)le(’%’ k) —

where g1(x/t),g2(x/t), ..., Mi(z/t, k), Ms(z/t, k), ..., are defined by standard
formulae involving the derivatives of fio and fi 1. In particular, supports of
g;(+) and M;(-, k) are contained in those of f1o(p(-)) and fi1(p(-), k) respec-

tively. For x & tV(G;), we have for any N,

e P2 fo(a)] < O |t (2) 7, (4.11)
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lem™= P £y (k)| < C [t () (k). (4.12)
The results (4.10) and (4.12) hold for |k| > e, € > 0 arbitrary.

Proof. The formula for e=#*(P2) f, 4(z) is an immediate corollary of (4.7).
The result (4.10) can be proved similarly, since k — f11(-, k) € C5°(B(p.))
is smooth and rapidly decaying, when |k| > ¢ > 0. ]

Thus we may consider e*ikxe*itAO(Dz)fM(x, k) as the part of the wave
function, which represents the motion of the electron under the dispersion
relation A\(p), which is dragging the cloud of photons (however only one
photon).

5 Proof of Theorem 1.6

In this section we prove Theorem 1.6 on the spectral properties of the Hamil-
tonian H. In what follows we mostly use the configuration space represen-
tations for the photons. The variable dual to k£ is denoted by y. We then
have

()0 y) = doly — Dyuo(x),  ({glu)(x) = / ol — y)us(z, y)dy,

where gy is the inverse Fourier transform of the function given by (1.2). Recall
that go is O(3)-invariant, such that go(x) is also O(3) invariant, g, is C* for
a k depending on N in Assumption 1.1, and it has an asymptotic expansion
at infinity:

do(y) = Colyl ™™ + Chly| > +---. (5.1)
The photon energy is given by the differential operator |D,|. We write K for
the operator H, where the electron-photon interaction is switched—off, viz.

h 0 _
Ky = <0 h+|Dy|> =h@ (h+|Dy)).

The following two sets of partitions of unity, the one of the electron con-
figuration space R2, and the other of the electron-photon configuration space
R?m Y will play an important role in what follows:

Xoo(z)2 + xou(2)* =1, = €R?

XlO(zvy)z+X11($ay)2+X12(7‘"7y)2 = 17 (ZE,y) S Rﬁa

where x;; satisfy the following properties:
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(1) xo0 € C5°({|z| < 1}), xo1 € C*(R?) and x10 € Cg°({Iz[* + [y < 1}).
Yoo(r) =1 for |z] < 1/4 and xio(x,y) = 1 for |z|> + |y|* < (1/4)%

(2) For |z|* + |y|* > 1, x11, x12 € C*(R?®) are homogeneous of degree 0,
X11(z,y) and x12(x, y) vanish in small open cones containing x = 0 and
x = y such that, outside a ball of radius 1, they are equal to 1 in open
cones containing x = y and x = 0, respectively.

Such a partition of unity exists, since the linear subspaces {(z,y): z = 0}
and {(z,y): z =y} do not intersect on the unit sphere of R%. We define

Xoo O Xor O 0 0 )
— , — , = y 52
Xo ( 0 X10> X ( 0 X11) X2 (0 X12 ( )

so that as operators in 'H
Xo+xi+xs=1 (5.3)

We denote the commutator AB — BA of operators A and B by [A, B].

Lemma 5.1. Let j € C°(R?) and let j,(y) = j(y/o) for 0 > 0. Then:

(1) The operator [| D, , j,(y)], defined on S(R?), extends to a bounded oper-
ator on L*(R*). We have || [|Dy|, jo(¥)] | Br2y < Co™t, 0 > 1.

(2) For any 6 >0, [|D,],7,(y)] (1 +|Dy|)~° is compact in L*(R?).

(3) Let K be the multiplication by a function K(z,y) such that

lim sup ||K(x,-)||r2ms) = 0.

Then K(—A, +1)7!: L*(R3) — L*(R5) is compact.

Proof. (1) In the momentum representation j, is convolution with ¢°;(0€).
Thus [|D,|, 7,(y)] is an integral operator with the kernel

o*(1€] = nl)j(e(€ —n)),

which is dominated in modulus by the convolution kernel ¢® | — 7] |7 (o(¢ —
n))|. Statement (1) follows from Young’s inequality.

(2) When € > 0, it is well-known that [(2 — A,)Y2, j,(y)] (1 + |D,|)~° is
compact. We have |(2 + [£]2)Y/2 — [¢]| < ¢ and

1[(e* = A2, 5o ()] = 1Dy L do ey < 27z

The compactness of [|D,], j,(y)] (1 + |D,|)~° follows.
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(3) Let Kgr(x,y) = xoo(z/R)K(z,y) and Kg be the multiplication operator
with K(z,y). Then, Kr — K in the operator norm from L?*(R?) to L*(R°)
as R — oo and Kg(—A, + 1)~! is an operator of Hilbert-Schmidt class
because it is an integral operator with the square integrable integral kernel

Kp(z,y)e "
Art|x — 2|
Hence, K(—A, + 1)~! is compact. O

Lemma 5.2. (1) The following operators are compact in H for z ¢ R:

[(H—2)"Y x5, 7=1,2, (H—2)""=(Ho—2) "
(H—=2)"=(Ko—2)"")xe, [(Ko—2)""x), =12

(2) Let f € C°(R). Then the following operators are compact in H.:

[f(H)an]7 (f(H) = f(Ho))x1, (f(H)— f(Ko))xz, [f(Ko)an]a J=12

Proof. By virtue of the Helffer-Sjostrand formula (see (3.12) and [4, Theorem
8.1]), it suffices to show the compactness of the operators in (1).

(i) We first prove that [(H — z)™', x;], j = 1,2 are compact. Since the proof
for the case j = 2 is similar and simpler, we prove it only for j = 1. We have

[(H - Z)_laXl] = (H - Z)_l[H’ Xl](H - Z)_l
and

[H,x1] = (_%AXM + %XOlA (g]x11 — xo01(g| ) .
’ 9xo1 — xulg)  (—3A +|Dy)xi1 — xu(—1A+|D,))

We show that all entries of the matrix on the right are compact operators
between appropriate spaces.

(a) By the Rellich theorem —3Axo1 + 2 x01A: H*(R?) — L*(R?) is compact.
(b) In the configuration space, |g): uo(x) — Go(y — x)uo(x). We write

[9)xo1 — x11l9) = 19) (xo1 — 1) = (x11 — 1)]g)-

Then, both |g)(xo1 — 1)(—=A + 1)7" and (x11 — 1)|g)(=A + 1)~! are com-
pact from L?(R3) to L2(R5), because |g)(xo1 — 1) and (x11 — 1)|g) are mul-
tiplications by go(y — z)(x01(z) — 1) and go(y — z)(x11(z,y) — 1), respec-
tively, and they satisfy the condition of Lemma 5.1(3). Indeed, we have
190(y — =) (x01(x) — 1)||2(rg) = O for [x] > 1, because go € L*(R?) by virtue
of (5.1) and (xo1(z) — 1) =0 for |z| > 1, and

Go(y — 2)(xar (2, y) — D] < C(1+ || + [y]) 2,
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because (1— x11(x,y)) vanishes in an open cone containing x = y outside the
unit ball of R®. Thus, |g)xo1 — X11]g) is compact from H?(R?) to L*(R?®).
(¢) (—3A +1)7*({glx11 — xo01(g|) is the adjoint of the operator discussed in
step (b) and is compact from L?*(RS%) to L*(R3).

(d) x11 is homogeneous of degree 0 outside the unit ball and [—%AI, X11] is
a first order differential operator whose coefficients are derivatives of y11. It
follows that [—3A,, x11](—34As + |Dy| + 1)7" is compact in L*(RS) by the
Rellich compactness theorem. We approximate |D,| by (g2 + |D,|*)'/? as
in the proof of Lemma 5.1. The operator [(e2 + |D,|?)'/2, x11] is a pseudo-
differential operator of order zero in R® whose symbol decays at infinity with
respect to (z,y). Hence,

(€2 + 1Dy )2, xu) (=580 + Dy + 1)

is compact in L*(R), and so is [| D, |, x11](—3As+|D,|+1) 7! by the argument
of the proof of Lemma 5.1. Thus, [—3A + [Dy|, xo1](—3As + [Dy| + 1)~ is
compact in L*(R®). Combination of the results (a) ~ (d) implies that the
operator [(H — z)™!, x1] is compact in H.

(ii) Next we show ((H — 2)™' — (Hy — z)"1)x; is compact. We write
V=Va&V. Then

(H—2)"'—(Hy—2) Yxi=—(H—2)"'V(Hy—2)""x
=—(H—2)""Vxi(Hy—2)"" = (H —2)'V[(Hy — 2) ", xa]

By assumption (H — 2)~'V is bounded and [(Ho — 2)7!, x1] is compact in
H, as was shown in (i) above. It follows that the second summand on the
right is compact. To see that the same holds for the first summand, we write
Vxi= (Vxor @0)+ (0@ Vxi1). Then, Vo @0 is Hy-compact because V is
—A-compact. Since x1; vanishes in an open cone about x = 0, V(x)x11(z, y)
decays as |z| + |y| — oo. Hence, V(z)x11(x,y) is —A, + |Dy|-compact, viz.
0 Vx11 is Hy-compact. It follows that Vxl(Ho — z)_l is compact and hence
sois (H—2)"' = (Hy—2) Y.

(iii) To show ((H — 2)7! — (Ko — 2) ') x2 is compact, we write it in the

form ) .
—(H —2)7! 0 (9l(=3A+|Dy| — 2) " x12 ‘
0 0
It suffices to show that (—A+1)"*(g|(—3A+|D,| — z) " x12 is compact from
L*(R®) to L*(R?). We write

(9)(=3A + |Dy| — 2)"x12 = (glx12(—3A + |Dy| — )"
—(gl(—=3A + |Dy| = 2) 7 [—3A + |Dy], x12)(—3A + |Dy| — 2) 7!
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The argument of (i) (d) above implies [=2A + |Dy|, x12](—3A + | Dy| — 2)*
is compact in L*(R®). Since x12(x,y) = 0 in an open cone containing r =
y, (5.1) implies |g(x — y)x12(z,y)| < C(1 + |z| + |y|)~>2. Tt follows that
(—A+1)"Yg|x12 is compact from L?(R®) to L*(R3) because it is the adjoint
of x12|g)(—=A+1)~" which is compact fromL?(R?) to L*(R®) by the argument
of (i) (b).

(iv) The compactness of [(Ko — 2)7!, x;] is well known, and we omit the
details. ]

5.1 Essential spectrum

In this subsection we show that oe(H) = [min{X, Ey}, 00) by proving the
following two lemmas. We write Yo = min{%, Ey}. We recall the definitions,
namely ¥ = inf o(Hy) and Ey = inf o(h). We impose Assumption 1.4 on V.

Lemma 5.3. We have [Yeg, 00) C 0ess(H).

Proof. We prove the lemma by the standard Weyl sequence method. Let
us first assume A > ». We can choose an orthonormalized sequence u,, =
Uno ® un1 € D(Hp), such that ||(Hy — A)u,|| — 0, because A € o(Hy), and
o(Hy) is absolutely continuous. Then, for any choice of R, € R?,

ﬁn:( tno(2 — Fin) ) n=1,2,...

e~ Flny . (x — Ry, k)

is still orthonormalized and |[(Hy — A)u,|| — 0 as n — oo, since Hy is
translation invariant. Due to Assumption 1.4 we can choose R,, such that

|Vtno(z — Rp)llz2msy) — 0 and  ||[Vup (z — Ry, k)”LQ(R?z,k)) —0
as n — 00. Then we have [[(H — A\)u,|| — 0, and we conclude \ € gq(H),
and then [X, 00) C 0es(H). Next suppose that h has an eigenvalue £ < X
with a normalized eigenfunction ¢(z), and let A > E. We show that \ €

0ess(H) and hence [Ey, 00) C 0es(H). Take kg € R3 such that |kg| = A — E,
and take a function ¢ € C5°(R3}), such that |1 = 1. Set

O O R e e )

Then ||u,|| =1, and u,, — 0 weakly as n — oco. Moreover, we have

H@wwmﬁn*”/%%oHﬂ@W%W%ﬁQ
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17+ K] = At |
= 02| (1k] = kol (n(k — ko))l = I| (ko +n" k| — [ko|)¥:(k)|| — 0
as n — 00. Hence ||(H — AM)u,|| — 0, and A € oq(H). O
Lemma 5.4. We have 0ess(H) C [Sess, 00).

Proof. We prove that f(H) is a compact operator for any f € Cy(—00, Xegs)
by adapting the geometric proof of HVZ-theorem ([2]), the corresponding
result for the N-body Schrodinger operators. We have f(Hy) = f(Ky) =0
by the definition of ¥.s. We decompose

s = s (5
e - g0 (58 )+ st - e (o3 )

11 0 X%Q

The first summuand on the right is compact in H by the Rellich theorem,
and so are the others by virtue of Lemma 5.2. Thus f(H) is compact and
the lemma follows. O

5.2 The Mourre estimate

In this subsection we complete the proof of statement (1) of Theorem 1.6
via the Mourre theory. For this purpose, we first prove the following Mourre
estimate for the operator H with the conjugate operator

A, 0
A= < 0 A, + Ay) ’
where A, = %(aj Dy +D,-x)and A, = %(y -D,+ D, -y). In the momentum
representation A, can be represented by —A;, = —%(/ﬂ - Dy + Dy - k). We

write Is(A) = (A — 3, A\ +6). Py(I) is the spectral projection of H for the
interval 1.

Lemma 5.5. Let \g & ©O(H), the threshold set. Then there exist ¢ > 0,
0 > 0 and a compact operator C such that

Proof. In this proof we take p = 1 without loss of generality. We compute
as a quadratic form on S(R?) ® S(RS)

dﬁm_@@&—%ﬁ%%ﬁ m+wm&+@J)
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A simple computation using e**(A4, — Ap)e ** = A, — Aj, yields

i[—3A+V, Al =—-A—2-V,V, (5.4)
illDy], Ay] = ik, =Ar] = [k Vi, [K]] = |K], (5.5)
i(l9)Ae — (Az + Ay)lg)) = le**(iArgo) (K)), (5.6)
i({g1(Az + Ay) = Aalgl) = (7™ (iArgo) (k)| (5.7)
Thus, writing g;(k, z) = e *%(iApgo) (k) and W(x) = —z - V,V, we obtain
. (AW (g1]
i[H, A] = ( WA, +g!k| +W) . (5.8)

We define g19(k) = (iArgo)(k) so that gi(z, k) = e *g15(k). Note that

1 3 1 1
i Ay, = (k:Vk + —) —= = =
V] 2) Ik k]
such that gjo(k) has the same property as that of go(k), viz. it is a smooth
function of |k| # 0 which decays rapidly at infinity and it has a |k|7/2

singularity at & = 0. In the rest of the proof we fix a function ¢ € C§°(R),
such that () =1 for |A\] < 1/2 and ¥(\) =0 for |A\| > 1 and define

Fros(X) = V(A = X)/0)

for \g € R and § > 0. It follows that i[H, A] can be extended to a selfad-
joint operator in ‘H with the domain D(H) and f(H)i[H, A] has a bounded
extension for any f € C§°(R).

We decompose f(H)i[H, A|f(H) as

2

F(H)I[H, AVf(H) =) f(H)i[H, Alf(H)x; (5.9)

=0

by using the partitions of unity introduced in (5.2) and (5.3). Here f €
C(R).

(i) By the Rellich theorem f(H)xo is compact. Hence f(H)[H, A]f(H)x3 is

a compact operator in H.
(ii) Replacing f(H) by f(Hy), we write

FUH)[H, AJf(H)xi =
FOH)[H, Al f (Ho)xi + f(H)[H, AJ(f(H) — f(Ho))xi.
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Here f(H)i[H, A](f(H) — f(Hoy))x? is compact by virtue of Lemma 5.2. We
then rewrite the first term on the right as follows:

FUH)[H, AJf(Ho)x: =
f(H)[H, A][f(Ho), xalxa + f(H)[[H, A}, xalf(Ho)xa
+ (f(H) — f(Ho))xa[H, Alf(Ho)x1 + f(Ho)xa(W & W) f(Ho)x1
+ [f(Ho), x1l[Ho, A f (Ho)x1 + x1.f(Ho)[Ho, Al f(Ho)x1-  (5.10)

Here on the right all terms but the last one are compact in H. Indeed,
x1(W @ W) f(Hy) is compact by the assumption on V| since y1; = 0 in an
open cone about x = 0 in R®; [f(H,), x1] and (f(H)— f(Hy))x1 are compact
by virtue of Lemma 5.2; since W and g;(k, z) satisfy properties similar to
those of V' and g¢(z, k), the proof of Lemma 5.2 implies [i[H, A], x1]f(Hp) is
compact. Thus,

f(H)i[H, Alf(H)x} = x1f (Ho)i[Ho, Al f (Ho)x1 + Co, (5.11)

where Cj is a compact operator in H. We show that, for any \g & O(H),
there exist € > 0 and dp > 0 such that, for f = f,, s with 0 < § < dy,

x1.f (Ho)i[Ho, Al f (Ho)x1 > exi.f(Ho)?x1. (5.12)

In the direct integral decomposition introduced in (1.4), we have (recall the
definition (1.3) of U)

U f(Ho)ilHo, Alf (Ho)U”

D 2
= [ (2 ) s 6.13)

R3

We divide the proof of (5.12) into three cases.

(a) Assume X < A\g < 0, \g € O(H), first. Then choose dy > 0 such that
Ao+ 209 < 0 and X < Ay — 260y, and let f = fy,5, 0 < dp. Then Theorem 1.2
implies that f(Ho(p)) is supported in a compact subset of {p: 0 < |p| < p.},
and f(Ho(p)) = f(Ae(p))e, ® €,. We compute the inner product

(ep, <|gpj)> (p —%)ISLL |k|) ep>K (5.14)

by using the expression (1.6) for e,. The result is (—F)\(p, A\o(p))) " times

2 go(k)g10(k)dk g9o(k)*((p — k)* + |K[)dk
Y 2/ 3(p = k)2 + |k = Ao(p) +/ (5(p = k)2 + [k = Ao(p))*
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We recall that gi0(k) = iArgo(k) = d%e?’a/Zgo(eek)‘e and compute

/ go(k)gro(k)dk _ i/ 9o(k)e32go (k) dk ‘
3=k + [k = X(p) O 5(p—k)* + [k = Ao(p) lo=0
_d e 302g0(e7%%) go (k) dk ‘
do ) 5(p—e %)+ |e~fk| — Ao(p) lo=0
_ _/ g10(k)go(k)dk
3(0 = k)2 + k[ = Xo(p)
B / 90(k)*{(p — k)k — |k[}dk
(3(p = k)2 + [k = Ao(p))*

It follows that

2/ go(F)gr(k)dk _/ go(k)*{(p — k)k — |k[}dk
3(p = k)2 + [k] = As(p) (3(p = k) + k] = Ao(p))*’

and (5.14) is equal to

IS R g go(k)*(p — k)pdk
—Ex(p, Ao () (p +/ (3(p = k)* + |k[ - A0(1?))2) '

It is easy to check that the quantity inside the parentheses is equal to
p- (VoF)(p,As(p)), and (5.14) is exactly equal to Ao,(p), which is strictly
positive in a compact subset of {p: 0 < |p| < p.} by virtue of Lemma 2.4.
Thus we conclude that for some positive € > 0

@ 2

p (g10] 277+
H H dp, > eU f(Hy)°U
(o) (|20, S8 ) S, U p
and (5.12) holds in this case.

(b) Next we let \g > E. = \o(p.) > 0. Take d; > 0 such that Ay — 3§, > E.
and let f = fy,s for 0 < & < §;. Then there exists a compact set = of R3
such that f(Hy(p)) =0 for all p ¢ = and 0 < 6§ < d;. By virtue of (5.13), we
have

R3

f(Ho)i[Ho, Al f(Ho) > (Ao — 0) f(Hy)?

w0 000 (g, gy 5 ) st 515

Denote by Z the operator represented by the direct integral on the right of
(5.15). Since Hy(p) is an analytic family of type A, fy,s(Ho(p)) is norm
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continuous with respect to p. We have f,, s(Ho(p)) — 0 strongly as 6 — 0,
and also fx,5(A) fag.6/a(A) = fage/a(A). Using the compactness of =, we
conclude that the operator norm of Z converges to zero as 6 — 0. Thus we
conclude that there exists 0y > 0 such that for 0 < § < ¢y

Fros(Ho)i[Ho, Al fro.s(Ho) > (Ao — 20) fre.5(Ho)?

and (5.12) holds also in this case.

(¢) When 0 < A\g < E,, we take g > 0 such that 0 < \g—2y < Ag+20p < E,
and let f = fy,5 for 0 < ¢ < dp. If dp is taken sufficiently small, then, by
virtue of Theorem 1.2, {p € R?®: f(Hy(p)) # 0} consists of two disjoint
components 1 = {po < |p| < p1} and Qy = {p2 < |p| < ps3}, 0 < po <
p1 < pa < p3 < p such that Hy(p) is purely absolutely continuous on Iy o5,
when p € Qy, and f(Ho(p)) = f(Xo(p))e, @ €, for p € Qy. Then, splitting
the direct integral (5.8) into two parts, the one over {2; and the other over
2y and applying the arguments of (b) and (a), respectively, we obtain

Fros(Ho)i[Ho, Al fo.5(Ho) > € fx.5(Ho)?,

where ¢ = min{min,cq,{Aop(|p|)}, Ao — 26}. This completes the proof of
(5.12).
(iii) We now study f(H)i[H, A]f(H)x3. As above we write

FCH)I[H, Al f(H)x5 = f(H)ilH, A](f(H) — f(Ko))xa+
fCH)i[H, A][f(Ko), xalx2 + f(H)[i[H, A], xa] f(Ko)x2
+ (f(H> - f(Ko))Xﬂ[H A] f(Ko)x2 + [f(K0)7X2]i[H= A]f(Ko)X2

+ Xaof (Ko)i[H, Al f (Ko)xa-

We have shown in Lemma 5.2 that (f(H) — f(Ko))x2 and [f(Ky), x2| are
compact operators in H. Since i[H, A] has the same form as H, the argu-

ment for proving the compactness of f(H)[H, x2|f(H) in (i) of the proof of
Lemma 5.2 shows that f(H)[i[H, A], x2]f(Kp) is also compact. We further

use that 0 <g1’ 00
Xa.f (Ko) (|g1> 0 ) J(Ko)xz = (0 0) ;

and conclude that

i A =af ) (T V) e

= 0 xa2f (h + [Dy[) (i[h, As] + [Dy[) f(h + | Dy|) x12 + C2,  (5.16)
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where C, is compact in H. We study f(h+|D,|)(ilh, Az] +|D,|) f(h+|D,]).
The Fourier transform with respect to the variables k, and the direct integral
representation, imply that this operator is unitarily equivalent to the operator

f(h+ k) (iR, As] + |K[) f(h + |K])

®
= [ Gl AL+ KD B+ )
R3
We use the following lemma due to [7].

Lemma 5.6. Let c =info(h) — 1 and s(\) be defined by

s(\) = {S“P(A N (=00, A]), A>info(h),
C7 A < info(h),

where A = {Ey, Ey,...} U{0}. Then, for any \g € R and € > 0, there exists
0o > 0 such that

f(h+ [Dy[)(ih, Az] 4+ |Dyl) f(h + | Dyl)
> (Ao — s(Xo +¢) — 2e) f(h+|D,|)*
for any f = fr,s with 0 < 4§ < dy.
Supppose now A\g € © and A\g > inf o(h)—1/2. Then, for sufficiently small
e > 0, we have s(A\g + ¢) = s(Ag) < Ao and, hence, \g — s(Ag + &) — 2¢ > €.
It follows from Lemma 5.6 that there exists dg > 0 such that
F(+ D DT A + DI+ D)) 2 e+ DY (5.17)

for all 0 < 6 < g, f = frys- Note that (5.17) holds for \g < info(h) —1/2
whenever 6 < 1/4, since f(h+ |D,|) = 0 then. From (5.16) and (5.17) we
have

FH)I[H, A|f(H)X5 > ex2f(Ko)*x2 + Ca. (5.18)

Combining the results in (i), (ii), and (iii), we see that for any Ay € ©,
there exist € > 0 and 0 > 0 and a compact operator Cs such that for f = fy,s
f(H)ilH, Alf(H) > e(x1.f(Ho)*x1 + x2f (Ko)*x2) + Cs. (5.19)

Then, using the compactness of (f(H) — f(Ho))x1, [x1,f(Ho)l, [f(Ko), x2]
and (f(H) — f(Kjp))x2 again, we derive from (5.19)

FCHYTH, Af(H) = ef(H) + Ci. (5.20)
with another compact operator C4. Lemma 5.5 follows from (5.20) immedi-
ately. O

Once the Mourre estimate is estabilished, it is easy to check the conditions
of Mourre theory as stated in Lemma 3.1 to conclude the proof of statement
(1) of Theorem 1.6. We omit the details here.
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5.3 Existence of the ground state

We prove here statement (2) of Theorem 1.6, the existence of the ground
state. Since (—00,Yess) N o(H) is discrete, Yess = min{X, Ey}, ¥ < 0 and
Ey < 0 by assumption, it suffices to show

E=info(H) <3+ E, (5.21)

since ¥ + Ey < Yess. We prove this by borrowing ideas in [10]. To simplify
the notation we assume that g = 1 below. We denote by (f,g) the inner
product in ‘H. For £ = (fy, f1) € D(H), we have

.18 = [ (VL@ + V@) o)) da

+2Re [ [ fua)gty o) i idedy
i // (3IVefila,9)l? + V(@) i, 9) |+ ||Dy[ 2 i, y)|?) dady.
For any ¢ > 0 there exists f € C5°(R?) @ C5°(R®) such that

(f, Hof) < S+e, ||| = 1.

We let ¢(x) be the real-valued normalized ground state of —3A+V (it exists
due to our assumption E, < 0), viz. (—3A + V)¢ = Ey¢, and compute
(of, Hof), using the fact that

(80, (—3A)(B10))0 = (00, (—2A8) fo)o + (6, 3 |V fol” )a,

where (-, ), denotes the inner product in the z € R? variable. We find that
(of, Hof) is equal to

/ LIV fo@)? + 2Rellg) fo £1)y + LIV fi(e, )

FEE(, )+ 1Dy [V fa(, )] [6(2) P
- / [(HE, £), + Bollf(z, )|2] |6(x) Pd,

where (-,-), and || - ||, denote the inner product and the norm with respect

to the y-variable. We now replace f(z,y) by f.(x,y) = f(xr — z,y — 2) and
change the variables (z,y) — (z + 2,y + 2), in order to get

(Of. HOL) = / [(Hof £), + Bol|f(x.)|2] |6(z + 2)Pda.
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Here we used the translation invariance of Hy. Now integrate both sides of
this equation with respect to z. We then find

/(ﬁbfz, (H—FEy—X —¢)of.)dz = (f,(Hy— X —¢)f) <0.

It follows that there exists z € R? such that (¢f,, (H — Ey — X — ¢)¢f,) < 0.
Since ¢ is arbitrary, we obtain (5.21).

6 Proof of Theorem 1.7

In this section we prove the existence of the wave operators. In what follows
we take u = 1 to simplify the notation. We begin with

Proof of Existence of the Limits (1.9). Since ¢ and L?*(R}) > f —
e~ #E-ikl @ f € H are isometric operators, it suffices to show that the limits
exist for every f € Cg°(R?\ {0}). For such f the map

it 0
t— F, = et (e—itE—it|k|¢(q;)f(k)>

is strongly differentiable, and we can easily compute to obtain

d . g irk—1
GE= () fimie o) [ et gy i)k
dt 0 R3

It suffices to show that [ f;|| is integrable with respect to t. We estimate the
integral with respect to k. Since |Vi(zk — t|k|)| = |z — tk| > ||z| — |t]|, it
follows by integration by parts that for any positive N

/R3 ei“’“it’“go(mf(k)dk‘ < Cy(L+ [l = |t~

It follows, by choosing € such that 0 < e < 3 — 2, that

Juerascap e [ o

+On / 6(2)Pda
{z: |]z|-[t][<[t]*}

< Ot + (O < On (27 + (077,

for N sufficiently large. Thus || f;|| is integrable.
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Proof of Existence of the Limits (1.8) By virtue of Theorem 1.2, it
suffices to prove that the following two limits exist in the strong topology of

. 0
I (g ) SEPERD. @
—itAo(Da)
: itH € fl,O
tilgtnoo6 (e_ikme_itAO(Dw)le) , f1 € Hone. (62)

Proof of Existence of the Limit (6.1). Functions of the form

Z U’j<x)vj(k)7

with 4; € C5°(RZ\ {0}) and v; € C3°(R}), are dense in L*(R3 x R§). Thus
it suffices to consider f(x,k) = u(x)v(k) with v and v as above. We write

again
- 0
_ itH
Fy=e <ez‘t§A—itsz(x’ k?)) :

We compute the strong derivative with respect to .

d ({gletantkl ¢ gor(x)
dt VettaAitlkl gu(z, k)
We estimate gi¢(x, k) first. We have
gulw, k) = iV (@) (") (z)e Mo (),

such that [|gie||lx, = [|[Ve"22ulfs||v2. It follows by the well known estimate
for the existence of the wave operator for the two body short potentials (see
for example [16]) that ||gi¢||», is integrable with respect to ¢. The function
got(z) can be written in the form

gor(z) = i/gg(k;)eikx“'k'v(k)dk . e“%Au(x).

By Assumption 1.1 and v € C, it follows that w;(k) = go(k)v(k)e !
belongs to L? with ||w;||s = ¢y independent of . Thus we can estimate gg; as
follows, using the fact that the integral term is the inverse Fourier transform
of w; (up to a constant),

. itL —
lgocllz < (27)2 2l l2lle™2 2 ullso < Ceolt]*2lulls.

Here we have used the estimate [|¢?22|| 1(gs)—roems) < ¢|t|~*/2. This esti-
mate shows that ||go||2 is integrable with respect to t, such that the limits
exist.
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Proof of Existence of the Limit (6.2). Since U;C°(G;) is dense in
L(B(pe)) (see (4.6)),

{o(p)ep(k): ¢ € U;C°(Gy)}

is dense in {h(p)ey(k): h € L*(B(p.))}. Fa(p, \o(p)) is smooth and strictly
negative in B(r) for any r < p,, it follows that it suffices to prove the existence
of the limits, when fio € Cg°(G;) for some j. Using the fact that Ao(p) is
the eigenvalue of Hyy(p), it is easy to see that

d . efit/\o(Dz)fLO o aH Vefit’\"(Dz)fLo
Ee efikxefit)\o(l)z)fljl =€ Ve’ik’”e*it’\"(Dz)fl,l .

Thus, it suffices to show that both ||V e~ #(P=) £, (|| and ||Ve (D) £, || are
integrable functions of || > 1. But we have seen in Lemma 4.1 that,

e fro(@)] < Colt| ™ and e P f (k)| < Colk) [6]72.
and, moreover, if |z|/t & |«, 3],
om0 o) < Crlt] ™ ()™, Jem P fra (e k)| < Cak) [t (2) 7,
where Cy(k) is square integrable over R*. Thus, we have

1/2

(|’V€_i/\°(Dm)f1,o||2)

< ( /a s \V(t:c)]%x) v +Cot v ( /R 3 ]V(x)]Q(@_QNdx) v

and the right hand side is integrable by the short range assumption on V.
The integrability of ||V e=*(P=) f; | || may be proved similarly. This completes
the proof of the Theorem.
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