Phase Space Tunneling in Multistate Scattering

André Martinez^1, Shu Nakamura^2, Vania Sordoni^1

Abstract We prove exponentially small estimates on the off-diagonal terms of the scattering matrix associated to two-state semiclassical Schrödinger Hamiltonians. Our method is based on phase space tunneling estimates and a splitting of the operator by means of Toeplitz-type phase space cutoff operators.

1 Introduction

During the last few years, various techniques and new tools have been introduced for the study of microlocal tunneling (i.e. tunneling in phase space): see e.g. [Ma2, Na1, Na2, Sj]. These techniques have permitted in various situations to obtain very accurate estimates on exponentially small quantities attached to microlocal tunneling effects, such as the semiclassical widths of resonances ([Ba, Ma2, Na3]), the adiabatic transition probabilities ([Ju, Ma3, MaNe]), the effect of magnetic fields ([MaSo, Na4]) and the off-diagonal coefficients of the scattering operator of multistate systems ([BeMa, Na2]).

Here we plan to generalize [Na2] to multidimensional two-state scattering systems (improving at the same time the result of [BeMa] by eliminating the regularizing weights appearing there). More precisely, we consider a two-state semiclassical Schrödinger Hamiltonian of the type P (h) = −h^2Δ_x + V (x) + hR(x; hD_x) on H = L^2(IR^n) ⊕ L^2(IR^n), where V is a 2 × 2 matrix of multiplication operators with a gap between its two eigenvalues (and therefore V (x) can actually be assumed to be diagonal without loss of generality). Under additional assumptions of decay at infinity, one can define the scattering matrix S(λ) = ( S_{1,1}(λ) S_{1,2}(λ) S_{2,1}(λ) S_{2,2}(λ) )

where e.g. λ is greater than the limit at infinity of the largest eigenvalue of V (x). Then, depending on the regularity of V , we give estimates on S_{1,2}(λ) and S_{2,1}(λ) in the case where λ is a non-trapping energy. In particular, if V is C^∞ we show that (see Theorem 3.7):

‖S_{1,2}(λ)‖ + ‖S_{2,1}(λ)‖ = O(h^∞)

1Università di Bologna, Dipartimento di Matematica, Piazza di Porta San Donato 5, 40127 Bologna, Italy. Partly supported by Università di Bologna, Funds for Selected Research Topics and Founds for Agreements with Foreign Universities

2Graduate School of Mathematical Sciences, University of Tokyo, 3-8-1 Komaba, Meguroku, Tokyo, Japan 153-8914. Partly supported by JSPS Grant Kiban B 09440055

while if V admits a holomorphic extension in a complex strip Γ = {x ∈ C^n ; | Im x| < γ} (for some γ > 0), then (see Theorem 4.5): ‖S_{1,2}(λ)‖ + ‖S_{2,1}(λ)‖ = O(e^{−τ /h}) where the exponential rate τ > 0 is related to the behavior in the complex phase space of the characteristic set of P (or more precisely of the complex extensions of the two connected components of the real characteristic set of P ). Let us observe that related results are obtained in [NeSo] by using different techniques involving almost invariant subspaces of P .

Our approach is very similar in spirit to the one usually adopted for studying interactions between 2 potential wells (see e.g. [HeSj, Si]), and already used for the one-dimensional scattering case in [Na2]: it consists in splitting both the space and the operator in two parts (via identification operators in the same spirit as in [BCD]), in such a way that each part corresponds to a problem with a connected real

characteristic set. Then the interaction between these two connected sets appears as very small off-diagonal coefficients in the representation of P obtained in this way. However, since we want to keep some analyticity (when required), we have to be careful in cutting-off the operator, and this problem is solved by using Toeplitz operators of the type T^∗χT where T is a global FBI transform (see e.g. [Sj]) and χ is a cut-off function on the phase space. Such operators have the nice property of satisfying microlocal weight exponential a priori estimates (similar to those of [Ma1, Na1]), although their natural symbol χ is not analytic. Moreover, since this technique permits to cut the phase-space in a way essentially arbitrary, we believe it can be useful in many other problems involving microlocal tunneling.

In Section 2, we prepare basic notations and introduce our assumptions on P (h). In Section 3, we consider the case when the symbol is C^∞-smooth, and introduce scattering theoretical machinery, which will be also used in the next section.In Section 4, we study the case when the symbol is analytic, and prove our main result, namely the exponential decay of the off-diagonal terms of the scattering matrix. We discuss the calculus of cut-off operators in phase space in terms of Toeplitz operators in Appendix.

2 Notations and Assumptions

We consider the two-state Schrödinger Hamiltonian

P (h) = −h^2Δ_x + V (x) + hR(x; hD_x) (2.1)

on H = L^2(IR^n) ⊕ L^2(IR^n). Here

V (x) := ( V_1(x) 0 0 V_2(x) )

is a 2 × 2 diagonal symmetric matrix and R(x; hD_x) = ∑ |α|≤1 c_α(x)(hD_x)^α is a differential operator of order 1. Moreover, V (x) and c_α(x) are real-valued smooth functions on IR^n and there exist ρ > 1 and a real symmetric matrix

V_∞ := ( V^∞_1 0 0 V^∞_2 )

such that for all multi-index β: |∂^β_x (V (x) − V_∞)| + ∑ |α|≤1 |∂^β_x c_α(x)| = O(⟨x⟩^{−ρ−|β|}) (2.2)

uniformly on IR^n. Setting

P_0 = ( P^0_1 0 0 P^0_2 ) := −h^2Δ_x + V_∞

we can prove as in the scalar case that the wave operators: W_±(P, P_0) = s − lim_{t→±∞} e^{itP} e^{−itP0}

exist and are complete. Hence, we can define the scattering operator

S = S(P, P_0) =: W_+(P, P_0)^∗W_−(P, P_0)

which is a unitary operator on H.

In the following, we work near an energy level E > Max{V^∞_1 , V^∞_2 } and we assume that E is non-trapping, that is, denoting by q_j (x, ξ) = ξ^2 + V_j (x) (j = 1, 2), we assume that for any (x, ξ) ∈ IR^{2n} such that q_j (x, ξ) = E one has: |exptH_{qj} (x, ξ)| → ∞ as |t| → ∞ (2.3) for j = 1, 2. Here H_{qj} is the Hamiltonian flow generated by q_j . Let I be a small neighborhood of E. Since S commutes with P_0 then, for λ ∈ I, one can define the scattering matrix S(λ) = ( S_{1,1}(λ) S_{1,2}(λ) S_{2,1}(λ) S_{2,2}(λ) ) ∈ L(L^2(S^{n−1}) ⊕ L^2(S^{n−1}))

such that, for any ϕ ∈ H and λ ∈ I F_0(λ)Sϕ = S(λ)F_0(λ)ϕ, where F_0(λ) stands for the spectral representation of P_0. We denote

Σ_1(E) = {(x, ξ) ∈ IR^{2n} ; ξ^2 + V_1(x) − E = 0}, (2.4) Σ_2(E) = {(x, ξ) ∈ IR^{2n} ; ξ^2 + V_2(x) − E = 0} (2.5)

and we assume dist(Σ_1(E), Σ_2(E)) > 0. (2.6) In particular V^∞_1 ≠ V^∞_2 , and V_1(x) and V_2(x) are never equal on A_E := {x ; V_1(x) ≤ E , V_2(x) ≤ E}. In fact, let us prove:

Lemma 2.1 Assume (2.2), (2.3) and Σ_1(E) ∩ Σ_2(E) = ∅. Then the difference V_2(x) − V_1(x) keeps a constant sign on A_E for all E > Max{

V^∞_1 , V^∞_2 }.

Proof - For j = 1, 2 denote M_j := {x ∈ IR^n ; V_j (x) ≤ E}. Then by (2.2) M_j contains a neighborhood of infinity, and by (2.3) it has no bounded connected component. Moreover V_2 − V_1 never vanishes on M_j , otherwise the point where it does would belong to M_1 ∩ M_2 = A_E . As a

consequence, since V_2 − V_1 → V^∞_2 − V^∞_1 ≠ 0 at infinity, it keeps a constant sign on each M_j and thus also on A_E . ⋄

Now, assuming, e.g., that V^∞_2 > V^∞_1 , Lemma 2.1 implies that V_2 > V_1 on A_E , and Assumption (2.6) is actually equivalent to:

inf_{x∈AE} (V_2(x) − V_1(x)) > 0. (2.7)

Then, we also set

Σ^+_j (E) = {(x, ξ) ∈ IR^{2n} ; ξ^2 + V_j (x) − E > 0}, (2.8) Σ^−_j (E) = {(x, ξ) ∈ IR^{2n} ; ξ^2 + V_j (x) − E < 0}, (2.9) Σ(E) = Σ^−_1 (E) ∩ Σ^+_2 (E). (2.10)

3 Estimates in the Smooth Case

Let us define two functions χ^+, χ^− ∈ C^∞ by:

χ^+(x, ξ) = χ^+_0 (ξ^2 + V_2 − E),

χ^−(x, ξ) = χ^−_0 (ξ^2 + V_1 − E), where χ^±_0 ∈ C^∞(IR ; [0, 1]) is such that

χ^+_0 (s) = 1 if s ≥ 2δ, χ^+_0 (s) = 0 if s ≤ δ, χ^−_0 (s) = χ^+_0 (−s),

where δ > 0 is fixed small enough (and will possibly be shrinked a finite number of times in the sequels).

Given a real n × n symmetric positive definite matrix A, we denote q_A(x) = ⟨Ax, x⟩ and we consider the following global FBI transform:

T_Au(x, ξ) = 2^{−n/2}(πh)^{−3n/4}(detA)^{1/4} ∫ e^{i(x−y)ξ/h−qA(x−y)/2h}u(y) dy which is an isometry from L^2(IR^n) to L^2(IR^{2n}) (see e.g. [Ma1]). Then we set:

P^+ = P + T^∗_A(1 − χ^+)(L − p)T_A (3.1) P^− = P + T^∗_A(1 − χ^−)(L − p)T_A (3.2) where p = ξ^2 + V is the principal symbol of P and L = ( L_1 0 0 L_2 ) with L_1, L_2 ∈ IR, L_1 < E < L_2. Let us observe that if a is a symbol then, denoting Op^W_h the usual semiclassical Weyl quantization of symbols, we have:

T^∗_AaT_A = Op^W_h (b) (3.3)

with b(x, ξ) = 1 (2πh)^n ∫ e^{−qA(x−y)/2h−qA}�^{1 (ξ−η)/2h}a(y, η)dydη ∼ ∞∑ j=0 h^j 4^j j! Δ^j_Aa(x, ξ) (3.4) where Δ_A := ⟨A^{−1}∂_x, ∂_x⟩+⟨A∂_ξ, ∂_ξ ⟩ (this can be seen by a direct computation). In particular, P^± is a pseudodifferential operator and if p^± = χ^±p + (1 − χ^±)L denotes its principal symbol we see:

det(p^+(x, ξ) − E) = 0 iff ξ^2 + V_1(x) = E (3.5) det(p^−(x, ξ) − E) = 0 iff ξ^2 + V_2(x) = E. (3.6)

Now the main idea of our proof consists in comparing P with the operator

Q = P^+ ⊕ P^− (3.7)

acting on H⊕H. For this purpose we introduce two additional functions j^+, j^− ∈ C^∞(IR^{2n}) such that Suppj^+ ⊂ {ξ^2 + V_2(x) − E ≥ 3δ}, j^+ = 1 on {ξ^2 + V_2(x) − E ≥ 4δ}, Suppj^− ⊂ {ξ^2 +V_1(x)−E ≤ −3δ}, j^− = 1 on {ξ^2 +V_1(x)−E ≤ −4δ}. We can also assume that j^± does not depend on x for |x| large enough, and we observe that Supp(1 − χ^±) ∩ Suppj^± = ∅.

We also set Ĵ^±(x, hD_x) = T^∗_Aj^±T_A and we define J : H → H ⊕ H Jϕ = (Ĵ^+ϕ) ⊕ (Ĵ^−ϕ) which will play the role of an identification operator (observe that J preserves the H^2-Sobolev regularity). Now if I is a sufficiently small interval containing E and f ∈ C^∞_0 (I), then

Supp(f(p^±)) ⊂⊂ {j^± = 1}.

Therefore, it follows from the functional calculus of pseudodifferential operators (see e.g. [DiSj, Ma1, Ro]) that:

f(P^±)Ĵ^± = f(P^±) + R^± (3.8)

with R^± ∈ OP S(h^∞⟨x⟩^{−∞}⟨ξ⟩^{−∞}) (3.9) where OP S(h^∞⟨x⟩^{−∞}⟨ξ⟩^{−∞}) denotes the space of semiclassical pseudodifferential operators with symbol bounded (together with all its derivatives) by O(h^N ⟨x⟩^{−N} ⟨ξ⟩^{−N} ) for all N > 0. More generally, for any given function m ∈ C^∞(IR^{2n}; IR_+), we denote OP S(m) the space of semiclassical pseudodifferential operators with (possibly h-dependent) symbol a ∈ C^∞(IR^{2n}) satisfying: ∂^α_x ∂^β_ξ a(x, ξ; h) = O(m(x, ξ)⟨x⟩^{−|α|}⟨ξ⟩^{−|β|}) (3.10) uniformly with respect to (x, ξ) ∈ IR^{2n} and h > 0 small enough (the corresponding space of these symbols will be denoted by S_{2n}(m)). Then we have the following result:

Lemma 3.1 Let F ∈ OP S(⟨x⟩^k ⟨ξ⟩^ℓ) with k, ℓ ∈ IR arbitrary. Then T^∗_A(1 − χ^±)(L − p)T_AF Ĵ^± ∈ OP S(h^∞⟨x⟩^{−∞}⟨ξ⟩^{−∞}).

Proof: Applying the property (3.3)-(3.4) to a = j^± and to a = (1 − χ^±)(L − p) (which have disjoint supports), the result becomes an easy consequence of standard pseudodifferential calculus with symbols in the classes defined by (3.10). ⋄ In the sequels, we also set M_1 = QJ − JP_0, M_2 = P J^∗ − J^∗Q (3.11) and we let I be any small interval around E such that the assumptions (2.3) and (2.6) remain valid for any energy in I. Moreover, in all the sequels δ is supposed to be sufficiently small in order that (3.5) and (3.6)

are also valid for any energy in I.

Now, with Q defined in (3.7), we first study the scattering for the pair (Q, P_0) and we show:

Proposition 3.2 The wave operators

W^1_±E_I (P_0) = W_±(Q, P_0; J)E_I (P_0) := s − lim_{t→±∞} e^{itQ}Je^{−itP0} E_I (P_0)

exist and are complete (i.e RanW^1_±E_I (P_0) = E_I (Q)(H) where, for any selfadjoint operator A, E_I (A) denotes the spectral projection of A on I). Moreover, they are partial isometries with initial space E_I (P_0), that is: ‖W^1_±E_I (P_0)ϕ‖ = ‖E_I (P_0)ϕ‖

Proof: Following [Na2], we first show that M_1 = M^+ ⊕ M^− ∈ OP S(⟨x⟩^{−ρ}⟨ξ⟩^2) Here we have M^± = P^±Ĵ^± − Ĵ^±P_0 = P Ĵ^± − Ĵ^±P_0 + R_1 with R_1 = (P^± − P )Ĵ^± = T^∗_A(1 − χ^±)(L − p)Ĵ^±. Hence by Lemma 3.1, R_1 ∈ OP S(h^∞⟨x⟩^{−∞}⟨ξ⟩^{−∞}). On the other hand, since j^± = j^±_0 (ξ) does not depend on x for |(x, ξ)| large enough, we have: P Ĵ^± − Ĵ^±P_0 = P J^±_0 (hD_x) − J^±_0 (hD_x)P_0 + R_2 with R_2 ∈ OP S(⟨x⟩^{−∞}⟨ξ⟩^{−∞}) and thus P Ĵ^±−Ĵ^±P_0 = (V −V^∞)J^±_0 (hD_x)+hR(x, hD_x)J^±_0 (hD_x)+R_2 ∈ OP S(⟨x⟩^{−ρ}⟨ξ⟩^2)

This implies that M^± ∈ OP S(h^2⟨x⟩^{−ρ}⟨ξ⟩^2) and the existence of the wave operators follows by the standard Cook-Kuroda method. Their asymptotic completeness is a consequence of the limiting absorption principle for P , which in turns follows from the existence of a global escape function for ξ^2 + V_1 and ξ^2 + V_2 at energy E and from Mourre estimates as in [GeMa]. ⋄

Now we can define the following scattering operator for the pair (Q, P_0):

S_1E_I (P_0) = S(Q, P_0; J)E_I (P_0) = (W_+(Q, P_0; J)E_I (P_0))^∗(W_−(Q, P_0; J)E_I (P_0))

and we have:

Proposition 3.3

S_1E_I (P_0) =: ( S^1_1 0 0 S^1_2 ) E_I (P_0)

Proof: For any φ_j ∈ S(IR^n) such that 0 /∈ Suppφ̂_j , one has

⟨W^1_−f(P_0) ( φ_1 0 ) , W^1_+f(P_0) ( 0 φ_2 ) ⟩ = lim_{t→−∞} lim_{s→+∞}⟨A(t), B(s)⟩ with: A(t) = e^{itP +} ( Ĵ^+f(P^0_1 )e^{−itP 0}1 φ_1 0 ) ⊕ e^{itP} � ( Ĵ^−f(P^0_1 )e^{−itP 0}1 φ_1 0 )

B(s) = e^{isP +} ( 0 Ĵ +f(P 0_2 )e−isP^02 φ_2 ) ⊕ e^{isP} � ( 0 Ĵ −f(P 0_2 )e−isP^02 φ_2 ) . Now, since for N large enough one has

Suppj^+ ∩ {|x| ≥ N} ∩ Suppf(ξ^2 + V^∞_2 ) = ∅

we see that ‖Ĵ^+f(P^0_2 )e^{−isP 02} φ_2‖ → 0 (s → −∞) and in the same way:

‖Ĵ^−f(P^0_1 )e^{−itP 01} φ_1‖ → 0 (t → +∞).

As a consequence:

⟨W^1_−f(P_0) ( φ_1 0 ) , W^1_+f(P_0) ( 0 φ_2 ) ⟩ = 0. ⋄ It remains to study the scattering for the pair (P, Q). We have:

Proposition 3.4 The wave operators

W^2_±E_I (Q) = W_±(P, Q; J^∗)E_I := s − lim_{t→±∞} e^{itP} J^∗e^{−itQ}E^{ac}_I (Q)

exist and are complete i.e RanW^2_±E_I (Q) = E_I (P )(H). Proof: By (3.11) we have M_2(φ_1 ⊕ φ_2) = M^+_2 φ_1 + M^−_2 φ_2 where M^±_2 = [P, Ĵ^±] + R^± (3.12) with R^± = Ĵ^±T^∗_A(1 − χ^±)(p − L)T_A Hence, R^± ∈ OP S(h^∞⟨x⟩^{−∞}⟨ξ⟩^{−∞}) and thus M_2 ∈ OP S(⟨x⟩^{−ρ}⟨ξ⟩). Then the Cook-Kuroda method gives the existence of W^2_±E_I (Q). For the asymptotic completeness, we first observe:

W^2_±E_I (Q)W^1_±E_I (P_0) = s − lim_{t→±∞} e^{itP} J^∗Je^{−itP0} E_I (P_0)

andthesymbolof J^∗J is given by j^+(x, ξ)^2 + j^−(x, ξ)^2 = 1 + k(x, ξ) where k is supported in Σ(E). In particular, if I has been chosen small enough then Suppk∩ ⋃ λ∈I {det(p−λ) = 0} = ∅. As a consequence, (1 − J^∗J)E_I (P_0) is a compact operator and since e^{−itP0} φ → 0 weakly as |t| → ∞ for any φ ∈ H we get: W^2_±E_I (Q)W^1_±E_I (P_0) = s − lim_{t→±∞} e^{itP} e^{−itP0} E_I (P_0) = W_±(P, P_0)E_I (P_0)andthereforetheasymptoticcompletenessofW^2_±E_I (Q) fol- lows from the one of W_±(P, P_0)E_I (P_0). ⋄

Let us denote by S_2 = S(P, Q, J^∗) = (W^2_+)^∗W^2_− the scattering operator and by S_2(λ) the scattering matrix associated to the pair of operators (P, Q). If F_0(λ) is the spectral representation of P_0, we set F_1(λ) = F_0(λ)(W^1_+)^∗ for λ ∈ I. Then, denoting H^α = L^{2,α}(IR^n) ⊕ L^{2,α}(IR^n) with

L^{2,α}(IR^n) := ⟨x⟩^{−α}L^2(IR^n), we see that F_1(λ) is a spectral representation of Q on RanE_I (Q). Moreover F_1(λ) is bounded from H^α ⊕ H^α to [L^2(S^{n−1}) ⊕ L^2(S^{n−1})]^2 for any α > 1/2 and its operator norm is bounded by c h^{−2} uniformly for λ ∈ I (this can be seen as in [JeNa] by using a stationary representation of W^+_1 and a semiclassical resolvent estimate for Q, see also [Is]). Then we can apply the representation formula for the scattering matrix to obtain:

S_2(λ) = 1 − 2πiF_1(λ)[M^∗_2 J^∗ − M^∗_2 (P − λ − i0)^{−1}M_2]F_1(λ)^∗ (3.13) and in order to estimate it we first prove:

Lemma 3.5 If I is a sufficiently small neighborhood of E and f ∈ C^∞_0 (I) then M_2f(Q) ∈ OP S(h^∞⟨x⟩^{−∞}⟨ξ⟩^{−∞}) and, in particular, ‖⟨x⟩^N M_2f(Q)⟨x⟩^N ‖ ≤ Ch^N for any N ≥ 0. Proof: Since Supp(f(p^±)) ∩ Supp(∇j_±) = ∅ one can easily see (e.g. by using (3.3) and (3.4)) that: [P, Ĵ_±]f(P^±) ∈ OP S(h^∞⟨x⟩^{−∞}⟨ξ⟩^{−∞}) and thus by (3.12): M_2f(Q) ∈ OP S(h^∞⟨x⟩^{−∞}⟨ξ⟩^{−∞}) ⋄ Now the key result of this section is:

Proposition 3.6 If I is a sufficiently small neighborhood of E, then for any N ≥ 0 there exists C_N > 0 such that: ‖S_2(λ) − I‖_{L(L}2_{(S}n�1_{⊕S}n�1_{))} ≤ Ch^N uniformly for h > 0 small enough. Proof: We have (S_2(λ) − I)f(λ)^2

= 2πiF_1(λ)[f(Q)M^∗_2 J^∗f(Q) − f(Q)M^∗_2 (P − λ − i0)^{−1}M_2f(Q)]F_1(λ)^∗ = 2πiF_1(λ)[(M_2f(Q))^∗J^∗f(Q) − (M_2f(Q))^∗(P − λ − i0)^{−1}M_2f(Q)]F_1(λ)^∗ and since E is non-trapping, we have the resolvent estimates ‖⟨x⟩^{−ρ/2}(P − λ ± i0)^{−1}⟨x⟩^{−ρ/2}‖ = O(h^{−1}) for λ ∈ I. Therefore, the result follows by using Lemma 3.5. ⋄ Now we can state and prove the main result of this section:

Theorem 3.7 Under assumptions (2.2), (2.3) and (2.6), let I be a sufficiently small interval around E. Then, for any N ≥ 0 there exists C_N > 0 such that: ‖S_{1,2}(λ)‖_{L(L}2_{(S}n�1_{))} + ‖S_{2,1}(λ)‖_{L(L}2_{(S}n�1_{))} ≤ Ch^N uniformly for h > 0 small enough and λ ∈ I. Proof: We have

SE_I (P_0) = (W_+E_I (P_0))^∗W_−E_I (P_0)

= (W^1_+E_I (P_0))^∗(W^2_+E_I (Q))^∗(W^2_−E_I (Q))(W^1_−E_I (P_0)) = (W^1_+E_I (P_0))^∗(S_2E_I (Q))(W^1_−E_I (P_0)) = (W^1_+E_I (P_0))^∗(S_2 − 1)E_I (Q)(W^1_−E_I (P_0)) + S_1E_I (P_0).

By Proposition 3.6, the first term is O(h^N ) and, by Proposition 3.3, the offdiagonal term of S_1 are 0. ⋄

4 Analytic Case: Exponential Decay

Here we add the following assumption on V and the c_α’s:

V (x) and c_α(x) (|α| ≤ 1) admit holomorphic extensions in the complex strip Γ = {x ∈ C^n ; | Im x| < γ} for some γ > 0, (4.1) and (2.2) holds uniformly on Γ.

For any given connected open set Ω ⊂ IR^{2n}, let us consider a function ψ ∈ C^∞_b (IR^{2n}) real valued satisfying: |∇_ξ ψ(x, ξ)| ≤ γ (4.2) and Supp∇ψ ∩ Ω = ∅ (4.3) In particular, ψ is constant on Ω, and, denoting by ψ_0

this constant value, we assume that there exists ν > 0 such that |ψ(x, ξ) − ψ_0| ≤ 1 − ν 4 d_A((x, ξ), Ω) (4.4)

for any (x, ξ) ∈ IR^{2n}, where d_A denotes the distance on IR^{2n} associated with the metric: Q_A(x, ξ) = ⟨Ax, x⟩ + ⟨A^{−1}ξ, ξ⟩. In the following we denote by M_Ω the set of such functions ψ which satisfy (4.2), (4.3) and (4.4).

In relation with microlocal weight estimates (see appendix) we also set p_{ψ,A}(x, ξ) := p(x − A^{−1/2}∂_Aψ, ξ + iA^{1/2}∂_Aψ) where ∂_A := A^{−1/2}∂_x + iA^{1/2}∂_ξ , and we denote A_A the set of pairs of functions (ϕ_1, ϕ_2) ∈ ( M_Σ+_{1 (E)} ∩ M_Σ�_{2 (E)}

)_2

such that:

Suppϕ_1 ⊂ Σ^−_1 (E) ; Suppϕ_2 ⊂ Σ^+_2 (E) ; Supp∇ϕ_1 ∪ Supp∇ϕ_2 ⊂ Σ(E) ; |det(p_{ϕ1,A}(x, ξ) − E)| · |det(p_{ϕ2,A}(x, ξ) − E)| > 0 for all (x, ξ) ∈ Σ(E).

In particular ϕ_1 and ϕ_2 are constant on Σ^−_2 (E) and on Σ^+_1 (E) respectively, and we set:

τ_A = Sup (ϕ1,ϕ2)∈A_A Min { ϕ_1|_Σ�_{2 (E)} , ϕ_2|_{Σ+1 (E)} } . One can easily see that τ_A > 0: indeed, a possible choice for (ϕ_1, ϕ_2) consists in taking ϕ_j = f_j (ξ^2 + W (x) − E) with V_1 < W < V_2, Suppf_1 ⊂ [−ε, +∞) with ε > 0 small enough, f_1 > 0 constant on [ε, +∞), f^′_1 > 0 small enough on (−ε, ε), and f_2(s) = f_1(−s) for all s ∈ IR (with this choice one has ϕ_1|_Σ�_{2 (E)} = ϕ_2|_{Σ+1 (E)} = f_1(ε) > 0).

Finally we set τ_0 = sup_A τ_A

where A runs over the set of all n × n real symmetric positive definite matrices. Then for any ε_1 > 0 there exist A and (ϕ_1, ϕ_2) ∈ A_A such that, denoting τ_1 := ϕ_1|_Σ�_{2 (E)} ; τ_2 := ϕ_2|_{Σ+1 (E)}

we have:

τ_1 ≥ τ_0 − ε_1 and τ_2 ≥ τ_0 − ε_1.

Moreover, since ∇ϕ_1 and ∇ϕ_2 are supported in Σ(E), if we take the value of δ (used in the constructions of the previous section) sufficiently small, we see that:

Supp(∇ϕ_1) ∩ Supp(∇j^±) = Supp(ϕ_1) ∩ Supp(1 − j^−) = ∅ Supp(∇ϕ_2) ∩ Supp(∇j^±) = Supp(ϕ_2) ∩ Supp(1 − j^+) = ∅ and for some open connected neighborhood Ω^± of Supp(1 − j^±): ϕ_j ∈ M_Ω+ ∩ M_Ω� (j = 1, 2).

(In particular, the ϕ_j ’s satisfy the conditions of the appendix with χ = 1 − j^± and with χ = 1 − χ^±.) Moreover, by construction |det(p_{ϕj ,A} − E)| > 0 on Σ(E). Then we have:

Proposition 4.1 If u ∈ H^{−ρ/2} is a generalized eigenfunction of P^+ with eigenvalue λ ∈ I, then for any N ≥ 0: ‖⟨(x, ξ)⟩^N χ^−T_Au‖ = O(h^N )‖⟨x⟩^{−ρ/2}u‖.

Proof: It is an immediate consequence of the pseudodifferential calculus with symbols in the classes defined by (3.10): just write u = f(P^+)u with f supported in an arbitrarily small neighborhood of λ, and observe that in this case χ^− and the symbol of f(P^+) have disjoint supports. ⋄ Proposition 4.2 Let m be as in (A.4). Then there exist two positive constants c_m and C_m such that for all v ∈ S(IR^n) one has: ‖me^{ϕ1/h}T_A(P^+ − λ)v‖ ≥ c_m‖m⟨ξ⟩^2e^{ϕ1/h}T_Av‖ − C_m‖m⟨ξ⟩^2T_Av‖.

Proof: Using Corollary A.2 of the appendix (with χ = 1 − χ^+) and the fact that ϕ_1 = 0 on Supp(1 − χ_−), we can write: ‖me^{ϕ1/h}T_A(P^+ − λ)v‖ = ‖m ( (p_{ϕ1,A} − λ)χ^+ + (L − λ)(1 − χ^+) ) e^{ϕ1/h}T_Av‖ +O( √ h)‖m⟨ξ⟩^2e^{ϕ1/h}T_Av‖ = ‖m ( (p_{ϕ1,A} − λ)χ^+ + (L − λ)(1 − χ^+) ) χ^−e^{ϕ1/h}T_Av‖ + O(‖m⟨ξ⟩^2T_Av‖) +O( √ h)‖m⟨ξ⟩^2e^{ϕ1/h}T_Av‖ ≥ (c + O( √ h))‖m⟨ξ⟩^2χ^−e^{ϕ1/h}T_Av‖ + O(‖m⟨ξ⟩^2T_Av‖) ≥ c_1‖m⟨ξ⟩^2e^{ϕ1/h}T_Av‖ + O(‖m⟨ξ⟩^2T_Av‖) uniformly for h > 0 small enough. ⋄

Of course, by a density argument Proposition 4.2 can be extended to any v ∈ S^′(IR^n) such that m⟨ξ⟩^2T v ∈ L^2(IR^{2n}).

Now, writing F_1(λ) =: F^+_1 (λ) ⊕ F^−_1 (λ) for the spectral representation of Q = P^+ ⊕ P^−, we have:

Proposition 4.3 For any N ≥ 0 and any ε > 0 there exists C = C(I, N, ε) > 0 such that for all λ ∈ I : ‖⟨(x, ξ)⟩^N χ^−e^{ϕ1/h}T_AF^+_1 (λ)^∗‖ ≤ Ce^{ε/h}.

Proof: Let φ ∈ (C^∞_0 (IR^n))^2 be arbitrary. Then, applying Proposition 4.2 to v = F^+_1 (λ)^∗φ ∈ H^{−ρ/2} and with m = ⟨x⟩^{−ρ/2}⟨ξ⟩^2 one gets (since P^+v = λv): ‖⟨x⟩^{−ρ/2}e^{ϕ1/h}T_AF^+_1 (λ)^∗φ‖ ≤ C‖⟨x⟩^{−ρ/2}T_AF_1(λ)^∗φ‖ and thus, since ⟨x⟩^{−ρ/2}F^+_1 (λ)^∗ and ⟨x⟩^{−ρ/2}T_A⟨x⟩^{ρ/2} are uniformly bounded operators:

‖⟨x⟩^{−ρ/2}e^{ϕ1/h}T_AF^+_1 (λ)^∗‖ = O(1). (4.5) In particular ⟨x⟩^{−ρ/2}e^{ϕ1/h}χ^−T_AF^+_1 (λ)^∗ is a uniformly bounded operator. On the other hand, we have by Proposition 4.1: ‖⟨(x, ξ)⟩^{tN} e^{ϕ1/h}χ^−T_AF^+_1 (λ)^∗‖ = O(h^N e^{F/h}) with F = Sup ϕ_1. By interpolation with (4.5) we obtain for any t ∈ [0, 1] and any N > 0: ‖⟨(x, ξ)⟩^{tN} ⟨x⟩^{−(1−t)ρ/2}e^{ϕ1/h}χ^−T_AF^+_1 (λ)^∗‖ ≤ C^′h^{tN} e^{tF/h} with a new positive constant C^′. Since t can be taken arbitrarily small, the result follows. ⋄ In the same way, we obtain: ‖⟨(x, ξ)⟩^N χ^+e^{ϕ2/h}T_AF^−_1 (λ)^∗‖ ≤ Ce^{ε/h} (4.6) for any N > 0 and ε > 0.

Now we can state and prove the key result of this section:

Proposition 4.4 If I is a sufficiently small neighborhood of E, then for any ε > 0, N ≥ 0 and λ ∈ I, there exists C > 0 such that: ‖⟨(x, ξ)⟩^N M_2F_1(λ)^∗‖ ≤ Ce^{−(τ −ε)/h} where τ := Min{τ_1, τ_2}.

Proof: For φ = (φ_1, φ_2) ∈ H ⊕ H we have by (3.11):

M_2φ = (P Ĵ^+ − Ĵ^+P^+)φ_1 + (P Ĵ^− − Ĵ^−P^−)φ_2 =: M^+_2 φ_1 + M^−_2 φ_2 and we can decompose M^+_2 as:

M^+_2 = P (Ĵ^+ − 1) − (Ĵ^+ − 1)P^+ + T^∗_A(p − L)(1 − χ^+)T_A. (4.7) Now, observing that Supp(1 − χ^+) ⊂ Supp(1 − j^+) ⊂ {χ^− = 1} ⊂ {ϕ_1 = τ_1}, we obtain directly from Proposition 4.3:

‖⟨(x, ξ)⟩^N (1 − χ^+)T_AF^+_1 (λ)^∗‖ + ‖⟨(x, ξ)⟩^N (1 − j^+)T_AF^+_1 (λ)^∗‖ ≤ Ce^{−(τ1−ε)/h} and since also P^+F^+_1 (λ)^∗ = λF^+_1 (λ)^∗, we can see immediately on (4.7) that: ‖⟨(x, ξ)⟩^N M^+_2 F^+_1 (λ)^∗‖ = O(e^{−(τ1−ε)/h}).

We get in the same way by using (4.3): ‖⟨(x, ξ)⟩^N M^−_2 F^−_1 (λ)^∗‖ = O(e^{−(τ2−ε)/h}). and the result follows. ⋄

By using (3.13), we can finally deduce the main result of this section: Theorem 4.5 Assume (2.2), (2.3), (2.6) and (4.1). Then, for any ε > 0 there exist an interval I around E and a constant C > 0 such that for any λ ∈ I one has:

‖S_{1,2}(λ)‖_{L(L}2_{(S}n�1_{))} + ‖S_{2,1}(λ)‖_{L(L}2_{(S}n�1_{))} ≤ Ce^{−(τ0−ε)/h}) uniformly with respect to h > 0 small enough. Remark 4.6 In particular, if we assume that E_2 − E_1 > 0 with E_1 = sup(V_1(x)) , E_2 = inf(V_2(x)) then we can give a geometric meaning to τ_0. Let us define κ(ξ) = sup{κ ∈ [0, γ[ ; |det(p(x−iy, ξ)−E)| > 0, ∀(x, y) ∈ IR^{2n} such that |y| < κ} for E − E_2 < ξ^2 < E − E_1, and κ(ξ) = 0 elsewhere. We also denote by d(ξ, ξ^′) the Agmon distance associated to κ, i.e. the pseudodistance on IR^n associated to the metric κ(ξ)dξ^2. Then we can take τ_0 = d(Σ^0_1, Σ^0_2) where Σ^0_j = {ξ ∈ IR^n ; ξ^2 + E_j = E}, j = 1, 2.

Proof: Just take A = μI with μ > 0 small enough. ⋄

Appendix: Cut-off Operators

Let p = p(x, ξ) ∈ C^∞(IR^n) be such that for all α ∈ IN^{2n} one has

∂^αp = O(m_0(x, ξ)) (A.1)

uniformly in IR^n, where m_0(x, ξ) = ⟨x⟩^k ⟨ξ⟩^ℓ for some k, ℓ ∈ IR.

We associate to p its semiclassical Weyl-quantization P = Op^W_h (p) and our purpose is to cut-off P in some special way and to obtain (under an additional analyticity assumption) exponential microlocal estimates for the resulting operator. Such estimates are well known for pseudodifferential operators with analytic symbols (see [Ma1, Na1]) but are known to be false for general pseudodifferential operators with C^∞ symbol. Therefore one has to be very careful in the way of cutting-off P , and the main idea will consist in using Toeplitz-type cut-off operators.

We consider χ ∈ C^∞_b (IR^{2n}) (the space of smooth functions on IR^{2n} which are bounded together with all their derivatives) and we denote Ω_1, ..., Ω_N the different connected components of Suppχ (χ will be our cut-off function). We also consider ψ ∈ C^∞_b (IR^{2n}) real-valued such that:

Supp∇ψ ∩ Suppχ = ∅. (A.2)

In particular ψ is constant on every Ω_j (j = 1, ..., N), and we denote ψ_j its constant value on Ω_j . For a given n × n symmetric positive definite matrix A, we associate the positive definite quadratic form on IR^{2n} defined by: Q_A(x, ξ) := ⟨Ax, x⟩ + ⟨A^{−1}ξ, ξ⟩ and we denote d_A(X, Y ) = √ Q_A(X − Y ) the corresponding distance on IR^{2n}.

We assume there exists some ν > 0 such that: |ψ(X) − ψ_j | ≤ 1 − ν 4 d_A(X, Ω_j )^2 (A.3)

for all X ∈ IR^{2n} and for j = 1, ..., N.

In order to construct our cut-off operator, we use the global FBI transform T_A defined by:

T_Au(x, ξ) = 2^{− n2} (πh)^{− 3n4} (detA)^{14} ∫ e^{i(x−y)ξ/h−qA(x−y)/2h}u(y) dy where q_A(x) := ⟨Ax, x⟩. Then T_A is an isometry from L^2(IR^n) to L^2(IR^{2n}) (see e.g. [Ma1]). In all the sequels we also consider a positive function m on IR^{2n} of the form:

m(X) = Π^k_{j=1}⟨X^′_j ⟩^{ℓj} (A.4)

where the X^′_j ’s denote some (arbitrary) components of X and ℓ_j ∈ IR. Then we show:

Theorem A.1 Under assumptions (A.1), (A.2) and (A.3) there exists C > 0 such that for all u ∈ C^∞_0 (IR^n): ‖me^{ψ/h}T_AT^∗_ApχT_Au − mpχe^{ψ/h}T_Au‖_L2_{(IR}2n_) ≤ C √ h‖mm_0e^{ψ/h}T_Au‖_L2_{(IR}2n_) uniformly with respect to h small enough.

Proof - Using that T^∗_AT_A = 1, we see that: me^{ψ/h}T_AT^∗_ApχT_Au − mpχe^{ψ/h}T_Au = me^{ψ/h}(T_AT^∗_Apχ − pχT_AT^∗_A)T_Au = Rmm_0e^{ψ/h}T_Au with R := me^{ψ/h}(T_AT^∗_Apχ − pχT_AT^∗_A)e^{−ψ/h}m^{−1}m^{−1}_0 and it remains to show that ‖R‖ = O( √ h). Denoting K_R(X, Y ) its distributional kernel, we have: K_R(X, Y ) = m(X) m(Y ) K_{TAT} �_A (X, Y )e^{(ψ(X)−ψ(Y ))/h} p(Y )χ(Y ) − p(X)χ(X) m_0(Y )

(A.5)

where K_{TAT} �_A (X, Y ) is the distributional kernel of T_AT^∗_A. A direct computation gives: K_{TAT} �_A (X, Y ) = (2πh)^{−n}e^{iθ(X,Y )/h−QA(X−Y )/4h} (A.6) with θ((x, ξ), (y, η)) := (x − y)(ξ + η)/2. In particular, we see on (A.5) that K_R(X, Y ) = 0 if X and Y do not belong to ∪^N_{j=1}Ω_j . Assume first that Y ∈ Ω_j for some j. then it follows from the assumptions that |ψ(X) − ψ(Y )| = |ψ(X) − ψ_j | ≤ 1 − ν 4 d_A(x, Ω_j )^2 ≤ 1 − ν 4 Q_A(X − Y ) Thus, in this case we deduce from (A.5)-(A.6) that |K_R(X, Y )| ≤ (2πh)^{−n} m(X) m(Y ) e^{−νQA(X−Y )/4h} |p(Y )χ(Y ) − p(X)χ(X)| m_0(Y ) ≤ Ch^{−n} m(X)[m_0(X) + m_0(Y )] m(Y )m_0(Y ) e^{−νQA(X−Y )/4h}|X − Y |(A.7) where we have used the fact that the derivatives of pχ on the segment [X, Y ] ⊂ IR^{2n} are bounded by O(m_0(X) + m_0(Y )). Since the same estimate holds in the case X ∈ Ω_j , the result follows from the Schur lemma and the fact that m(X)/m(Y ) and m_0(X)/m_0(Y ) remain uniformly bounded on {|X − Y | ≤ 1 4 (|X| + |Y |)}. ⋄ Now we assume moreover that p = p(x, ξ) is analytic in the complex strip S = {(x, ξ) ∈ C^{2n} ; |Im(x, ξ)| < a} (A.8) for some positive a, and that the estimates (A.1) hold uniformly in S. We also assume that |∇ψ(x, ξ)| < a (A.9) for all (x, ξ) ∈ IR^{2n}. Then, applying to P the microlocal weight exponential estimates of [Ma1, Na1], we immediately get the following corollary: Corollary A.2 Under assumptions (A.2), (A.3), (A.8) and (A.9), there exists C > 0 such that for all u ∈ C^∞_0 (IR^n): ‖me^{ψ/h}T_A(P −T^∗_ApχT_A)u−m(1−χ)p_{ψ,A}e^{ψ/h}T_Au‖ ≤ C √ h‖mm_0e^{ψ/h}T_Au‖_L2_{(IR}2n_) uniformly with respect to h small enough, with p_{ψ,A} := p(x − A^{−1/2}∂_Aψ, ξ + iA^{1/2}∂_Aψ). Proof: Just observe that pχ = χp_{ψ,A} because of (A.2). ⋄

References

[Ba] H. Baklouti, Asympotique des largeurs de résonances pour un modèle d’effet tunnel microlocal, Ann. Inst. Henri Poincare, Phys. Theor. 68, No.2, 179-228 (1998)

[Be] M. Benchaou, Estimations de diffusion pour un opérateur de Klein- Gordon dépendant du temps, Bull. Soc. Math. Fr. 126, No.2, p.273- 294 (1998)

[BeMa] M. Benchaou, A.Martinez, Estimations exponentielles en théorie de la diffusion pour des opérateurs de Schrödinger matriciels, Ann.Inst.H. Poincaré, 71 (6) p. 561-594 (1999).

[BCD] P. Briet, M. Combes, P. Duclos, On the Location of Resonances for Shrödinger Operators in the Semiclassical Limit II - Barrier Top Resonances, Comm. Part. Diff. Eq. 12 (2), 201-222 (1987) [Err. Comm. Part. Diff. Eq. 13 (3) (1988)]

[DiSj] M.Dimassi, J.Sjöstrand, Spectral Asymptotics in the Semi- Classical Limit, London Math. Soc. Lecture Notes Series 268 (1999)

[GeMa] C. Gérard, A. Martinez, Principe d’absorption limite pour des opérateurs de Schrd̈inger à longue portée , C.R.Acad.Sci.Paris, t.906, Srie I, p.121-123 (1988)

[HeSj] B. Helffer, J. Sjöstrand, Multiple wells in the semiclassical limit I, Comm. Part. Diff. Eq. 9(4), 337-408 (1984)

[Is] H. Isozaki, Decay Rates of Scattering States for Schrödinger Operators, J. Math. Kyoto Univ. 26, p. 595-603 (1986)

[Je] T. Jecko, Classical limit of elastic scattering operator of a diatomic molecule in the Born-Oppenheimer approximation Ann. Inst. Henri Poincaré, Phys. Theor. 69, No.1, p.83-131 (1998)

[JeNa] A. Jensen, S. Nakamura, Mapping Properties for Wave and Scattering Operators for Two-Body Schrödinger Operators, Lett. Math. Phys. 24, 295-305 (1992)

[Ju] K. Jung, Phase space tunneling for operators with symbols in a Gevrey class, J. Math. Phys., 41 (7), 4478-4496 (2000)

[KMSW] M.Klein, A.Martinez, R.Seiler, X.P.Wang, On the Born- Oppenheimer expansion for polyatomic molecules, Commun. Math. Phys. 143, No.3, 607-639 (1992)

[KMW1] M.Klein, A.Martinez, X.P.Wang, On the Born-Oppenheimer approximation of wave operators in molecular scattering theory, Commun. Math. Phys. 152, No.1, p.73-95 (1993)

[KMW2] M.Klein, A.Martinez, X.P.Wang, On the Born-Oppenheimer approximation of diatomic wave operators. II: Singular potentials, J. Math. Phys. 38, No.3, p.1373-1396 (1997)

[Ma1] A. Martinez, An Introduction to Semiclassical and Microlocal Analysis, To be published

[Ma2] A. Martinez, Estimates on complex interactions in phase space, Math. Nachr. 167, 203–254 (1994)

[Ma3] A. Martinez, Precise Exponential Estimates in Adiabatic Theory, J. Math. Phys. 35 (8), 3889-3915 (1994)

[MaNe] A. Martinez, G. Nenciu , On Adiabatic Reduction Theory, Oper.

Theory, Adv. Appl. 78, 243-252 (1995)

[MaSo] A. Martinez, V. Sordoni, Microlocal WKB expansions, J. Funct.

Analysis 168, p. 380-402 (1999)

[Na1] S. Nakamura, On Martinez’ method of phase space tunneling Rev.

Math. Phys. 7, No.3, p.431-441 (1995)

[Na2] S. Nakamura, Tunneling effects in momentum space and scattering Ikawa, Mitsuru (ed.), Spectral and scattering theory. Notes Pure Appl. Math. 161, p.131-151 (1994)

[Na3] S. Nakamura, On an Example of Phase-Space Tunneling, Ann.

Inst. H. Poincaré, Vol. 63, No. 2 (1995)

[Na4] S. Nakamura, Tunneling estimates for magnetic Schrödinger operators, Commun. Math. Phys. 200, No.1, 25-34 (1999)

[NeSo] G.Nenciu, V.Sordoni, Semiclassical Limit for Multistate Systems:

Almost Invariant Subspaces and Scattering Theory, Preprint (2001)

[Ro] D. Robert, Autour de l’approximation semi-classique, Birkhäuser (1987)

[Si] B. Simon, Semiclassical Limit of Low Lying Eigenvalues II - Tunneling, Ann. Math. 129, 89-119 (1983)

[Sj] J. Sjöstrand, Function Spaces Associated to Global I-Lagrangian Manifolds, Structure of solutions of differential equations (Kyoto 1995), World Scientific Publishing (1996)

[Wa] X.P. Wang, Time-Decay of Scattering Solutions and Resolvent Estimates for Semiclassical Schrödinger Operators, J. Diff. Eq. 71, p. 348-395 (1988)