LOW-TEMPERATURE LOCALIZATION FOR CONTINUOUS SPIN-SYSTEMS

Jacob Schach Møller^1 Université Paris-sud Département de Mathématique 91405 Orsay CEDEX email: moeller.jacob@ math.u-psud.fr

Abstract. We study the free energy of continuous spin-systems on Z^d, in the framework of Laplace integrals and transfer operators. Under a weak coupling condition, we show that the free energy in the low-temperature limit is determined, up to an exponentially small error, by the restriction to a neighbourhood of global minima of the energy. We have results for some single- and double-well problems.

1Supported by a Gerhard Hess fellowship, from the German science foundation DFG, and by Carlsbergfondet. Partially supported by TMR grant FMRX 960001.

1. Introduction

This paper is mainly concerned with tying up some loose ends left over from a series of papers by Helffer [He1], [He2], [He3] and [He4], and Sjöstrand [Sj3]. These works were concerned with obtaining full low-temperature expansions of the free-energy per spin, for a class of R-valued spinsystems on the cubic lattice Z^d (their results extend, with some extra work, to R^n -valued spinsystems). Two approaches were used. The direct approach consists of a stationary phase analysis of the partition function defined as a Laplace integral. Another approach is via the transfer operator formalism, where the partition function is replaced by the highest eigenvalue of the associated transfer operator, which is a positive trace-class operator. The stationary phase analysis is then replaced by semiclassical analysis.

Let Γ be a countable collection of finite sets Λ. We assume (Γ1) Γ is equipped with a partial ordering ≺ and has no maximal elements, that is, for any Λ there exists Λ^′ with Λ ≺ Λ^′.

(Γ2) ∀Λ ∈ Γ there exists a map Λ ∋ λ → n_Λ(λ) ∈ N such that n_0 := sup_{Λ∈Γ} max_{λ∈Λ} n_Λ(λ) < ∞. The configuration space over Λ ∈ Γ is the Cartesian product of the single-spin configuration spaces over Λ, that is:

R^Λ := ×_{λ∈Λ} R^{nΛ (λ)}.

Let {Λ_n}_{n∈N} ⊂ Γ. We say Λ_n → ∞ if for all m there exists N > m such that Λ_m ≺ Λ_n, n ≥ N. (Such sequences exist by (Γ1).) Let {f_Λ}_{Λ∈Γ} ⊂ R. We say the thermodynamic limit lim_{Λ→∞} f_Λ exists if for any sequence Λ_n → ∞, the limit lim_{n→∞} f_{Λn} exists and is independent of the choice of sequence {Λ_n}_{n∈N}.

For a family of potentials V^{(Λ)} : R^Λ → R, Λ ∈ Γ, and β > 0 we define the partition function as a Laplace integral

Z_Λ(β) := ∫ R^Λ

e^{−βV (Λ) (x)} d^Λx. (1.1)

Here d^Λx is the Lebesgue measure on R^Λ . For a family of potentials V^{(Λ)}_{tr} : R^Λ → R, interactions I^{(Λ)} : R^Λ × R^Λ → R and coupling constant J ∈ R we define a family of transfer operators K^{(Λ)}(β), β > 0, by their integral kernels

K^{(Λ)}(x, y; β) := e^{−βV (Λ)tr (x)}e^{−βJI (Λ) (x,y)}e^{−βV (Λ)tr (y)}. (1.2)

The potentials V^{(Λ)}, V^{(Λ)}_{tr} , the interaction I^{(Λ)} and the coupling constant J satisfies suitable assumptions (including a growth condition on V^{(Λ)} and V^{(Λ)}_{tr} at infinity). The K^{(Λ)}’s are positive trace-class operators on L^2(R^Λ ). Here β > 0 is the inverse temperature and the low-temperature limit is the limit β → ∞. The coupling constant J will be assumed small in norm (compared with V^{(Λ)}_{tr} and I^{(Λ)}).

By the free energy per degree of freedom in the two cases we understand

F_Λ(β) := ln Z_Λ(β) |Λ| (1.3) and f_Λ(β) := ln λ^{(Λ)}(β) |Λ| , (1.4)

where λ^{(Λ)}(β) is the highest eigenvalue of K^{(Λ)}(β).

The analysis by Helffer and Sjöstrand where done in small l^∞ neighbourhoods of critical points of the potential and it remains to give a good estimate of the error made, when one throws away the part of the configuration space that is away from critical points. Such localization estimates is the main focus of this paper. We note that the problem here is to obtain errors that are uniform in Λ ∈ Γ. Our error estimates will be of the form e^{−aβ}, for some a > 0, uniformly in Λ ∈ Γ. We will always require a weak coupling condition. In [He1] a localization result was presented for the Laplace integral under the requirement that 0 < C_1I ≤ ∇^2V^{(Λ)}(x) ≤ C_2I < ∞ uniformly in x ∈ R^Λ and Λ ∈ Γ (in the case n_Λ(λ) = 1, R-valued spins). In particular this excludes local minima other than a unique global one and it also excludes x^4 + x^2 type self-energies. In [M] a localization result was obtained for transfer operators in fixed dimension (i.e. without uniformity in Λ), using an IMS localization technique. No localization results with uniform control in Λ exist for the transfer operator.

In [BJS], [Sj4] and [BM], the so-called Witten Laplacian approach is used to obtain low-tempe-rature asymptotics of truncated two-point correlation functions for R-valued spin-systems on Z^d. The analysis in those papers is not local although a localization result related to ours is used in [BM].

Another point which will be discussed is the step that relates the study of the two free energies above, in the case of translation invariant R^n -valued spin-systems on Z^d, d ≥ 1, with nearest neighbour interaction. Here we take Γ = {Λ(L)}_{L∈N}d where

Λ(L) := ×^d_{i=1}[−L_i, L_i], for L ∈ N^d .

We take n_Λ(i) = n, for all i ∈ Λ, and the partial ordering on Γ is induced by the partial ordering on N^d : L ≺ L^′ ⇔ L_k < L^′_k, 1 ≤ k ≤ d. (It is not important that the boxes are centered at 0). In this case the thermodynamic limit is the infinite volume limit of boxes in the sense of van Hove, see [R] or [T]. The associated transfer operator is defined on the lattice Z^{d−1} and it was proved in [He4] that the two free energies has the same thermodynamic limit provided the limit is taken essentially along the diagonal L_k ≃ L_k′ . Here we extend this result to Λ(L) → ∞ in the sense of van Hove and we also show that the infinite volume free energy is independent of boundary conditions. See Proposition 3.2.

The fact that one can express the free energy in terms of the highest eigenvalue of an associated transfer operator is the continuous spin analogue of the transfer matrix formalism for the Ising model, introduced by Kramers and Wannier in [KW]. See also [HK] and [K]. See [F] for the use of transfer operators in the study of self-coupled scalar fields, via a lattice approximation of the corresponding Euclidian field theory.

Our main results are Theorem 2.6 (localization for the Laplace integral in the single-well case), Theorem 4.4 (localization for the transfer operator in the single-well case) and Theorem 5.2 (localization for the Laplace integral for a class of examples with a symmetric double-well).

A central tool in this paper is a covering of R^m introduced by Sjöstrand in [Sj2]. It was used to treat a localization problem for the first eigenvalue of a Schrödinger operator H = −h^2Δ + V on L^2(R^m ), with uniform control in the dimension m. The result obtained for H does not involve any uniform convexity assumption on V . This covering was later applied in [He1] to Laplace integrals (where the result mentioned above was obtained). In the papers [HeSj1] and [HeSj2] the authors study a Schrödinger operator with a family of potentials coming from a mean-field model introduced by Kac, see [K]. The mean-field parameter plays the role of a semiclassical constant. Above the critical temperature the potential is convex and below the critical temperature it is a double-well. The covering is used to study both the first eigenvalue and the spectral gap between the first and the second eigenvalue (above and below the critical temperature). In the papers mentioned above the covering was designed to handle what amounts to R-valued spins. Here we refine the covering to include R^n -valued spins.

We write for x ∈ R^Λ , Λ ∈ Γ, x = {x_λ}_{λ∈Λ}, x_λ ∈ R^{nΛ (λ)}. Let 1 ≤ p ≤ ∞. We write |x|_p for the p-norm on R^Λ . (|x|_p = ( ∑ λ∈Λ ∑ 1≤j≤n_Λ(λ) |xλ,j | p)^{1/p}, 1 ≤ p < ∞ and |x|_∞ = max_{λ∈Λ} max_{1≤j≤nΛ(λ)}{|x_{λ,j} |}.) We use the notation ‖A‖_{p,q} for the uniform norm of a linear operator A as a map from R^Λ equipped with the p-norm, to R^Λ equipped with the q-norm. (‖A‖_{p,q} = sup_{t∈R}Λ_{,|t|p≤1} |At|_q ). We are primarily motivated by the following class of potentials associated with the cubic lattice Z^d. Lattices and single spin configuration spaces other than Z^d and R^n could be considered as well.

Example 1.1 (R^n -valued spins on Z^d). Let Λ = Λ(L), L ∈ N^d . The potential V = V^{(Λ)} is of the form V (x) = ∑ i∈Λ v_i(x_i) + JW (x). The interaction term W is W (x) = 1 2 ∑ i≠j ω_{i,j} (x_i, x_j ), where the precise interpretation of the sum constitutes a choice of boundary condition, which we will make precise below. For i ∈ Z^d we write M_i = v^{−1}_i ({0}) and M_i(R) = {x ∈ R^n : ∃z ∈ M_i s.t. |x − z|_2 ≤ R}. We assume there exist R_0 > 0, a_1 > 0 and τ > 0 such that (1) For i ≠ j ∈ Z^d we have v_i ∈ C^3(R^n ) and ω_{i,j} ∈ C^3(R^n_x × R^n_y ). We assume v_i ≥ 0. (2) M_i ≠ ∅ and there exists C > 0 such that for all i ∈ Z^d and z ∈ M_i we have ∇^2v_i(z) ≤ CI. (3) sup_{i∈Z}d sup_{x∈Mi(R0)} |∂^αv_i(x)| < ∞, for 2 ≤ |α| ≤ 3. (4) ω_{i,j} (0, 0) = 0 and ∇_xω_{i,j} (0, 0) = ∇_yω_{i,j} (0, 0) = 0. (5) We assume the two bounds sup_{i∈Zd} ∑ j(≠i) 1 2 ( sup x,y∈R^n |∇^k_x∇^l_yω_{i,j} (x, y)|_{2,2} + sup_{x,y∈Rn} |∇^k_x∇^l_y ω_{j,i}(x, y)|_{2,2}) ≤ a_1 sup_{i∈Zd} ∑ j(≠i) sup x,y∈R^n |∂^α_x ∂^β_y ω_{i,j} (x, y)| + sup_{x,y∈Rn} |∂^α_x ∂^β_y ω_{j,i}(x, y)| < ∞,

for k + l = 2 and |α + β|_1 = 3.

(6) |J|a_1 < τ and for all i ∈ Z^d we have lim inf_{|x|2→∞} |x|^{−2}_2 v_i(x) > τ.

Remarks:

1) We have phrased the example using only two-body interactions. One could generalize this to include many-body interactions as well. That is, interactions of the form {ω_X ∈ C^3(R^X )}_{X⊂Z}d_{,2≤|X|<∞}. 2) We will in applications only consider the single-well case, M_i = {0}, and the symmetric double-well case, |M_i| = 2. Our methods though, should extend beyond these two examples. Note that ∇v_i(z) = 0, z ∈ M_i, is implied by (1).

3) We impose no upper bounds on the self-energies v_i outside a neighbourhood of the critical points. Exponential growth is for example included.

4) One should view (4) and (5) in the light of Taylor’s formula. In particular we get the estimate 1 2 | ∑ i≠j i,j∈Λ ω_{i,j} (x_i, x_j )| ≤ 1 2 ∫_1 0 (1 − t) ∑ i≠j i,j∈Λ {|x_i|^2 ( |∇^2_xω_{i,j} (tx_i, tx_j )|_{2,2} + |∇_x∇_yω_{i,j} (tx_i, tx_j )|_{2,2} )

+ |x_j |^2 ( |∇^2_yω_{i,j} (tx_i, tx_j )|_{2,2} + |∇_x∇_yω_{i,j} (tx_i, tx_j )|_{2,2} ) } dt ≤ a_1|x|^2. (1.5)

Boundary conditions will enter as a linear correction, see Definition 1.2 below. (Note that α, β ∈ N^n are multiindicies.)

5) Condition (6) is a condition at infinity, which together with (1.5) ensures that the potential has (quadratic) growth and (1.1) is well-defined. In the case J ≥ 0 and ω_{i,j} ≥ 0 one can replace this condition by lim inf_{|x|2→∞} |x|^{−1}_2 v_i(x) > τ. We also note that in this case weak coupling is only needed for our localization results and it will depend on the potentials behavior at critical points, not on its behavior at infinity. For simplicity we omit treatment of this case.

6) When specifying the one- and double-well problems, we give precise lower bounds in the whole space. Note that the self-energies are allowed to have regions stretching out to infinity, where ∇^2V (x) has negative eigenvalues. This is the case for v_i(x) = x^2 +^1_2 x sin x (n = 1). A more standard example is v_i(x) = |x|^4_2 ± α|x|^2 + C_±(α), with interaction ω_{i,j} (x, y) = J_{i,j} |x − y|^2 or (equivalently) ω_{i,j} (x, y) = −J_{i,j} x · y. We introduce four types of boundary conditions to be employed in the interaction term of Example 1.1.

Definition 1.2. We introduce

. Free boundary condition: Here we take

W (x) = 1 2 ∑ i≠j i,j∈Λ ω_{i,j} (x_i, x_j ).

. Fixed boundary condition: Let ξ ∈ R^{Zd} with sup_{i∈Z}d |ξ_i|_2 < ∞. Then

W (x) = 1 2 ∑ i≠j {i,j}∩Λ≠∅ ω_{i,j} (x_i, x_j ),

with the convention that x_i = ξ_i if i ∉ Λ. We also require that the following stronger decay estimate holds, for some ϵ > 0: sup x,y∈R^n |∂^α_x ∂^β_y ω_{i,j} (x, y)| ≤ C Π^d_{k=1}(|i_k − j_k| + 1)^{−1−ϵ}, (1.6)

for |α + β|_1 = 2.

. Edgewise boundary condition: We assume a nearest neighbour interaction, that is; ω_{i,j} = 0 if |i − j|_1 ≠ 1. For each 1 ≤ k ≤ d we introduce two boundaries E^±_k = {i ∈ Z^d : i_k = ±L_k ± 1 and − L_k′ ≤ i_k′ ≤ L_k′ , k^′ ≠ k}.

Let ξ^±_k ∈ R^n , 1 ≤ k ≤ d be given. The interaction is

W (x) = 1 2 ∑ i≠j {i,j}∩Λ≠∅ ω_{i,j} (x_i, x_j ),

with the convention that x_i = ξ^±_k if x_i ∈ E^±_k .

. Periodic boundary condition: Here we view Λ as a torus. That is

W (x) = 1 4 ∑ i≠j i,j∈Λ ∑ l_∗∈Λ^∗ ω_{i+l∗,j} (x_i, x_j ) + ω_{i,j−l∗} (x_i, x_j ),

where Λ^∗ = ×^d_{k=1}(2L_k + 1)Z. Here one should in addition to Example 1.1 (5) assume the two bounds:

sup_{Λ∈Γ} sup_{i∈Λ} ∑ j∈Λ\{i} ∑ l_∗∈Λ^∗ 1 2 ( sup x,y∈R^n |∇^k_x∇^l_yω_{i+l∗,j} (x, y)|_{2,2} + sup_{x,y∈Rn} |∇^k_x∇^l_yω_{j,i−l∗} (x, y)|_{2,2} ) < a_1 sup_{Λ∈Γ} sup_{i∈Λ} ∑ j∈Λ\{i} ∑ l_∗∈Λ^∗ sup x,y∈R^n |∇^α_x ∇^β_y ω_{i+l∗,j} (x, y)| + sup_{x,y∈Rn} |∇^α_x ∇^β_y ω_{j,i−l∗} (x, y)| < ∞, (1.7)

for k + l = 2 and |α + β|_1 = 3.

Remarks.

1) The case of the fixed boundary condition can be interpreted, in terms of the corresponding Gibb’s measure, as a conditional probability measure. In fact, a result of Dobrushin, see [D], identifies a class of conditional measures (associated to spins on a countable set, with values in a measure space), which comes from a unique probability measure. Such a system exhibits no phase transition. The extra assumption (1.6) on the interaction term will be used to get an explicit bound on the contribution to V^{(Λ)} from the ξ_i’s, uniformly in Λ.

2) The edgewise boundary condition has played a role in the construction of different Gibb’s measures for the Ising model in the low-temperature regime.

3) If ω_{i,j} = 0 when |i − j|_1 ≠ 1, then the periodic boundary condition corresponds to nearest neighbour interaction on the torus. We will write i ∼_Λ j for nearest neighbours on Λ, viewed as a torus. The condition (1.7) reduces to Example 1.1 (5) (and is thus automatically satisfied) in the case of translation invariant interactions, ω_{i,j} = ω_{i−j} . The condition Example 1.1 (5) can furthermore be viewed as a special case of (1.7), namely for Λ = Z^d and Λ^∗ = {0}.

In section 2 we prove the primary technical lemma and present our localization result for Laplace integrals with a unique global minimum. In section 3 we recall the connection between Laplace integrals and transfer operators, and we discuss dependence on boundary conditions. In section 4 we apply the ideas of section 2 to transfer operators. In section 5 we investigate the localization properties for a class of double-well potentials of the type given by Example 1.1. In section 6 we combine our results with those of Helffer and Sjöstrand to give complete low-temperature expansions of the free energy. In appendix A we verify that our example, in the single-well case, satisfies our general conditions, and in appendix B we argue that l^∞ neighbourhoods are the smallest neighbourhoods for which the Laplace integral localizes.

2. The Laplace integral: The case of a unique global minimum

Let Γ satisfy (Γ1-2). We will in this section work under the following conditions on the family of potentials V^{(Λ)}.

Condition 2.1. Let V^{(Λ)}, Λ ∈ Γ, be a family of real functions. There exist R_0 > 0, 0 < σ_1 ≤ ∞, 0 < σ_2 < ∞, a_0 > 0, ω_0 > 0 and a family of non-negative constants {C(Λ)}_{Λ∈Γ} such that (1) lim_{Λ→∞} C(Λ)/|Λ| = 0.

(2) V^{(Λ)} ∈ C^3(R^Λ ), |V^{(Λ)}(0)| ≤ C(Λ) and |∇V^{(Λ)}(0)|_1 ≤ C(Λ). (3) ∇^2V^{(Λ)}(0) ≤ ω_0I and V^{(Λ)}(x) ≥ ∑ λ∈Λ min{σ_1|x_λ|_2, σ_2|x_λ|^2} − C(Λ).

(4) For any x ∈ R^Λ we have

∇^2V^{(Λ)}(x) = D^{(Λ)}(x) + A^{(Λ)}(x), where D^{(Λ)}(x) = ×_{λ∈Λ} D^{(Λ)}_λ (x)

and the D^{(Λ)}_λ (x)’s are operators on R^{nΛ (λ)}. Furthermore ‖A^{(Λ)}(x)‖_{∞,∞} ≤ a_0 uniformly in x ∈ R^Λ and Λ ∈ Γ. We require a_0 < σ_2 (weak coupling).

(5) |⟨∇^3V^{(Λ)}(x), t_1 ⊗ t_2 ⊗ t_3⟩| ≤ C_3|t_1|_{p1} |t_2|_{p2} |t_3|_{p3} uniformly in x with |x|_∞ ≤ R_0, t_i ∈ R^Λ , 1 ≤ p_i ≤ ∞, with p^{−1}_1 + p^{−1}_2 + p^{−1}_3 = 1, and Λ ∈ Γ.

Remark: The lower bound in (3), in the case σ_1 = ∞, reduces to V^{(Λ)}(x) ≥ σ_2|x|^2 − C(Λ). The constants C(Λ) will, due to (1), not contribute to the thermodynamic limit. Their role will be to account for the fixed and edgewise boundary conditions. The condition (5) follows by symmetry and interpolation from the same estimate with p_1 = p_2 = ∞ and p_3 = 1.

We will in the following drop the superscript (Λ) from the notation. The boundary of a box Λ = Λ(L), L ∈ N^d , will be denoted by:

∂Λ = {i ∈ Λ : ∃1 ≤ k ≤ d s.t. i_k = −L_k or i_k = L_k}

and the smallest side length L_{min} = min{L_k : 1 ≤ k ≤ d}.

In terms of Example 1.1, we introduce the single-well problem

Example 2.2 (Single-well potentials). Let V = V^{(Λ)} be as in Example 1.1, with the following extra assumptions

(1) M_i = {0} for all i ∈ Z^d.

(2) There exist τ_2 > 0 and Σ > 0 such that v_i(x) ≥ τ_2|x|^2 and^1_2 ∇^2v_i(0) ≥ ΣI, for all i ∈ Z^d. (3) |J| < J_0 = min{^{τ2}_{a1} ,^Σ_{(n+1)a1} }.

This example fits with Condition 2.1, as stated in the following proposition. We defer its proof to appendix A.

Proposition 2.3. Suppose V is as in Example 2.2. Then, V satisfies Condition 2.1 with a_0 = n|J|a_1, any a_0 < σ_2 < Σ − |J|a_1, some 0 < σ_1 ≤ ∞ and, depending on the boundary condition, . Free or periodic boundary conditions: C(Λ) = 0. . Fixed boundary condition: C(Λ) = C|J||Λ|L^{−ϵ}_{min}. . Edgewise boundary condition: C(Λ) = C|J||∂Λ|.

We introduce certain l^∞-neighbourhoods with centers ρ = {ρ_λ}_{λ∈Λ}, ρ_λ ∈ R^{nΛ (λ)}, which were used (in the case n_0 = 1) in [Sj2], [He1], [HeSj1] and [HeSj2]. It is the central technical tool used in this paper.

Definition 2.4. Let 0 < ϵ < r. We say ρ is a center, with respect to ϵ and r, if either ρ_λ = 0 or |ρ_{λ,j} | ≥ r for some 1 ≤ j ≤ n_Λ(λ). For each center ρ we associate a neighbourhood

Ω(ρ) := ×_{λ∈Λ} ×^{nΛ(λ)}_{j=1} I_{λ,j} (ρ), where I_{λ,j} (ρ) := { [−r, r] , ρ_λ = 0 [ρ_{λ,j} − ϵ, ρ_{λ,j} + ϵ] , ∃1 ≤ j ≤ n_Λ(λ) : ρ_{λ,j} ≠ 0 We will in applications use coverings of R^Λ by choosing ρ in a suitable subset of ϵZ^Λ, where Z^Λ := ×_{λ∈Λ}Z^{nΛ(λ)}. The following lemma is the central result used in our study of localization properties.

Lemma 2.5. Suppose V satisfies Condition 2.1. Let 0 < r < min{R_0, σ_1/a_0}. There exist 0 < ϵ < r and δ_0 > 0, such that for any center ρ, of the type above, and x ∈ Ω(ρ), we have V (x) − V (x − ρ) ≥ δ_0 |ρ|_1 − C(Λ).

Proof. Let 0 < ϵ < min{1, r} and let ρ be a center as in Definition 2.4 and let x ∈ Ω(ρ). Write x_0 ∈ Ω(ρ) for the vector with

x_{0,λ} :=

{ 0 , ρ_λ = 0

x_λ , ∃1 ≤ j ≤ n_Λ(λ) : ρ_{λ,j} ≠ 0

(2.1)

We write V (x) − V (x − ρ) = V (x_0) − V (x_0 − ρ) + R_ρ(x), (2.2) where R_ρ(x) = V (x) − V (x_0) + V (x − ρ) − V (x_0 − ρ), and compute using Taylor’s formula

R_ρ(x) =

∫_1 0 ⟨∇V (x_t) − ∇V (x_t − ρ) , x − x_0⟩ dt = ∫_1 0 ∫_1 0 ⟨∇^2V (x_{t,s}(ρ))ρ , x − x_0⟩ ds dt. Here x_t = tx + (1 − t)x_0 and x_{t,s}(ρ) = sx_t + (1 − s)ρ. We now write ∇^2V = D + A and notice that by the choice of x_0, see (2.1), and Condition 2.1 (4), we have ⟨D(x_{t,s}(ρ))ρ , x − x_0⟩ = ∑ λ∈Λ ⟨D_λ(x_{t,s}(ρ))ρ_λ , x_λ − x_{0,λ}⟩ = 0.

In other words |R_ρ(x)| ≤ a_0 |ρ|_1 |x − x_0|_∞ ≤ a_0 r |ρ|_1. (2.3)

The next step will be to replace V (x_0 − ρ) by V_0(x_0 − ρ), where V_0(x) =^1_2 ⟨∇^2V (0)x, x⟩. For y, with |y|_∞ < R_0, we write

V (y) = V_0(y) + R(y), where R(y) = 3

∫_1 0 (1 − t)^2⟨∇^3V (ty) , y ⊗ y ⊗ y⟩ dt (2.4) and estimate |R(y)| ≤ C_3 |y|_∞ |y|^2. In particular |R(x_0 − ρ)| ≤ ϵ C_3 |x_0 − ρ|^2.

Combining this with (2.2), (2.3), (2.4) and Condition 2.1 (3), we now get

V (x) − V (x − ρ) ≥ min{σ_1 |x_0|_1 , σ_2 |x_0|^2} − ( 1 2 ω_0 + ϵ C_3) |x_0 − ρ|^2 − a_0 r |ρ|_1 − C(Λ). (2.5) By the choice of x_0, see (2.1), we have min{σ_1 |x_0|_1 , σ_2 |x_0|^2} ≥ σ_0 |x_0|_1 , where σ_0 = min{σ_1 , r σ_2}. (2.6) We abbreviate θ = max{1, σ^{−1}_0 (^1_2 ω_0+C_3)} and estimate for a λ with ρ_{λ,j} ≠ 0, for some 1 ≤ j ≤ n_Λ(λ) (the other case being trivial by the choice of x_0): |x_{0,λ}|_1 − θ |x_{0,λ} − ρ_λ|^2 ≥ |ρ_λ|_1 − |x_{0,λ} − ρ_λ|_1 − θ |x_{0,λ} − ρ_λ|^2 ≥ |ρ_λ|_1 − n_0 ϵ − n_0 ϵ^2 θ ≥ |ρ_λ|_1 − C ϵ, (2.7) for some C > 0. Since we consider only r < σ_1/a_0 and we have the weak coupling condition a_0 < σ_2, we find: σ_0 − ra_0 > 0 (see (2.6)). Choose 0 < α < 1 such that δ_0 := α σ_0 − r a_0 > 0.

Secondly we choose ϵ > 0 small enough such that (1 − α) r > C ϵ. We now combine (2.5) and (2.7), and write |ρ_λ|_1 = α|ρ_λ|_1 + (1 − α)|ρ_λ|_1, to obtain (since |ρ_λ|_1 ≥ r) V (x) − V (x − ρ) ≥ δ_0 |ρ|_1 − C(Λ), which concludes the proof. □ We will be interested in the partition function Z_Λ(β), see (1.1), (for β > 0) and its localized version Z^R_Λ (β) := ∫ B_R e^{−βV (Λ) (x)}d^Λx, (2.8) where B_R = {x ∈ R^Λ : |x|_∞ ≤ R}. We introduce a localized version of the free energy F_Λ(β), see (1.3), F^R_Λ (β) := ln Z^R_Λ (β) |Λ| . As an application of Lemma 2.5 we get Theorem 2.6. Suppose V^{(Λ)} satisfies Condition 2.1. Let R > 0. There exists a > 0 (independent of Λ) such that F^R_Λ (β) ≤ F_Λ(β) ≤ F^R_Λ (β) + n_0 e^{−aβ} + β

C(Λ) |Λ| . In particular lim sup Λ→∞ | F_Λ(β) − F^R_Λ (β) | ≤ n_0 e^{−aβ} .

Proof. Since F^R_Λ (β) < F^{R′}_Λ (β) < F_Λ(β) for 0 < R < R^′ < ∞, it is sufficient to consider the second inequality. Fix 0 < r ≤ min{R, R_0, σ_1/a_0} and let ϵ > 0 and δ_0 > 0 be given by Lemma 2.5. Let S be a set of centers, ρ, chosen such that S ⊂ ϵZ^Λ and ∪_{ρ∈S} Ω(ρ) = R^Λ .

We estimate

Z_Λ(β) ≤ ∑ ρ∈S ∫ Ω(ρ) e^{−βV (x)}d^Λx ≤ e^{βC(Λ)} ∑ ρ∈S e^{−βδ0|ρ|1} ∫ Ω(ρ) e^{−βV (x−ρ)}d^Λx ≤ e^{βC(Λ)} ∑ ρ∈Z^Λ e^{−βδ0ϵ|ρ|1} Z^R_Λ (β).

Let N_Λ = ∑ λ∈Λ n_Λ(λ) ≤ n_0 |Λ|, (2.9)

see (Γ2). Using the identity ∑ ρ∈Z^Λ e^{−βδ0ϵ|ρ|1} = (1 − e^{−βδ0ϵ})^{−NΛ} ,

we conclude the result with a = ϵδ_0. □

In terms of our example, Example 2.2, we note that the correction term (containing C(Λ)) only appear in the case of fixed or edgewise boundary conditions, and that it disappears in the thermodynamic limit if Λ → ∞ in the sense of van Hove.

3. From Laplace integrals to transfer operators

In this section we investigate the connection between Laplace integrals and transfer operators. We work here with translation invariant spin-systems on Z^d, with nearest neighbour interaction. In particular we will examine the influence of boundary conditions. Some of the results presented here are well known. We will restrict attention to the free energy and just mention that the spectral gap (between the two highest eigenvalues of K^{(Λ)}), in the thermodynamic limit, is related to the correlation length of the corresponding spin system. See [K], [He3] and [He4].

Example 3.1. Let V^{(Λ)} be as in Example 1.1. We make the extra assumptions (1) Nearest neighbour interaction: ω_{i,j} = 0, |i − j|_1 ≠ 1.

(2) Translation invariance: v_i = v and ω_{i,j} = ω for all i, j ∈ Z^d with |i − j|_1 = 1.

We note that (1) can easily be replaced by a finite range assumption, by raising the dimension n of the one-particle space (and in (2) we would require ω_{i,j} = ω_{i−j} ). In this section we do not make any assumptions on the set of global minima M_i = M. It is bounded by the growth assumption in Example 1.1 (6). In particular we note that

v(x) ≥ τ^′ |x|^2 − v_0 (3.1)

for any τ^′ < τ and some v_0 > 0. We note that Example 1.1 (5), in the case of Example 3.1, implies |ω(x, y)| ≤ a_1 2d (|x|^2 + |y|^2). (3.2)

In the following we discuss the expression of the Laplace integral (1.1) in terms of the associated transfer operator, see (1.2), for the example above. The case of the fixed boundary condition will be treated separately later because it breaks translation invariance at the boundary.

We write Λ = Λ(L) = Λ_⊥ × Λ_d, where Λ_⊥ = ×^{d−1}_{k=1}[−L_k, L_k] and Λ_d = [−L_d, L_d]. We decompose Λ ∋ i = {i_⊥, i_d}. For x ∈ R^Λ and i_⊥ ∈ Λ_⊥ we write x^{i⊥} ∈ R^{Λd} for the spin-distribution on Λ_d with x^{i⊥}_{id} = x_i. Conversely for a family {x^{i⊥} }_{i⊥∈Λ⊥} ⊂ R^{Λd} , we write x ∈ R^Λ for the spin-distribution on Λ given by x_i = x^{i⊥}_{id} .

We will now introduce, for each type of boundary condition, a self-energy V^{(Λ⊥ )}_{tr} (for spindistributions x ∈ R^{Λ⊥} ) and two boundary terms b^{(Λ⊥)}_± : R^{Λ⊥} → R.

The free boundary condition:

V^{(Λ⊥)} tr (x) = 1 2 ∑ i∈Λ_⊥ v(x_i) + J 4 ∑ |i−j|_1 =1 i,j∈Λ_⊥ ω(x_i, x_j ) and b^{(Λ⊥)}_± (x) = V_{tr}(x).

The edgewise boundary condition:

V^{(Λ⊥ )} tr (x) = 1 2 ∑ i∈Λ_⊥ v(x_i) + J 4 ∑ |i−j|_1 =1 {i,j}∩Λ_⊥ ≠∅ ω(x_i, x_j ),

with the convention that x_i = ξ^±_k if i ∈ E^±_k = E^±_k (Λ_⊥), and

b^{(Λ⊥ )}_± (x) = V_{tr}(x) + J 2 ∑ i∈Λ_⊥ ω(x_i, ξ^±_d ) + ω(ξ^±_d , x_i).

The periodic boundary condition:

V^{(Λ⊥)} tr (x) = 1 2 ∑ i∈Λ_⊥ v(x_i) + J 4 ∑ i∼_{Λ⊥} j ω(x_i, x_j ) and b_± = 0,

where i ∼_{Λ⊥} j means nearest neighbour with respect to the torus structure on Λ_⊥. (The boundary terms b^{(Λ⊥)}_± are not used in the periodic boundary condition case.)

In all cases we have the same interaction term

I^{(Λ⊥)}(x, y) = 1 2 ∑ i∈Λ_⊥ ω(x_i, y_i) + ω(y_i, x_i).

For simplicity we drop the superscripts (Λ) and (Λ_⊥) from the notation in the following. We can now write, for free and, edgewise boundary conditions, using the form of the kernel (1.2) of the transfer operator,

Z_Λ(β) = ∫ R^Λ e^{−βV (x)}d^Λx = ∫ R^Λ e^{−βb−(x−Ld )}K(x^{−Ld} , x^{−Ld+1}) · · · K(x^{Ld−1}, x^{Ld} )e^{−βb+(xLd )}d^{Λ⊥} x^{−Ld} · · · d^{Λ⊥} x^{Ld} = ∫ R^Λ⊥ ∫ R^Λ⊥ e^{−βb−(x)}K^{(2Ld)}(x, y)e^{−βb+(y)}d^{Λ⊥} x d^{Λ⊥} y. (3.3)

As for the periodic boundary condition we similarly have

Z_Λ(β) = ∫ R^Λ⊥

K^{(2Ld+1)}(x, x) d^{Λ⊥} x

= tr K^{(2Ld+1)}. (3.4)

In order to compare the two expressions we write, see (3.3), ∫ R^Λ⊥ ∫ R^Λ⊥ e^{−βb−(x)}K^{(2Ld)}(x, y) e^{−βb+(y)}d^{Λ⊥} x d^{Λ⊥} y = λ_1^{2Ld} ∞∑ n=1 ( λ_n λ_1 )_{2Ld} ⟨e^{−βb−} , ψ_n⟩ ⟨ψ_n, e^{−βb+} ⟩, (3.5)

where λ_n = λ^{(Λ⊥ )}n are the eigenvalues of K, labeled in decreasing order, and ψ_n = ψ^{(Λ⊥ )}n is a corresponding orthonormal basis of eigenfunctions. We estimate (using λ_n/λ_1 ≤ 1) ∞∑ n=1 ( λ_n λ_1 )_{2Ld} ⟨e^{−βb−} , ψ_n⟩ ⟨ψ_n, e^{−βb+} ⟩ ≤ tr K λ_1 ‖ ‖e^{−βb}− ‖ ‖_{L2(RΛ⊥)} ‖ ‖e^{−βb}+ ‖ ‖_{L2(RΛ⊥)} . (3.6)

We need a priori estimates for tr K and λ_1. Using (3.1), with τ^′ < |J|a_1 (see Example 1.1 (6)), and (3.2) we get

tr K = ∫ R^Λ⊥ e^{−2βVtr(x)−βJI(x,x)}d^{Λ⊥} x ≤ (∫ R^n e^{−β(v(x)−|J|a1|x|2)}d^nx )_{|Λ⊥|} e^{βγex|∂Λ⊥ |} ≤ (∫ R^n e^{−β(τ ′−|J|a1)|x|2} d^nx )_{|Λ⊥|} e^{β(v0+γex)|Λ⊥|} =: C_1(β)^{|Λ⊥ |}. (3.7)

Here γ_{ex} = 0 for free and periodic boundary conditions, while

γ_{ex} = d − 1 d |J|a_1 max 1≤k≤d−1 {|ξ^−_k |^2, |ξ^+_k |^2}

for the edgewise boundary condition.

One can bound ‖e^{−βb±} ‖_L2_{(R}Λ_{⊥)} similarly. On the other hand we can compare with an uncoupled problem, using (3.2),

V_{tr}(x) + V_{tr}(y) + JI(x, y) ≤ V_{tr}(x) + V_{tr}(y) + (2d)^{−1} |J| a_1 ( |x|^2 + |y|^2 ) ≤ ∑ i∈Λ_⊥ 1 2 ( v(x_i) + |J| a_1 |x_i|^2 + v_i(y_i) + |J| a_1 |y_i|^2 ) + γ_{ex} |Λ_⊥|

= Ṽ (x) + Ṽ (y),

where Ṽ (x) = ∑ i∈Λ_⊥ ṽ(xi) and ṽ(x) = v(x) + |J|a1|x| 2 2 + γ_{ex}. This implies the estimate λ_1 ≥ ⟨e^{−βṼ} , K e^{−βṼ} ⟩ / ‖e^{−βṼ} ‖^2_{L2(R}Λ_{⊥)} ≥ ‖e^{−βṼ} ‖^2_{L2(R}Λ_{⊥)} = ‖ e^{−βṽ} ‖_{2|Λ⊥|} L^2(R^n) . (3.8)

Combining (3.3) with (3.5)–(3.8) we find that for any β > 0 (and for any boundary condition)

F_Λ(β) = λ_1 |Λ_⊥| + O(L^{−1}_d ),

uniformly in Λ_⊥ and L_d, but pointwise in β. Recall F_Λ(β) =^{ln ZΛ (β)}_{|Λ|} . Similarly (but simpler) one can derive the same relation for F_Λ(β) in the case of the periodic boundary condition, see (3.4).

In particular this shows that, modulo an O(L^{−1}_d ) error, we can replace the boundary condition in the d-direction by the periodic boundary condition. One can now repeat the argument (with mixed boundary conditions) going through all the directions 1 through d and conclude

F_Λ(β) = λ^{per}_1 |Λ_⊥| + O(L^{−1}_{min}),

uniformly in Λ. Here λ^{per}_1 now refers to the first eigenvalue of the transfer operator with the periodic boundary condition (on Λ_⊥). We have

Proposition 3.2. Let V^{(Λ)} be as in Example 3.1. Then for any β > 0

F_Λ(β) = ln λ^{per}_1 |Λ_⊥| + O(L^{−1}_{min}),

uniformly in Λ.

Proof. We have already verified the first part of the result except for the case of the fixed boundary condition. Note that the case ξ_i = ξ_0 ∈ R^n falls under the edgewise boundary condition due to Example 3.1 (1). Let F_Λ(β) be the free energy with fixed boundary condition given by ξ ∈ R^{Zd}, sup_{i∈Z}d |ξ_i|_2 < ∞. We use Taylor’s formula and the Cauchy-Schwarz inequality to estimate, for any δ > 0: V_0(x) − δ |J| ∑ i∈∂Λ |x_i|^2 − C_δ |∂Λ| ≤ V (x) ≤ V_0(x) + δ |J| ∑ i∈∂Λ |x_i|^2 + C_δ |∂Λ|. Here V_0 is the potential with the free boundary condition. Note that |∂Λ| ≤ 2 ∑ 1≤k≤d Π_{l≠k}(2L_l + 1).

The constant terms contribution to the free energy is thus of the order O(L^{−1}_{min}). As for the δ|J| ∑ i∈∂Λ |xi| 2 2 error, we introduce an explicit Λ-dependence in V by replacing ω at the boundary of Λ by the following interaction term: For i ∼_Λ j with i ∈ ∂Λ and j ∈ E^±_k for some k (or vice versa) we take the new interaction term to be ω^±_{i,j} (x, y) = ± sign(J) δ |x − y|^2. We write V^± for the corresponding potential with fixed (or edgewise) boundary condition ξ_i = 0, F^±_Λ (β) for the corresponding free energies. These objects are well-defined if we choose δ > 0 small enough. We estimate F^+_Λ (β) ≤ F_Λ(β) ≤ F^−_Λ (β).

One can now construct transfer operators for V^± (for δ > 0 small enough) as above and show that

F^±_Λ (β) = ln λ^{per}_1 |Λ_⊥| + O(L^{−1}_{min}), which completes the proof. □

The question of existence of the thermodynamic limit has been treated in [He1], for Laplace integrals, and in [He3], for transfer operators. Both results are with the periodic boundary condition and d = n = 1. (Recall that the lattice dimension is reduced by one when one goes to the transfer operator picture). Both proofs, however, seem to generalize to any lattice dimension d > 1. The convergence rate is in both cases O(L^{−1}_{min}). Our result above now combines with the results of Helffer to show that the thermodynamic limit exists for any boundary condition (considered here) and the convergence rate is O(L^{−1}_{min}). We note that further assumptions has to be imposed in order to apply the results of Helffer. See [R] for a comprehensive treatment of thermodynamic limits.

4. The transfer operator: The case of a unique global minimum

We will in this section prove a localization result for the transfer operator (1.2). We apply it to a translation invariant version of the example considered in section 2. We do not in this paper see any simplification in the use of the transfer operator, but we hope that one can utilize the decrease in lattice dimension (from d to d − 1) to study the correlation length (or inverse spectral gap (ln λ_1 − ln λ_2)^{−1}) for d ≥ 2. This viewpoint was taken in [M], in the case of spin chains (d = 1), where Λ_⊥ = {0} and K is an operator on L^2(R^n ), which is independent of Λ. This makes it possible to show localization results under much weaker conditions than the ones considered here.

Condition 4.1. Let J ∈ R, V_{tr} = V^{(Λ)}_{tr} a family of potentials satisfying Condition 2.1 with σ_1 = ∞. Let I = I^{(Λ)} ∈ C^3(R^Λ_x × R^Λ_y ) satisfy for some b_0 > 0 and C_3 > 0

(1) I(0, 0) = 0 and ∇_xI(0, 0) = ∇_yI(0, 0) = 0. (2) ‖∇^2_{(x,y)}I(x, y)‖_{∞,∞} ≤ b_0 uniformly in x, y ∈ R^Λ .

(3) For t_1, t_2, t_3 ∈ R^Λ × R^Λ we have |⟨∇^3_{(x,y)}I(x, y), t_1 ⊗ t_2 ⊗ t_2⟩| ≤ C_3|t_1|_{p1} |t_2|_{p2} |t_3|_{p3} , uniformly in x, y ∈ R^Λ , 1 ≤ p_i ≤ ∞ with p^{−1}_1 + p^{−1}_2 + p^{−1}_3 = 1.

(4) |J| < J_0 =^{2(σ2 (Vtr )−a0 (Vtr ))}

3b_0 .

For V_{tr}, I and J satisfying Condition 4.1 we define the transfer operator K via its kernel (1.2). Note that in Proposition 2.3 we could have chosen σ_2 = τ_2 − |J|a_1 and σ_1 = ∞ instead (if we take J_0 =^{τ2}_{(n+1)a1} in Example 2.2 also).

The following lemma can now be proved in the same way as Proposition 2.3, using the estimate (3.2).

Lemma 4.2. Suppose V is as in Example 2.2 with the extra conditions given in Example 3.1. Then for |J| <^{dτ2} (3/2+(d−1)(n+1))a_1 the corresponding Vtr and I given in section 3 satisfies Condition 4.1

with σ_1 = ∞ (and Λ replaced by Λ_⊥). Here b_0 =^1_d na_1, σ_2 = τ_2 −^{d−1}_d |J|a_1 and a_0 =^{d−1}_d n|J|a_1.

Remark: The restriction on |J| comes about because σ_2 and a_0 (for V_{tr}) are |J|-dependent. The requirement Condition 4.1 (4) therefore implies an extra assumption on the coupling strength.

We introduce a potential V^′ ∈ C^3(R^Λ × R^Λ ) by

V^′(x, y) = V_{tr}(x) + V_{tr}(y) + JI(x, y).

For Λ ∈ Γ write Λ^′ = Λ × {−1, +1} and define Γ^′ = {Λ^′}_{Λ∈Γ} equipped with the partial ordering Λ^′_1 ≺ Λ^′_2 ⇔ Λ_1 ≺ Λ_2. We define n_Λ′ (λ, σ) := n_Λ(λ), (λ, σ) ∈ Λ^′. In particular R^{Λ′} = R^Λ × R^Λ and n_0(Γ^′) = n_0(Γ). Then

Lemma 4.3. The potential V^′ satisfies Condition 2.1 with Γ replaced by Γ^′ and we have the following relation between constants: ω_0(V^′) = ω_0(V_{tr}) + |J|b_0, σ_2(V^′) = σ_2(V_{tr}) −^1_2 |J|b_0, a_0(V^′) = a_0(V_{tr}) + |J|b_0, R_0(V^′) = R_0(V_{tr}) and C_3(V^′) = C_3(V_{tr}) + |J|C_3(I).

Proof. The lemma follows easily from the form of the Hessian

∇^2_{(x,y)}V^′(x, y) =

∇^2V_{tr}(x) + J ∇^2_xI(x, y) J ∇_x∇_y I(x, y)

J ∇_x∇_yI(x, y) ∇^2V_{tr}(y) + J ∇^2_yI(x, y) .

We verify the estimate on the off-diagonal part A_V ′ (x, y) = ( A_{Vtr} (x) 0 0 A_{Vtr} (y) ) + J ∇^2_{(x,y)}I(x, y). For s = (s_1, s_2), t = (t_1, t_2) ∈ R^Λ × R^Λ we estimate |⟨s, A_V ′ (x, y)t⟩| ≤ |⟨s_1, A_{Vtr} (x)t_1⟩| + |⟨s_2, A_{Vtr} (y)t_2⟩| + |J| |⟨s, ∇_{(x,y)}I(x, y)t⟩| ≤ (a_0(V_{tr}) + |J| b_0) |s|_1 |t|_∞ =: a_0(V^′) |s|_1 |t|_∞.

That the choice of C_3(V^′) works is clear. By duality and interpolation, Condition 4.1 (2) implies that |I(x, y)| ≤^1_2 b_0(|x|^2 + |y|^2). We can thus take σ_2(V^′) = σ_2(V_{tr}) −^1_2 b_0|J| and by Condition 4.1 (4) we find a_0(V^′) < σ_2(V^′), which completes the proof. □

We note that the Perron-Frobenius Theorem implies that the highest eigenvalue λ(β) = λ^{(Λ)}(β) of K is non-degenerate and one can choose an eigenfunction ψ_1 = ψ^{(Λ)}_1 to be strictly positive.

We wish to compare the free energy f_Λ(β), see (1.4), with a localized version. As for the Laplace integral in the previous section we consider for R > 0 the localized operator

K_R(x, y) = χ_R(x) K(x, y) χ_R(y), (4.1)

where χ_R = 1 on B_R and χ_R = 0 otherwise. The localized operator again has a simple highest eigenvalue λ_R(β) = λ^{(Λ)}_R (β) and corresponding eigenfunction φ_1 ∈ L^2(B_R), which, when extended by 0, can be viewed as a function on the full space. The corresponding localized free energy is

f^R_Λ (β) = ln λ_R(β) |Λ| . (4.2)

Note that the first eigenvalue is given by an expectation value of K in ψ_1, which has the form of a Laplace integral. Using this observation we get

Theorem 4.4. Assume V_{tr}, I and J satisfies Condition 4.1. For any R > 0, there exists a > 0 (independent of Λ) such that

f^R_Λ (β) ≤ f_Λ(β) ≤ f^R_Λ (β) + 2 n_0 e^{−aβ} .

Proof. First we note that

λ_R(β) = ⟨φ_1K_Rφ_1⟩_L2_{(BR)}

= ⟨φ_1, Kφ_1⟩_L2_{(R}Λ_) ≤ ‖K‖ = λ(β).

As for the other inequality, fix r such that 0 < r < min{R, R_0(V^′), σ_1(V^′)/a_0(V^′)}, see Lemma 4.3. We get an ϵ > 0 from Lemma 2.5 applied with r and V^′. Let S be a family of centers ρ = (ρ_x, ρ_y) such that Ω(ρ) form a covering of R^Λ × R^Λ and S ⊂ ϵ(Z^Λ × Z^Λ). We now use Lemma 2.5 and the positivity of ψ_1 to estimate λ(β) = ∫ R^Λ×R^Λ

e^{−βV ′(x,y)}ψ_1(x) ψ_1(y) d^Λx d^Λy ≤ ∑ ρ∈S e^{−βδ0|ρ|1} ∫ Ω(ρ) e^{−βV ′(x−ρx,y−ρy )}ψ_1(x) ψ_1(y) d^Λx d^Λy ≤ ∑ ρ∈Z^Λ×Z^Λ e^{−aβ|ρ|1} ∫ B_R×B_R e^{−βV ′ (x,y)}(T_{ρx} ψ_1)(x) (T_{ρy} ψ_1)(y) d^Λx d^Λy.

Here a = δ_0ϵ and (T_sψ)(x) = ψ(x + s), s ∈ R^Λ . We recognize the integral as an expectation value and estimate further using the Cauchy-Schwarz inequality λ(β) ≤ ∑ ρ∈Z^Λ×Z^Λ e^{−aβ|ρ|1} ‖K_R‖ ‖T_{ρx} ψ_1‖ ‖T_{ρy} ψ_1‖ ≤ (1 − e^{−aβ} )^{−2NΛ} λ_R(β), see (2.9). This completes the proof. □

5. A class of symmetric double well potentials

In this section we turn to a class of double well problems of the form given in Example 1.1. We write R^n ∋ x = (x_1, x^′), where x_1 ∈ R and x^′ = (x_2, . . . , x_n) ∈ R^{n−1} . The self-energies v_i will be assumed symmetric with respect to the x_1 coordinate.

Example 5.1 (Double-well potentials). Let V have the form given in Example 1.1 with the periodic boundary condition and ω_{i,j} = 0 if |i − j|_1 ≠ 1 (nearest neighbour interaction). We assume J > 0 and there exist {ω̃_{i,j} }_{|i−j|1 =1} ⊂ C^3(R_z × R^{n−1}_x′ × R^{n−1}_y′ ), r_c > 0, τ_2 > 0 and a_2 > 0 such that (1) The v_i’s are reflection symmetric: v_i(x_1, x^′) = v_i(−x_1, x^′), for any x = (x_1, x^′) ∈ R^n . (2) There exists z^c_i ≥ 2r_c such that M_i = {−z^c_i , z^c_i }. (3) v_i(x) ≥ τ_2(|x_1 − z^c_i |^2 + |x^′|^2), x_1 ≥ 0.

(4) ω_{i,j} (x, y) = ω̃_{i,j} (x_1 − y_1, x^′, y^′), ω̃_{i,j} (z, x^′, y^′) = ω̃_{i,j} (−z, x^′, y^′) for x^′, y^′ ∈ R^{n−1} . (5) z∂_zω̃(z, x^′, y^′) ≥ 0, for all z ∈ R, x^′, y^′ ∈ R^{n−1} and inf_{z>rc,x}′_{,y}′_{∈R}n−1 ∂_zω̃_{i,j} (z, x^′, y^′) ≥ a_2.

Remark: In the light of section 3, we note that the restriction to the periodic boundary condition is (in the translation invariant case) not a significant one. The lower bound in (3) can, at infinity, be replaced by a linear lower bound in the case ω_{i,j} ≥ 0. The condition (5), which is a ferromagnetic assumption, assures that the wells decouple in a way similar to the Ising model. We note that the system is only required to behave as a ferromagnet in the first variable. An example of an interaction satisfying (4-5) is ω_{i,j} (x, y) = (x_1 − y_1)^2 + ω̂(x^′, y^′), where ω̂ is as in Example 1.1 (with d replaced by d − 1).

From the inequality

V^{(Λ)}(x) ≥ ∑ i∈Λ v_i(x_i) + J 4 ∑ i≠j i,j∈Λ ∑ l_∗∈Λ^∗ |i−j−l_∗ |_1=1 ω̃_{i+l∗,j} (0, x^′_i, x^′_j ) + ω̃_{i,j−l∗} (0, x^′_i, x^′_j )

≥ ∑ i∈Λ (v_i(x_i) − a_1 |J| |x^′_i|^2), which follows from Example 1.1 (5), (1.7) and Example 5.1 (5), we conclude that for J < τ_2/a_1, V^{(Λ)} has precisely two global minima located at z^±_c ∈ R^Λ , where {z^±_c }_i = (±z^c_i , 0) ∈ R^n . We take the localized partition functions to be

Z^{±,R}_Λ (β) = ∫ x∈R^Λ,|x−z^±_c |_∞≤R e^{−βV (Λ) (x)}d^Λx, Note that, due to reflection symmetry (invariance of V under the map: x → x̃ where x̃_{i,1} = −x_{i,1} and x̃^′ = x^′), we have Z^{+,R}_Λ (β) = Z^{−,R}_Λ (β).

A central point in our analysis is a connection with the Ising model for discrete spins on Z^d. We label the spin sectors S_σ = {x ∈ R^Λ : σ_ix_{i,1} ≥ 0} by discrete spins σ ∈ {−1, +1}^Λ and write σ^+ and σ^− for the spins with σ^±_i = ±1, i ∈ Λ.

We note that the part of V coming from the self-energies v_i is invariant under the involution

P_σ : S_σ+ → S_σ

given by {P_σx}_i = (σ_ix_{i,1}, x^′_i). The interaction part of V however, will in general increase under the map P^+_σ . We will now investigate this increase.

Let x ∈ S_σ+ and σ ≠ σ^+. We wish to examine the sum ∑ i≠j i,j∈Λ ∑ l_∗∈Λ^∗ |i−j−l_∗|_1=1 ω_{i+l∗,j} ((P_σ x)_i, (P_σ x)_j ) + ω_{i,j−l∗} ((P_σ x)_i, (P_σ x)_j ) .

Take i ≠ j ∈ Λ and l_∗ ∈ Λ^∗ such that |i − j − l_∗|_1 = 1. We consider the case σ_i = −1 and σ_j = +1. By Taylor’s formula we have ω_{i+l∗,j} ((P_σ x)_i, x_j ) = ω_{i+l∗,j} (x_i, x_j ) − 2 ∫_1 0 ∂_zω̃_{i+l∗,j} ( x_t, x^′_i, x^′_j ) x_{i,1} dt x_t = (1 − 2t)x_{i,1} − x_{j,1}. Since ∂_zω̃_{i+l∗,j} is an odd function of z (the first coordinate) we find that − ∫_1 0 ∂_zω̃_{i+l∗,j} ( x_t, x^′_i, x^′_j ) x_{i,1} dt = − ∫_1

t_0(x_{i,1} ,x_{j,1}) ∂_zω̃_{i+l∗,j} ( x_t, x^′_i, x^′_j ) x_{i,1} dt, where t_0(z_1, z_2) = 0 if z_1 > z_2 and t_0(z_1, z_2) = 1 −^{z2}_{z1} if z_1 ≤ z_2 (recall that for all i ∈ Λ: x_{i,1} ≥ 0). The next step will be to employ the lower bound in Example 5.1 (5). Let a_{i,j} (x) = a_2 if x_{i,1}, x_{j,1} > r_c and a_{i,j} (x) = 0 otherwise. We can now estimate ω_{i+l∗,j} ((P_σ x)_i, x_j ) ≥ ω_{i+l∗,j} (x_i, x_j ) + x_{i,1} ( 1 − max { 1 2 , t_0(x_{i,1}, x_{j,1}) }) a_{ij} (x) ≥ ω_{i+l∗,j} (x_i, x_j ) + 1 2 r_c a_{i,j} (x). The estimate above clearly holds with ω_{i+l∗.j} replaced by ω_{i,j−l∗} as well. For general i ≠ j ∈ Λ and l_∗ ∈ Λ^∗ with |i − j − l_∗|_1 = 1 we thus get ω_{i+l∗,j} ((P_σ x)_i, (P_σ x)_j ) ≥ ω_{i+l∗,j} (x_i, x_j ) + 1 8 (σ_i − σ_j )^2r_c a_{ij} (x) as well as the same estimate with ω_{i+l∗,j} replaced by ω_{i,j−l∗} . Now let N(x) = #{i : 0 ≤ x_i ≤ r_c}. Then ∑ i≠j i,j∈Λ ∑ l_∗∈Λ^∗ |i−j−l_∗|_1=1 ω_{i+l∗,j} ((P_σ x)_i, (P_σ x)_j ) + ω_{i,j−l∗} ((P_σ x)_i, (P_σ x)_j )

≥ ∑ i≠j i,j∈Λ ∑ l_∗∈Λ^∗ |i−j−l_∗|_1=1

[ ω_{i+l∗,j} (x_i, x_j ) + ω_{i,j−l∗} (x_i, x_j ) + 1 4 (σ_i − σ_j )^2r_c a_2 ] − N(x) q_d r_c a_2, (5.1)

where q_d = 2d is the number of nearest neighbours on the lattice.

Let S^+ be a set of centers ρ ∈ S_σ+ constructed around z^+_c (instead of 0) in such a way that the Ω(ρ)’s cover S_σ+ and Ω(ρ) ⊂ S_σ+ (see Definition 2.4). We extend this to a covering of R^Λ by choosing S = { P_σ ρ : ρ ∈ S^+, σ ∈ {−1, +1}^Λ } and Ω(P_σ ρ) = P_σ Ω(ρ).

We furthermore choose the boundaries of the Ω(ρ)’s such that

N(ρ) = N(x) for all x ∈ Ω(ρ).

This means that we require 2ϵ < r_c. We can now estimate ∫ R^Λ e^{−βV (x)}d^Λx = ∑ ρ∈S ∫ Ω(ρ) e^{−βV (x)}d^Λx = ∑ ρ∈S^+ ∑ σ∈{−1,+1}^Λ ∫ Ω(ρ) e^{−βV (Pσ (x))}d^Λx

≤ ∑ ρ∈S^+ e^{14 βJN(ρ)qdrca2} ∫ Ω(ρ) e^{−βV (x)}d^Λx ∑ σ∈{−1,+1}^Λ e^{−γIΛ(σ)},

where γ =^1_8 βr_ca_2. Here I_Λ(σ) is the Ising energy (with periodic boundary conditions) of the discrete spin distribution σ on the d-dimensional lattice Λ, without the overall constant coming from the self-energy, I_Λ(σ) = J 2 ∑ i∼_Λ j (σ_i − σ_j )^2.

The sum appearing above is essentially the partition function for the d-dimensional Ising model at temperature γ. Z^{Ising}_Λ (γ) = ∑ σ∈{−1,+1}^Λ e^{−γIΛ(σ)}. We write Λ = Λ_⊥ × Λ_d where Λ_⊥ = ×^{d−1}_{k=1}[−L_k, L_k] and Λ_d = [−L_d, L_d].

and decompose i = {i_⊥, i_d}. For σ ∈ {−1, +1}^Λ and i_⊥ ∈ Λ_⊥ we write σ^{i⊥} ∈ {−1, +1}^{Λd} for the spin-distribution with σ^{i⊥}_{id} = σ_i. Conversely we write σ ∈ {−1, +1}^Λ for the spin-distribution on Λ composed by Λ_⊥ spin-distributions σ^{i⊥} ∈ {−1, +1}^{Λd} , i.e. σ_i = σ^{i⊥}_{id} . We estimate by cutting the interaction between lines I_Λ(σ) ≥ ∑ i_⊥∈Λ_⊥ I_{Λd} (σ^{i⊥} ).

This leads us to the estimate

Z^{Ising}_Λ (γ) ≤ ∑ {σ^i⊥ }_{i⊥ ∈Λ⊥} ⊂{−1,+1}^Λd Π_{i⊥ ∈Λ⊥} e^{−γIΛd (σi⊥ )} = Z^{Ising}_{Λd} (γ)^{|Λ⊥|}. (5.2)

It is well-known that Z^{Ising}_{Λd} (γ) = (1 + e^{−2γJ} )^{|Λd |} + (1 − e^{−2γJ} )^{|Λd|}. (5.3)

This can be computed either using the transfer matrix method or a simple recursive argument, see [T].

As in the proof of Theorem 2.6 we estimate, using Lemma 2.5,

Z_Λ(β) ≤ Z^{Ising}_{Λd} (γ)^{|Λ⊥|} ∑ ρ∈S^+ e^{−β}(^{δ0 |ρ−z+c |1− 14 JN(ρ)qd rca2}) ∫ Ω(z^+_c ) e^{−βV (x)}d^Λx.

We now notice that N(ρ) ≤ r^{−1}_c |ρ − z^+_c |_1, see Example 5.1 (2). This implies the following result (noticing that the choice of splitting Λ = Λ_⊥ × Λ_d was arbitrary)

Theorem 5.2. Let V be as in Example 5.1. For each 0 < R ≤ r_c there exist a > 0 and J_0 > 0 (independent of Λ) such that for 0 < J < J_0

|F_Λ(β) − F^{±,R}_Λ (β)| ≤ n e^{−aβ} + O(L^{−1}_{min}).

The decay in the last term is pointwise in β.

Another approach to this problem seems reasonable. Namely, to apply the method of section 2 to each of the spin-sectors S_σ separately and then use the Ising model to sum up the contributions. We were however not able to overcome the technical difficulties. This method, if made to work, could probably be applied to a non-symmetric double-well problem and perhaps one could then show that the free energy is determined by a localization to the shallowest of the two global minima. See [M] for such an argument in fixed dimension.

We end this section with the double-well problem, from the point of view of transfer operators. We consider Example 5.1, plus isotropy; v_i = v and ω_{i,j} = ω. For the corresponding V_{tr} and I, see section 3.

We use spin-pairs σ = (σ_x, σ_y), σ_x, σ_y ∈ {−1, +1}^{Λ⊥} , to label the spin-sectors S_σ = S_{σx} × S_{σy} , where S_{σx} and S_{σy} are given as above. We introduce an involution P_σ : S_σ+ → S_σ , where σ^+ = (σ^+, σ^+), P_σ (x, y) = (P_{σx} x, P_{σy} y). We take centers T_+ of the form ρ = (ρ_x, ρ_y) where ρ_x, ρ_y ∈ S_+. We use neighbourhoods Θ(ρ) = Ω(ρ_x) × Ω(ρ_y), where the Ω’s form a covering, as above, of S_σ+ . Then T = ⋂ σ P_σ T_+ and Θ(P_σ ρ) = P_σ Θ(ρ). We have λ(β) = ∫ R^Λ⊥ ∫ R^Λ⊥

K(x, y) ψ_1(x) ψ_1(y) d^{Λ⊥} x d^{Λ⊥} y ≤ ∑ ρ∈T ∫ Θ(ρ)

K(x, y) ψ_1(x) ψ_1(y) d^{Λ⊥} x d^{Λ⊥} y = ∑ σ ∑ ρ∈T_+ ∫ Θ(ρ)

K(P_σ (x, y)) ψ_1(P_{σx} x) ψ_1(P_{σy} y) d^{Λ⊥} x d^{Λ⊥} y.

Let V^′(x, y) = V_{tr}(x) + JI(x, y) + V_{tr}(y). Then K(x, y) = e^{−βV ′(x,y)}. We estimate using (5.1) for (x, y) ∈ S_σ+ V^′(P_σ (x, y)) = V_{tr}(P_{σx} x) + J I(P_{σx} x, P_{σy} y) + V_{tr}(P_{σy} y) ≥ V^′(x, y) + ∑ i∼_{Λ⊥} j Jc 2 [ (σ_{x,i} − σ_{x,j} )^2 + (σ_{y,i} − σ_{y,j} )^2 ] − J c [N(x) + N(y)], for some c > 0. (We used the simple estimate I(P_{σx} x, P_{σy} y) ≥ I(x, y).) This implies that λ(β) ≤ ∑ σ e^{−γIΛ⊥ (σx)}e^{−γIΛ⊥ (σy )} ∑ ρ∈T_+ e^{βJc(N(ρx)+N(ρy ))} ∫ Θ(ρ)

K(x, y) ψ_1(P_{σx} x) ψ_1(P_{σy} y) d^{Λ⊥} x d^{Λ⊥} y,

where γ = cβ. From Lemmas 4.2, 4.3 and 2.5, we get a δ_0 > 0, such that for ρ ∈ T_+ and (x, y) ∈ Θ(ρ) V^′(x, y) − V^′(x − ρ_x, y − ρ_y) ≥ δ_0 (|ρ_x|_1 + |ρ_y|_1) .

Let (see also (1.4), (4.1) and (4.2))

f_{Λ⊥} (β) = λ(β) |Λ_⊥| and f^R_{Λ⊥} (β) = λ_R(β) |Λ_⊥| , where, as in section 4, λ_R(β) is the first eigenvalue of the transfer operator K localized to the ball B_R(z^+_c ) = B_R + z^+_c .

We can now proceed as in the proof of Theorem 4.4, using (5.2) and (5.3), and obtain

Theorem 5.3. Let V be as in Example 5.1 and assume the system is translation invariant (v_i = v and ω_{i,j} = ω). Then for any 0 < R < r_c there exist a > 0 and J_0 > 0 such that for 0 < J < J_0

|f_{Λ⊥} (β) − f^R_{Λ⊥} (β)| ≤ 2 n e^{−aβ} + O(L^{−1}_{min}). The decay in the last term is pointwise in β.

Here L_{min} = min{L_k : 1 ≤ k ≤ d − 1}. Note that this result combines with Proposition 3.2 to give a complicated proof of Theorem 5.2.

6. Complete low-temperature expansions

We will not state the result of this section in its most general form. Instead we will focus on our examples. In this way we avoid introducing Sjöstrand’s standard function calculus, see [Sj3].

We consider

Example 6.1. Assume J > 0 and V is as in either Example 2.2 or Example 5.1, with n = 1. Suppose furthermore that

(1) v_i ∈ C^∞(M_i(R_0)), ω_{i,j} ∈ C^∞(M_i(R_0) × M_j (R_0)). (2) sup_{i∈Z}d sup_{x∈Mi(R0)} |∂^kv_i(x)| < ∞, for k ≥ 4. (3) For k + l ≥ 4: sup_{i∈Zd} ∑ j(≠i) sup x∈M_i(R_0),y∈M_j (R_0) |∂^k_x ∂^l_yω_{i,j} (x, y)| + sup x∈M_j (R_0 ),y∈M_i(R_0 ) |∂^k_x ∂^l_yω_{j,i}(x, y)| < ∞.

Under these assumptions one can verify that V = V^{(Λ)} is a standard function family in the sense of [Sj3]. We now use the results of Helffer, [He1], and Sjöstrand, [Sj3], in conjunction with Theorem 2.6 and Theorem 5.2 to obtain

Theorem 6.2. Suppose V is as in Example 6.1 and J is small enough. For each Λ = Λ(L) ⊂ Z^d there exists {F^{(Λ)}_k }_{k≥0} ⊂ R with sup_{Λ∈Γ} |F^{(Λ)}_k | < ∞ such that: For any N > 0 there exists β_0 > 0 and C > 0 independent of Λ such that for β > β_0

|F_Λ(β) − N∑ k=0 F^{(Λ)}_k β^{−k}| ≤ C β^{−N−1} + O(L^{−ϵ}_{min}).

The decay in the last term is pointwise in β. In particular

lim sup Λ→∞ |F_Λ(β) − N∑ k=0 F^{(Λ)}_k β^{−k}| ≤ C β^{−N−1}.

Remarks:

1) The construction of [He1] and [Sj3] had previously appeared in another context in [Sj2].

2) We will not be more precise about the statement J small enough. We just note that J > 0 can be of the same order of magnitude as in Theorem 2.6 and Theorem 5.2.

3) The expansion coefficients F_k can be written down (more or less) explicitly in terms of ∇^k V (0) in the case of Example 2.2 and ∇^kV (z^+_c ) in the case of Example 5.1, see [M].

4) One can formulate a similar theorem for a class of transfer operators with V_{tr} a standard function family and I(x, y) =^1_2 |x − y|^2. See [He2].

A standard function calculus with weights has been introduced by Helffer and Sjöstrand to study convergence problems in the thermodynamic limit. One can, in the case of translation invariant systems with periodic boundary conditions, use this method to show that F_Λ(β) and the expansion coefficients F^{(Λ)}_k has a thermodynamic limit: F (β) = lim_{Λ→∞} F_Λ(β) and F_k = lim_{Λ→∞} F^{(Λ)}_k . See [Sj3] and references therein. (The convergence rate for the F^{(Λ)}_k ’s is exponential in L_{min}). This has been applied to Schrödinger operators, see [Sj1], [HeSj1] and [HeSj2], Laplace integrals, see [He1], and transfer operators in the strong coupling limit J → ∞, see [HeRa]. (The three problems are technically very similar). The result above now implies statements of the following type. For each N > 0, there exist β_0 > 0 and J_0 > 0 such that for |J| < J_0 and β > β_0

F (β) = N∑ k=0 F_k β^{−k} + O(β^{−N−1}).

We will not supply a proof of this statement here or give precise assumptions on v and ω_{i−j} . Again, the arguments given in the literature are for potentials with a one-dimensional lattice structure, but the results should generalize without problems.

Appendix A. Proof of Proposition 2.3

This appendix is devoted to the proof of Proposition 2.3.

Proof. The C(Λ)’s given in the statement of the proposition clearly satisfies Condition 2.1 (1).

As for (2), (3) and (4) we start by analyzing the diagonal and off-diagonal part of the Hessian of the interaction term W (x) =^1_2 ∑ i≠j ωi,j (xi − xj ). We pick A to be the matrix with (n × n-matrix

valued) entries a_{i,i} = 0, i ∈ Λ, and for i, j ∈ Λ with i ≠ j we take a_{i,j} = J{∇^2W (x)}_{i,j} . In the case of free, fixed and edgewise boundary conditions we have a_{i,j} = J 2 (∇_x∇_y ω_{i,j} (x_i, x_j ) + ∇_x∇_y ω_{j,i}(x_j , x_i)) , while a_{i,j} = J 4 ∑ l_∗∈Λ^∗ ∇_x∇_y ω_{i+l∗,j} (x_i, x_j )+∇_x∇_yω_{i,j−l∗} (x_i, x_j )+∇_x∇_yω_{j+l∗,i}(x_j , x_i)+∇_x∇_y ω_{j,i−l∗} (x_j , x_i),

in the case of periodic boundary conditions. Let s, t ∈ R^Λ . Then, by Example 1.1 (5) and (1.7) (for k = l = 1), |⟨s, At⟩| ≤ ∑ i∈Λ |s_i|_2 ∑ j(≠i) |a_{i,j} |_{2,2}|t_j |_2 ≤ n|J| ∑ i∈Λ |s_i|_1a_1 sup_{j∈Λ} |t_j |_∞ = n|J|a_1|s|_1|t|_∞. This shows that ‖A‖_{∞,∞} ≤ a_0 = n|J|a_1. Note that we also have the bound ‖A‖_{2,2} ≤ |J| a_1. (A.1)

The contribution from the self-energy part, ∑ v_i, of the potential is easily accounted for. We concentrate on the interaction part: W (x) = W (0) + ∇W (0) · x +

∫_1 0 (1 − t)⟨∇^2W (tx)x, x⟩. (A.2) We have already computed the off-diagonal part of J∇^2W above. As for the block-diagonal part we have three cases. The free boundary condition: {∇^2W }_{i,i} = 1 2 ∑ j∈Λ\{i} ∇^2_xω_{i,j} (x_i, x_j ) + ∇^2_yω_{j,i}(x_j , x_i).

The fixed and edgewise boundary condition: {∇^2W }_{i,i} = 1 2 ∑ j∈Z^d\{i} ∇^2_xω_{i,j} (x_i, x_j ) + ∇^2_y ω_{j,i}(x_j , x_i),

with the convention that x_j = ξ_j (fixed) or x_j = ξ^±_k , j ∈ E^±_k , (edgewise) if j ∉ Λ. The periodic boundary condition: {∇^2W }_{i,i} = 1 4 ∑ j∈Λ\{i} ∑ l_∗∈Λ^∗ (∇^2_xω_{i+l∗,j} (x_i, x_j ) + ∇^2_xω_{i,j−l∗} (x_i, x_j ) + ∇^2_yω_{i+l∗,j} (x_j , x_i) + ∇^2_yω_{j,i−l∗} (x_j , x_i)). By Example 1.1 (5), (1.7) and (A.1), we get uniformly in R^Λ ‖∇^2W (x)‖_{2,2} ≤ sup_{Λ∈Γ} sup_{i∈Λ} ‖{∇^2W }_{i,i}‖_{2,2} + J^{−1} ‖A‖_{2,2} ≤ 2 a_1. (A.3)

(In particular this shows that we can choose ω_0 = sup_{i∈Z}d(|∇^2v_i(0)|_{2,2} +2|J|a_1). Note that W (0) = 0 and ∇W (0) = 0 in the case of free and periodic boundary conditions. In these two cases we proceed as follows (see (A.2)): Choose C(Λ) = 0. Pick a σ_2 satisfying a_0 < σ_2 < Σ − |J|a_1, which is possible by Example 2.2 (3). There exists R_1 > 0, see Example 1.1 (3), such that v_i(x_i)−|J|a_1|x_i|^2 ≥ σ_2|x_i|^2, for |x_i|_∞ ≤ R_1. Pick σ_1 = R_1(τ_2 − |J|a_1), which is positive by Example 2.2 (3). Then, by (A.3) and (A.2) , the lower bound in Condition 2.1 (3) is satisfied.

We are left with estimating W (0) and ∇W (0) in the case of fixed and edgewise boundary conditions. In the case of the edgewise boundary condition we have nearest neighbour interaction on a box and it is easy to verify that |W (0)| + |∇W (0)|_1 ≤ C |∂Λ| and |∇W (0) · x| ≤ C_δ |∂Λ| + δ ∑ i∈∂Λ x^2_i ,

for any δ > 0. We take a_0 < σ_2 < Σ − |J|a_1 and C(Λ) = J_0(C + C_δ)|∂Λ|, for small enough δ > 0. We can now choose σ_1 as above.

As for the fixed boundary condition we will need to use the stronger decay assumption (1.6). We introduce a foliation of Λ Λ = ν_Λ⋃

k=1 ∂_kΛ, where ν_Λ = [(L_{min} + 1)/2] and ∂_kΛ = {i ∈ Λ : min{|i − j|_∞ : j ∉ Λ} = k}. Note that ∂_1Λ = ∂Λ. We write

W (0) =

ν_Λ∑

k=1 W_k, where W_k = 1 2 ∑ i∈∂_k Λ ∑ j∉Λ ω_{i,j} (0, ξ_j ) + ω_{j,i}(ξ_j , 0). (A.4)

By Taylor’s formula, Example 1.1 (4) and (1.6) we get the estimate |W_k| ≤ C ∑ i∈∂_k Λ ∑ j∉Λ Π^d_{l=1}(|i_l − j_l| + 1)^{−1−ϵ}.

We use that Λ^c = ∪^d_{l=1}{j ∈ Z^d : |j_l| > L_l} (not a disjoint union) to estimate further

|W_k | ≤ C ∑ i∈∂_k Λ d∑ l=1 ∑ j_l ∉[−L_l,L_l] (|i_l − j_l| + 1)^{−1−ϵ} ≤ C |∂_kΛ| k^{−ϵ} ≤ C |Λ| (L_{min} − k)^{−1} k^{−ϵ}. (A.5)

Here we used that |∂_kΛ| ≤ d∑ l=1 2Π_l′_{≠l}(2(L_l′ − k + 1) + 1)

≤ 2 d [Π^d_{l=1}(2(L_l − k) + 1)] (2(L_{min} − k + 1) + 1)^{−1} ≤ d |Λ| (L_{min} − k)^{−1}.

Note that for any ϵ < 1 (which we can assume) the function f_s(t) = (s − t)^{−1} t^{−ϵ}, t ∈ [1, s − 1] takes its maximum, for large enough s, at t =^ϵ_{1+ϵ} s. Hence, f_s(t) ≤ C_ϵs^{−1−ϵ} for large s. It thus follows, by (A.4) and (A.5), that for L_{min} large enough: |W (0)| ≤ C |Λ| ν_Λ∑

k=1 (L_{min} − k)^{−1} k^{−ϵ} ≤ C |Λ| L^{−ϵ}_{min}.

Similarly we can estimate |∇W (0)|_1 ≤ C |Λ| L^{−ϵ}_{min} and |∇W (0) · x| ≤ C_δ |Λ| L^{−ϵ}_{min} + δ |x|^2, for any δ > 0. We take again a_0 < σ_2 < Σ − |J|a_1, and C(Λ) = J_0(C + C_δ )|Λ|L^{−ϵ}_{min}, for δ > 0 small enough. We choose σ_1 as above.

As for the remaining bound (5), it follows from Example 1.1 (3) and (5). This concludes the proof. □

Appendix B. A counter example

In this appendix we show that the Laplace integral (1.1) does not localize in any l^p-neighbourhood, with p < ∞. This shows that l^∞ neighbourhoods is the natural choice. Take Γ = N with the natural ordering and n_m(i) = 1. We choose a harmonic potential, namely v_i(x_i) = x^2_i and J = 0. Let B^p_r = {x ∈ R^m : |x|_p ≤ r}. For σ ∈ {−1, +1}^m we take centers ρ^σ ∈ R^m defined by ρ^σ_i =^{σi}_{m1/p} . In the following we fix δ <^1_2 . For each center we take an l^p neighbourhood Ω(ρ^σ ) = {x ∈ R^m : |x − ρ^σ |_p ≤ δ} = B^p_δ + ρ. Note that B^p_δ ∩ Ω(ρ^δ) = ∅. We have the lower bound ∫ R^m e^{−βV (x)}d^mx ≥ ∫ B^p_δ e^{−βV (x)}d^mx + ∑ σ∈{−1,+1}^m ∫ Ω(ρ^σ ) e^{−βV (x)}d^mx We now estimate for σ ∈ {−1, +1}^m and x ∈ Ω(ρ^σ ) V (x) − V (x − ρ^σ ) = |ρ^σ|^2 + 2 ρ^σ · (x − ρ^σ ) ≤ m^{1−2/p} + 2 δ |ρ^σ |_q = (1 + 2 δ) m^{1−2/p}.

Here 1/p + 1/q = 1. Combining these two estimates we get ∫ R^m e^{−βV (x)}d^mx ≥ ( 1 + 2^m e^{−2βm1−2/p} ) ∫ B^p_δ e^{−βV (x)}d^mx. This implies that

lim inf m→∞ 1 m { ln (∫ R^m e^{−βV (x)}d^mx ) − ln (∫ B^p_δ e^{−βV (x)}d^mx )} ≥ ln 2,

which shows that the low-temperature localization fails to hold in an l^p ball if p < ∞.

In [So] a semiclassical localization problem for the Schrödinger operator with uniform control in high dimension was considered. The study pertained to the first eigenvalue in the case of globally convex potentials. Instead of using an l^∞ neighbourhood the author used l^2 neighbourhoods which scaled with the dimension. That is, of the form {x ∈ R^m : m^{−1/2}|x|_2 ≤ R}. Notice that, for 1 ≤ p < ∞, {x ∈ R^m : |x|_∞ ≤ R} ⊂ {x ∈ R^m : m^{−1/p}|x|_p ≤ R}. This shows that Theorem 2.6 imply localization results with respect to the type of dimensionally scaled l^p neighbourhoods considered in [So].

References

[BJS] V. Bach, T. Jecko and J. Sjöstrand, Correlation asymptotics of classical spin systems with nonconvex Hamilton function at low temperature, Ann. Henri Poincaré 1 (2000), 59–100.

[BM] V. Bach and J. S. Møller, Low-temperature correlation asymptotics for Hamiltonian functions with several extrema. (In preparation).

[D] R. L. Dobrushin, Prescribing a system of random variables by conditional distributions, Theor. Prob. Appl.

15 (1970), 458–486.

[F] J. Fröhlich, Phase transitions, Goldstone bosons and topological superselection rules, Acta Phys. Austriaca, Suppl. XV (1976), 133–269.

[He1] B. Helffer, Around a stationary phase theorem in large dimension, J. Func. Anal. 119 (1994), 217–252. [He2] B. Helffer, Semiclassical analysis for transfer operators: WKB constructions in large dimension, Commun.

Math. Phys. 187 (1997), 81–113.

[He3] B. Helffer, Spectral properties of the Kac operator in large dimension. In Mathematical quantum theory II.

Schrödinger operators (Vancouver, BC, 1993) CRM Proc. Lecture Notes, 8, Amer. Math. Soc., Providence, RI. (1995), 179–211.

[He4] B. Helffer, Semiclassical analysis and statistical mechanics. (1998) (Unpublished lecture notes). [HeRa] B. Helffer and T. Ramond, Semiclassical study of the thermodynamical limit of the ground state energy of Kac’s operator. To appear in Long time behavior of classical and quantum systems (Ed. S. Graffi, A. Martinez), World Scientific Publishing.

[HeSj1] B. Helffer and J. Sjöstrand, Semiclassical expansion of the thermodynamic limit for a Schrödinger equation I: The one well case. In Méthodes semi-classiques, Vol. 2 (Nantes, 1991), Astérisque 210 (1992), 135–181.

[HeSj2] B. Helffer and J. Sjöstrand, Semiclassical expansion of the thermodynamic limit for a Schrödinger equation II: The double well case, Helv. Phys. Acta 65 (1992), 748–765 (Erratum 67 (1994),1-3).

[HK] E. Helfand and M. Kac, Study of several lattice systems with long-range forces, J. Math. Phys. 4 (1963), 1078–1088.

[K] M. Kac, Mathematical mechanisms of phase transitions, Brandeis lectures, Gordon and Breach. (1966). [KW] H. A. Kramers and G. H. Wannier, Statistic of the two-dimensional ferromagnet, Part 1, Phys. Rev. 60 (1941), 252–262.

[M] J. S. Møller, The low-temperature limit of transfer operators in fixed dimension, To appear in Ann. Henri Poincaré.

[R] D. Ruelle, Statistical mechanics, Math. Physics monograph series, W. A. Benjamin, Inc. (1969). [Sj1] J. Sjöstrand, Exponential convergence of the first eigenvalue divided by the dimension for certain sequences of Schrödinger operators. In Méthodes semi-classiques, Vol. 2 (Nantes, 1991), Astérisque 210 (1992), 303–326.

[Sj2] J. Sjöstrand, Potential wells in high dimensions I, Ann. Inst. Poincaré. 58 (1993), 1–41. [Sj3] J. Sjöstrand, Evolution equations in a large number of variables, Math. Nachr. 166 (1994), 17–53. [Sj4] J. Sjöstrand, Complete asymptotics for correlations of Laplace integrals in the semi-classical limit, Mém. Soc.

Math. Fr. (N.S.) 83 (2000), vi+104 pp.

[So] V. Sordoni, Schrödinger operators in high dimension: Convex potentials, Asymptotic Anal. 13 (1996), 109– 129.

[T] C. J. Thompson, Mathematical statistical mechanics, The Macmillan Company New York (1972).