On the spectrum of Farey and Gauss maps

Stefano Isola^∗

Abstract In this paper we introduce spaces of holomorphic functions given by generalized Borel and Laplace transforms which are left invariant by the transfer operators of the Farey map and its induced transformation, the Gauss map, respectively. By means of a suitable operator-valued power series we are able to study simultaneously the spectrum of both these operators along with the analytic properties of associated dynamical zeta functions. This construction establishes an explicit connection between previously unrelated results of Mayer and Rugh (see [Ma1] and [Rug]).

1 Preliminaires

We shall first consider the Farey map of the interval [0, 1] into itself defined as

F (x) = { F_0(x), if 0 ≤ x ≤ 1/2 , F_1(x), if 1/2 < x ≤ 1 ,

(1.1)

where F_0(x) := x 1 − x and F_1(x) := F_0(1 − x) = 1 F_0(x) = 1 − x x · (1.2)

The inverse branches are

Ψ_0(x) ≡ F^{−1}_0 (x) = x 1 + x = 1 2 − 1 2 ( 1 − x 1 + x ) , Ψ_1(x) ≡ F^{−1}_1 (x) = 1 1 + x = 1 2 + 1 2 ( 1 − x 1 + x ) . (1.3)

For x ≠ 0 the map Ψ_0(x) is conjugated to the right translation x → S(x) = x + 1, i.e.

Ψ_0 = J ∘ S ∘ J with J(x) = J^{−1}(x) = 1/x. (1.4)

This yields for the n-iterate

Ψ^n_0 (x) = J ∘ S^n ∘ J(x) = x 1 + nx · (1.5)

Moreover Ψ_1(x) satisfies Ψ_1(x) = J ∘ S(x). (1.6)

∗Dipartimento di Matematica e Fisica dell’Università di Camerino and INFM, via Madonna delle Carceri, 62032 Camerino, Italy. e-mail: <isola@campus.unicam.it>.

1.1 The induced map

Let A = {A_n}_{n≥1} be the countable partition of [0, 1] given by A_n = [1/(n + 1), 1/n]. Setting A_0 = [0, 1] it is easy to check that F (A_n) = A_{n−1} for all n ≥ 1. Let X be the residual set of points in [0, 1] which are not preimages of 1 with respect to the map F , namely X = (0, 1] \ {1/n}_{n≥1}. The first passage time τ : X → IN in the interval A_1 is defined as τ(x) = 1 + min{n ≥ 0 : F^n(x) ∈ A_1 } = [ 1 x ] , (1.7)

where [a] is the integer part of a. We see that A_n is the closure of the set {x ∈ X : τ(x) = n}. On the other hand, the return time function r : A_1 → IN ∪ {∞} in the interval A_1 is given by

r(x) = min{n ≥ 1 : F^n(x) ∈ A_1 } = τ ∘ F (x). (1.8)

We now consider the map G : X → X obtained from F by inducing w.r.t. the first passage time τ, i.e.

G(x) = F^{τ (x)}(x), (1.9) which can be extended to all of [0, 1] as G(0) = 1, G(1) = 0,

lim_{x↑1/n} G(x) = 0, lim_{x↓1/n} G(x) = 1, n > 1,

and whenever x ∈ (1/(n + 1), 1/n) we have, using (1.5),

G(x) ≡ G_n(x) = F^n(x) = F_1 ∘ F^{n−1}_0 (x) = 1 x − n = 1 x − τ(x). (1.10)

In other words the induced map is the celebrated Gauss map G(x) = { { 1 x } , if x ≠ 0 , 0, if x = 0 ,

(1.11)

where {a} denotes the fractional part of a. It has countably many inverse branches Φ_n given by Φ_n(x) = G^{−1}_n (x) = 1 x + n , n ≥ 1. (1.12)

1.2 Invariant measures

It is an easy task to verify that the σ-finite absolutely continuous measure ν(dx) ≡ e(x) dx = 1 log 2 · dx x (1.13)

is invariant for the dynamical system ([0, 1], F ). Note that ν(A_n) = (log 2)^{−1} log (1 +^1_n ) and ν([0, 1]) = ∞. Let B_n = {x ∈ A_1 : r(x) = n}. Using (1.8) we have F_1(B_n) = A_n. We now show that ν(A_n) = ∑ k≥n ν(B_k). Indeed, for n = 1 we have ∑ k≥1 ν(B_k) = ν(A_1) = 1. Moreover, since ν is F -invariant, ν(A_n) = ν(F^{−1}(A_n)) = ν(A_{n+1})+ν(B_{n+1}), and the assertion follows by induction. Therefore the expected return time is infinite:

ν_{A1} (r) = ∫ A_1 r(x) ν(dx) = ∑ n≥1 n ν(B_n) = ∑ n≥1 ν(A_n) = ν([0, 1]) = ∞, (1.14)

where ν_{A1} is the conditional probability measure defined as ν_{A1} (E) = ν(E ∩A_1)/ν(A_1). It is known that in this situation there is the coexistence of two different statistics for the dynamical system (F, [0, 1]): besides ν, the ergodic means^1_n ∑_{n−1} i=0 δ_F i_{(x)} converge weakly to the Dirac delta at 0 (see [Me], [HY]).

Let ρ be the probability measure obtained by pushing forward ν with F_1, i.e. ρ(E) = ((F_1)_∗ ν)(E) = (ν ∘ Ψ_1)(E). (1.15) Reasoning as above one readily verifies that the converse relation is ν(E) = ∑ n≥0 (ρ ∘ Ψ^n_0 )(E). (1.16)

In particular we have ν(A_n) = ∑ l≥n ρ(A_l) and ρ(A_n) = ρ(F_1(B_n)) = ν(B_n), where B_n is as above. We then have ρ(E) = (ν ∘ Ψ_1)(E) = ∑ n≥0 (ρ ∘ Ψ^n_0 ∘ Ψ_1)(E) = ρ(G^{−1}E), (1.17)

which says that ρ is G-invariant. Moreover ρ is ergodic with respect to G (see e.g. [Bi]). Setting h(x) = ρ(dx)/dx we get h = |Ψ^′_1| · e ∘ Ψ_1, e = ∞∑ k=0 (Ψ^k_0)^′ · h ∘ ψ^k_0 , (1.18) which gives the well known result h(x) = 1 log 2 · dx (1 + x)

· (1.19) The primitive H(x) of h(x), with H(0) = 0, is H(x) = log(1 + x)/ log 2. Setting q_n := H(^1_{n+1} ) = (log 2)^{−1} log (1 +^1_{n+1} ), we have ν(A_n) = q_n and ρ(A_n) = q_{n−1} − q_n. We see that q_n is a (strict) Kaluza sequence, i.e. for all n ≥ 1 1 = q_0 > q_1 > · · · > q_n > 0 and q^2_n < q_{n−1} q_{n+1}. (1.20) Finally, by (1.7), (1.8), (1.14) and (1.15) we have ρ(τ) = ((F_1)_∗ ν)(τ) = ν(τ ∘ F_1) = ν(r) = ∞. (1.21) On the other hand we have the following,

Lemma 1.1 The function log τ is in L_1(ρ) and satisfies lim_{n→∞} 1 n n−1∑ j=0 log τ(G^j (x)) = ρ(log τ) = K, ρ − a.e., (1.22)

where the positive constant K is defined by

e^K = ∞∏ k=1 ( 1 + 1 k(k + 2)

) log k_{log 2}

. (1.23)

Proof. We have

ρ(log τ) = ∞∑ k=1 ρ(A_k) · log k = ∞∑ k=1 (q_{k−1} − q_k) · log k = ∞∑ k=1 log k log 2

· log (( 1 + 1 k ) ( 1 + 1 k + 1 )_{−1})

= ∞∑ k=1 log k log 2

· log ( 1 + 1 k(k + 2) ) = K < ∞. This computation shows both that log τ ∈ L_1(ρ) and the last equality in (1.22). The first equality in (1.22) now follows from the ergodic theorem [Bi]. ♦ The constant K which appears above is known in number theory as Khinchin’s constant. This is not a coincidence, as we now briefly explain.

1.3 Connection with number theory

The Farey sum over two rationals^a_b and^{a′}_{b′} is the mediant operation given by [HR] a^{′′} b^{′′} = a + a^′ b + b^′ · (1.24)

It is easy to see that^{a′′}_{b′′} falls in the interval (^a_b ,^{a′}_{b′} ). Now, having fixed n ≥ 0, let F_n be the ascending sequence of irreducible fractions between 0 and 1 obtained inductively in the following way. Set first F_0 = (^0_1 ,^1 ). Then F_n is obtained from F_{n−1} by inserting among each pair of consecutive rationals^a_b and^{a′}_{b′} in F_{n−1} their mediant^{a′′}_{b′′} as above. Thus F_1 = (^0_1 ,^1_2 ,^1 ), F_2 = (^0_1 ,^1_3 ,^1_2 ,^2_3 ,^1 ), F_3 = (^0_1 ,^1_4 ,^1_3 ,^2_5 ,^1_2 ,^3_5 ,^2_3 ,^3_4 ,^1 ) and so on. The elements of F_n are called Farey fractions. The name of the map F can be related to the easily verified observation that the set of pre-images ∪^{n+1}_{k=0} F^{−k}{0} coincides with F_n for all n ≥ 0.

In particular, this implies that ∪^∞_{k=0}F^{−k}{0} = IQ ∩ [0, 1] (notice that the same is true for the induced map: ∪^∞_{k=0}G^{−k}{0} = IQ ∩ [0, 1]).

On the other hand, we recall that every real number 0 < x < 1 has a continued fraction expansion of the form [Ki] x = 1 k_1 + 1 k_2 + 1 k_3 + · · ·

= [k_1, k_2, k_3, . . .] , (1.25) with k_i ∈ IN. By applying Euclid’s algorithm one sees that the above expansion terminates if and only if x is a rational number. There is an intimate connection between the partial quotients k_1, k_2, · · · and the Gauss map G. Indeed, given x as above we can write x = 1 1 x = 1 [ 1 x ] + { 1 x } = 1 k_1 + G(x) = 1 k_1 + 1 1 G(x) = 1 k_1 + 1 [ 1 G(x) ] + { 1 G(x) } = 1 k_1 + 1 k_2 + G^2(x)

= · · · (1.26)

Therefore, k_1 = [1/x], k_2 = [1/G(x)], k_3 = [1/G^2(x)] and so on. Alternatively,

if x = [k_1, k_2, k_3, . . .] then G(x) = [k_2, k_3, . . .] . (1.27)

Farey fractions have close relationships with continued fractions. Let us say that a Farey fraction has order n if it belongs to F_n \ F_{n−1}. Given n ≥ 1 there are exactly 2^{n−1} Farey fractions of order n (they form the set F^{−(n+1)}{0}) and it is possible to show (see below eq. (1.28)) that the integers k_i in their (finite) continued fraction expansion sum up to n + 1. Furthermore, it is easy to realize that all Farey fractions which fall in the interval (1/(n + 1), 1/n) have order greater than or equal to n + 1, whereas their continued fraction expansion starts with k_1 = n. Thus, the map F acts on Farey fractions by reducing their order of one unit. We can write an explicit expression for the action of F on continued fraction expansions. Indeed, if 1/2 < x ≤ 1 then k_1 = 1 and F (x) =^1_x − k_1 = G(x). If instead 0 < x ≤ 1/2 then k_1 > 1 and F (x) = 1/(^1_x − 1). Therefore,

if x = [k_1, k_2, k_3, . . .] then F (x) = [k_1 − 1, k_2, k_3, . . .] , (1.28)

with [0, k_2, k_3, . . .] ≡ [k_2, k_3, . . .] (compare to (1.27)). Now, it is well known that for almost all x ∈ (0, 1) the arithmetic mean of the partial quotients is infinite (see, e.g., [Ki]), i.e. lim_{n→∞} k_1 + · · · + k_n n = ∞, (a.e.) (1.29)

¿From the above discussion and (1.7) we get k_l = [1/G^{l−1}(x)] = τ(G^{l−1}(x)), which for l > 1 is the time between the (l − 1)-st and the l-th passage in A_1 of the orbit of x with F . Therefore, the total number S_n of iterates of F needed to observe n passages in A_1, that is the function

S_n(x) = τ(x) + τ(G(x)) · · · + τ(G^{n−1}(x)), (1.30)

satisfies lim_{n→∞} S_n(x) n = ∞ (a.e.) (1.31)

Since ρ is absolutely continuous w.r.t. the Lebesgue measure on [0, 1], the properties expressed by (1.21) and (1.31) can be regarded as an instance of validity of the ergodic theorem for the non-integrable function τ. On can actually say more. As a consequence of ([Ki], Theorem 30) we have that for almost all x ∈ (0, 1) the inequality

S_n(x) ≥ n log n (1.32)

is satisfied for an infinite number of values of n. On the other hand, Lemma 1.1 can now be rephrased by saying that the geometric mean of the partial quotients has a certain finite value (a.e.). This, in turn, is a corollary of a theorem of Khinchin ([Ki], Theorem 35), which says that for any function f(k) defined on the positive integers and satisfying f(k) = O(k^p) with 0 ≤ p < 1/2 we have, for almost all x ∈ (0, 1), | | | | | 1 n n∑ j=i f(k_j) − ∞∑ k=1 f(k) log 2

· log ( 1 + 1 k(k + 2) )| | | | ≤ ϵ(n) (1.33)

where the error function ϵ(n) is any positive function decreasing to zero as n → ∞ so that ∑ n^{−2} · ϵ^{−2}(n) < ∞. Lemma 1.1 then corresponds to the choice f(k) = log k.

2 Transfer operators

We start by establishing some formal algebraic relations between the the transfer operators P and M associated to the map F and G, respectively (see [Ba1]). They are given by

Pf(x) = (P_0 + P_1)f(x) =: |Ψ^′_0(x)| · f(Ψ_0(x)) + |Ψ^′_1(x)| · f(Ψ_1(x)) = ( 1 x + 1

)_2 [ f ( x x + 1 ) + f ( 1 x + 1 )] , (2.34) and Mf(x) = ∞∑ n=1 M_n u(x) =: ∞∑ n=1 |Φ^′_n(x)| · f(Φ_n(x)) = ∞∑ n=1 ( 1 x + n )_2 f ( 1 x + n ) . (2.35)

We first notice that

M_nf(x) = P^n(f · χ_n)(x) = P_1P^{n−1}_0 f(x), (2.36)

where χ_n is the indicator function of A_n. Let Sf(x) := f ∘ S(x) = f(x + 1) be the shift operator. Let moreover P^{−1}_1 be the operator inverse to P_1, i.e.

P^{−1}_1 f(x) = |F^′_1(x)| f(F_1(x)) = 1 x^2 f ( 1 − x x ) , x ≠ 0. (2.37)

¿From (1.4) and (1.6) one obtains

P_0f(x) = P^{−1}_1 S P_1 f(x), (2.38) and therefore (2.36) yields M_nf(x) = P_1P^{n−1}_0 f(x) = S^{n−1} P_1 f(x). (2.39) More generally, for z ∈ IC, we can shall consider a formal operator-valued power series M_z defined by M_zf(x) = ∞∑ n=1 z^{τ (Φn (x))} · |Φ^′_n(x)| · f(Φ_n(x)) = ∞∑ n=1 z^n M_nf(x) (2.40) so that M_1 ≡ M. The following operator relations are in force and are independent of the function space the operators are acting on (see also [PS], [HI] and [Is2] for related constructions).

Proposition 2.1 Let z ∈ IC be such that (2.40) is absolutely convergent. Then we have (1 − M_z)(1 − zP_0) = 1 − zP (2.41) and (1 − z S)(1 − M_z) = 1 − z P̃ . (2.42) where P̃ = S + P_1.

Remark 1 ¿From (2.38) we also have the relation (1 − zP_0)^{−1} = P^{−1}_1 (1 − z S)^{−1} P_1 , (2.43) valid in the same domain of z-values of Proposition 2.1. Proof of Proposition 2.1. Using the first identity in (2.39) we get (1 − M_z)(1 − zP_0) = (1 − ∞∑ n=1 z^nP_1P^{n−1}_0 )(1 − zP_0) = 1 − zP_0 − ∞∑ n=1 z^nP_1P^{n−1}_0 + ∞∑ n=1 z^{n+1}P_1P^n_0 =1-zP_0 − zP_1 = 1 − zP.In a similar way, using the second identity in (2.39) one shows (2.42). ♦ Corollary 2.1 Let z ≠ 0 be such that (2.40) is absolutely convergent. Then 1 is an eigenvalue of M_z if and only if z^{−1} is an eigenvalue both of P and P̃, and they have the same geometric multiplicity. Furthermore, the corresponding eigenfunctions e_z of P and h_z of P̃ and M_z are related by h_z = (1 − zP_0)e_z or else e_z = ∑_∞ k=0 z^kP^k_0 h_z.

Proof. Assume that M_zh_z = h_z. From (2.41) it then follows that (1−zP) ∑_∞ k=0 z^kP^k_0 h_z = 0. Conversely, assume that zPe_z = e_z, then we have (1 − M_z)(1 − zP_0)e_z = 0. In the same way, from (2.42) it follows that M_zh_z = h_z if and only if P̃h_z = z^{−1}h_z. ♦

Remark 2 Since the spectral radius of P in a space as large as L_1([0, 1], dx) is equal to one, there are no z-values with |z| < 1 such that 1 is an eigenvalue of M_z.

Remark 3 Setting z = 1 in Proposition 2.40 we recover (7) with e ≡ e_1 and h ≡ h_1. In particular we see that the Gauss probability density (1.19) is a fixed point both of M and P̃.

Having fixed an open connected domain Ω ⊂ IC let H(Ω) be the Fréchet space of functions which are holomorphic in Ω with the topology generated by the family of sup norms on compact subsets of Ω. Moreover, we let A_∞(Ω) ⊂ H(Ω) denote the Banach space given by the subset of functions in H(Ω) having continuous extension to Ω, endowed with the norm ‖f‖ = sup_{w∈Ω} |f(w)|, (2.44)

(where w = x + iy). In the same way as [Ma1] we let first M_z act on the Banach space A_∞(D) with D = {w ∈ IC : |w − 1| < 3/2}. It is easy to verify that Φ_n(D) ⊂ D for all n ∈ IN. Standard arguments (see [Ma2]) then imply that whenever the power series in (2.40) is uniformly convergent M_z defines a nuclear operator of order zero on A_∞(D).

Lemma 2.2 The power series of M_z : A_∞(D) → A_∞(D) has radius of convergence bounded from below by 1 and, moreover, it converges absolutely at every point of the unit circle.

Proof. The radius of convergence of M_z is lim_{n→∞} ‖M_n‖^{−1/n} (here ‖ ‖ denotes the operator norm as well). We have sup_{w∈D} |M_nf(w)| ≤ C n^{−2} ‖f‖,

and therefore, ‖M_n‖ ≤ C n^{−2}. ♦

We now set H_δ := {w ∈ IC : Re w > δ} (2.45)

and notice that from the explicit form of the operator M_z in (2.40) and (2.39) it follows that, for each z ≠ 0 s.t. |z| ≤ 1, any eigenfunction of M_z when acting on the space A_∞(D) must be holomorphic and bounded in every half plane H_{−1+ϵ} for any ϵ > 0. This can be achieved via a generalized Laplace transform as in the following Proposition which generalizes corresponding results obtained by Mayer and Roepstorff (see [MaR1], [MaR2]) for the operator M.

Proposition 2.2 Let H_1 ⊂ A_∞(D) be the space of all complex-valued functions f which are bounded and holomorphic in each of the half planes H_{−1+ϵ} with ϵ > 0, which have a representation as generalized Laplace transform,

f(w) = (L [φ])(w) := ∫_∞ 0 dm(t) e^{−tw} φ(t) (2.46) where dm is the measure on IR_+ given by dm(t) = t e^t − 1 dt , (2.47) and φ ∈ L_2(m). Then, for each z ≠ 0 with |z| ≤ 1, the space H_1 is invariant under M_z. More precisely we have

M_z L [φ ] = L [ K_zφ ], (2.48)

where K_z : L_2(m) → L_2(m) is defined by (K_zφ)(s) := γ(s, z) · ∫_∞ 0 dm(t) J_1(2 √ st) √ st φ(t) (2.49)

with γ(s, z) := ( 1 + z − 1 1 − z e^{−s} ) , (2.50)

and J_p denotes the Bessel function of order p.

Remark 4 Setting z = 1 we see that the G-invariant density h can be represented as h = (log 2)^{−1} L[ (1 − e^{−t})/t ].

Proof of Proposition 2.2. Letting f = L [φ ] we have from (2.40) and (2.39) M_zf(w) = ∞∑ n=1 z^n (w + n)^2 ∫_∞ 0 dm(t) e^{−t/(w+n)} φ(t) . (2.51) Clearly, for |z| ≤ 1, the sum ∑_∞ n=1 z^n (w+n)^2 e

−t/(w+n) is uniformly convergent in t ∈ IR +. Therefore, interchanging summation and integration we get ∞∑ n=1 z^n (w + n)^2 e^{−t/(w+n)} = ∑ k≥0 (−t)^k k! ∞∑ n=1 z^n (w + n)^{2+k} = ∑ k≥0 (−t)^k k! z Φ(z, k + 2, w + 1) (2.52)

where Φ(z, a, b) = ∑_∞ n=0 z^n (b+n)^a is the Lerch trascendental function which, for Re a > 1,

possesses the integral representation Φ(z, a, b) = ∞∑ n=0 z^n (b + n)^a = 1 Γ(a) ∫_∞ 0 s^{a−1}e^{−(b−1)s} e^s − z ds . (2.53)

This yields

Φ(z, k + 2, w + 1) = 1 (k + 1)! ∫_∞ 0 s^{k+1}e^{−ws} e^s − z ds · (2.54)

Noting that ∑ k≥0 (−st)^k (k + 1)! k! = J_1(2 √ st) √ st (2.55) where J_1(x) is the Bessel function of the first kind, we have thus found that M_zf(w) = ∫_∞ 0 ds zs (e^s − z) e^{−ws} ∫_∞ 0 dm(t) J_1(2 √ st) √ st φ(t) = ∫_∞ 0 dm(s) e^{−ws} (K_zφ)(s) = (L [K_zφ])(w). (2.56)

It is now an easy task to verify that for |z| ≤ 1 and φ ∈ L_2(m) the function K_zφ is in L_2(m) as well. ♦

Remark 5 As already remarked in [MaR1], for z = 1 the integral operator K ≡ K_1 is symmetric, that is ( Kφ, ϕ ) = ( φ, Kϕ ) where ( · , · ) denotes the scalar product in L_2(m). Therefore, by the above Proposition, sp(M) ⊂ IR.

But we can say more. First notice that for each t ∈ IR_+ the function J_1(2 √ st)/ √ st is uniformly bounded and continuous for s ∈ IR_+. Moreover from (2.50) we see that for each fixed z ∈ IC \ (1, +∞) the function γ(s, z) is (continuous and) bounded uniformly for s ∈ IR_+. Therefore, for any φ ∈ L_2(m) the expression (2.49)-(2.50) converges uniformly in any closed region of the complex z-plane not containing points of the ray (1, +∞). This yields an analytic continuation of z → K_z to the entire z-plane with a cross cut along the ray (1, +∞). Putting together these observations we have thus obtained the following result,

Theorem 2.1 The operator-valued function z → M_z, when acting on H_1, can be analytically continued to the entire z-plane with a cross cut along the ray (1, +∞), and for each z in this domain it is isomorphic to the operator K_z : L_2(m) → L_2(m) defined in (2.49). They are both compact operators.

¿From this we deduce the

Corollary 2.2 The operator-valued function z → (1 − M_z)^{−1}, when acting on H_1, is analytic in the open unit disk {z : |z| < 1} and can be meromorphically continued to the entire z-plane with a cross cut along the ray [1, +∞). It has a pole at z ∈ IC \ [1, +∞) whenever K_z has 1 as an eigenvalue. If this is the case then |z| > 1.

Proof. The first statement follows immediately from Proposition 2.1 and Remark 2. For the last statement we argue as follows. Let V_z : H_1 → H_1 be the operator defined by the relation M_z(f · h) = h · V_zf . (2.57)

Note that V_11 = 1. Clearly sp (M)_z = sp (V_z) and all eigenvalues have the same geometric multiplicities. Suppose that for z = e^{iϕ} with ϕ(mod2π) ≠ 0 there exists f ∈ H_1 so that M_zf = f. Then V_zg = g with g = f/h. ¿From V_11 = 1 and V_1(e^{i ϕ τ} g) = g we obtain V_1(e^{i ϕ τ} g − g ∘ G) = 0. Iterating this argument we would get a function g ∈ H_1 such that g(G^n(x)) = g(x) exp ( i ϕ ∑_{n−1} k=0 τ(G^k(x)) ) + r(x) with r(x) ∈ ker (M). This would imply

∫_1 0 g(G^n(x)) dx = ∫_1 0 g(x) e^{i ϕ} ∑_{n−1} k=0 τ (G^k (x)) dx ↛ ∫_1 0 g(x) ρ(dx). (2.58)

But this is impossible because the dynamical system ([0, 1], G, ρ) is mixing. Therefore, any z ≠ 1 such that M_z has 1 as an eigenvalue must satisfy |z| > 1. ♦ Now, from Proposition 2.1 we obtain the following formal relation for the resolvent R_λ of P:

R_λ ≡ (λ − P)^{−1} = (λ − P_0)^{−1}(1 − M_{1/λ})^{−1}. (2.59) By virtue of (2.43) the analytic properties of the first factor in the r.h.s. can be understood in terms of the spectrum of the translation operator S when acting on H_1. To this end we notice that for f = L[φ] we have (Sf)(w) = ∫_∞ 0 dm(t) e^{−t(w+1)} φ(t) = ∫_∞ 0 dm(t) e^{−tw} (Mφ)(t) = (L [Mφ])(w), (2.60) where M : L_2(m) → L_2(m) is the multiplication operator acting as Mφ(t) = e^{−t}φ(t). Thus, under generalized Laplace transform L the restriction of S to the space H_1 is conjugated to M and hence they have identical spectral properties. On the other hand it is an easy exercise to check that M is self-adjoint and sp (M) is continuous and coincides with the line segment [0, 1] (see, e.g., [DeV]).

Furthermore, from (2.41) and the fact that H_1 is invariant under the action of M_z for all z ∈ IC \ (1, +∞) (in particular for z = 1), the operator P leaves invariant the space (1 − P_0)^{−1}H_1. It is easy to check that for f ∈ H_1 the function P^n_0 f is holomorphic in each half-plane H_− 1_{n +ϵ} and therefore (1 − P_0)^{−1}f is holomorphic in each half-plane H_ϵ. More specifically, a calculation along the same lines as in the proof of Proposition 2.2 shows that, for f ∈ H_1 with f = L[φ],

(1 − z P_0)^{−1}f(w) = 1 w^2 ∫_∞ 0 dm(t)e^{−t/w} e^t z^{−1} (K_zφ)(t) . (2.61) Thus, we shall characterize the space H_0 to be acted on by P as follows:

Definition 2.1 We denote by H_0 the set of all complex-valued functions f which are bounded and holomorphic in each of the half planes H_ϵ with ϵ > 0 and can be represented as a generalized Borel transform:

f(w) = (B [φ])(w) := 1 w^2 ∫_∞ 0 dm(t) e^{−t/w} e^t φ(t), φ ∈ L_2(m). (2.62) Remark 6 Another representation can be obtained by a simple change of variable by which (2.62) can be rewritten as f(w) = 1 w ∫_∞ 0 ds e^{−s} ψ(sw) with ψ(t) = ( t 1 − e^{−t} ) φ(t) . (2.63)

Remark 7 The F -invariant density e (see (1.13)) can be represented as e = ( 1 log 2 ) B [ 1 − e^{−t} t ] , (2.64) whereas for the G-invariant density h we have (see also Remark 4) h = ( 1 log 2 ) L [ 1 − e^{−t} t ] = ( 1 log 2 ) B [ (1 − e^{−t})^2 t ] . (2.65)

In the representation of Remark 6 we have that if f = e · log 2 then ψ(t) ≡ 1 whereas for f = h · log 2 we find ψ(t) = 1 − e^{−t}. Both these functions can be viewed as ordinary Borel transforms of a sequence {a_n}^∞_{n=0}, i.e. ψ(t) = ∑_∞ n=0 t^na_n/n! so that by (2.63) we have w · f(w) = ∑_∞ n=0 w^na_n. In the former case we find a_0 = 1 and a_n = 0 for n > 0, in the latter a_0 = 0 and a_n = (−1)^{n−1} for n > 0.

We now have the following,

Lemma 2.3 For all φ ∈ L_2(m)

L [ φ] = B [ (1 − M) K φ] (2.66)

where Mφ(t) = e^{−t}φ(t) and K ≡ K_1 is the symmetric integral operator defined in (2.49).

Proof. The proof is an easy calculation based on the identity [GR] 1 u^{p+1} ∫_∞ 0 dt e^{−t/u}φ(t) = ∫_∞ 0 dt e^{−tu} ∫_∞ 0 ds ( t s )^p_2

J_p(2 √ st) φ(s), (2.67)

with p = 1, and therefore we omit it. ♦ Now, for f = B [φ] we get

(P_0 f)(w) = 1 w^2 ∫_∞ 0 dm(t) e^{−t/w} e^t (Mφ)(t) = (B [ Mφ ])(w) (2.68) and (P_1 f)(w) = ∫_∞ 0 dm(t) e^{−tw} φ(t) = (L [φ])(w). (2.69)

Therefore,

(P_1 P^{n−1}_0 f)(w) = ∫_∞ 0 dm(t) e^{−tw} (M^{n−1}φ)(t) = (L [ M^{n−1}φ ])(w), (2.70)

so that M_zf = z · L [ (1 − zM)^{−1}φ ], f = B [ φ ]. (2.71) We thus see that P_0 leaves H_0 invariant and by (2.60) its spectral properties in H_0 are identical to those of S in H_1. Moreover P_1 maps H_0 into H_1 ⊂ H_0, and the same does M_z for all z ∈ IC \ (1, +∞). Notice that using Lemma 2.3 and (2.71) we immediately recover Proposition 2.2, in that

M_zL [ φ ] = M_zB [ (1 − M) K φ] = L [ z · (1 − zM)^{−1}(1 − M) K φ ] ≡ L [ K_zφ ]. (2.72)

We are now in the position to write explicit representations for P and its resolvent R_λ in the space H_0.

Theorem 2.2 Let f ∈ H_0, that is f = B [φ] for some φ ∈ L_2(m), then Pf = B [ (M + (1 − M)K )φ ], (2.73) and R_λf ≡ (λ − P)^{−1}f = B [ (1 − K_{1/λ})^{−1}(λ − M)^{−1}φ ]. (2.74) Proof. From (2.68) and (2.69) one obtains Pf = B [ Mφ ] + L [φ], so that (2.73) follows using Lemma 2.3. The expression for R_λ can now be obtained directly from (2.73). But we can also make use of (2.71) and (2.56) to obtain, for a given f = B [φ], M^n_{1/λ} f = L [ K^{n−1}_{1/λ} (λ − M)^{−1}φ ] (2.75) and therefore (1 − M_{1/λ})^{−1}f = B [φ] + L [ (1 − K_{1/λ})^{−1} (λ − M)^{−1}φ ]. (2.76) This expression along with (2.59), (2.61) and (2.68) yield

(λ − P)^{−1}f = B [ (λ − M)^{−1} φ ] + B [ K_{1/λ}(1 − K_{1/λ})^{−1} (λ − M)^{−1} φ ] = B [ (1 − K_{1/λ})^{−1}(λ − M)^{−1}φ ]. ♦

The next theorem describes the spectrum of P in H_0 (see [Rug] for related results). Theorem 2.3 The spectrum of the operator P : H_0 → H_0 is given by sp (P) = [0, 1]. The only (non-zero) eigenvalue of P is λ = 1.

Remark 8 Note that by Theorem 2.2 the action of transfer operator P on H_0 can be explicitly expressed in the form PB [φ] = B [ T φ ], (2.77) with (T φ)(t) := e^{−t}φ(t) + ∫_∞ 0 K(s, t)φ(s)ds (2.78) and K(s, t) = e^{−t} ( e^t − 1 e^s − 1 ) √ s t J_1(2 √ st). (2.79)

This already shows that the spectrum of P in H_0 is given by a compact perturbation of the continuous spectrum σ_c = [0, 1]. The above theorem can then be rephrased by saying that the effect of this perturbation is that of adding one simple eigenvalue λ = 1, so that the spectrum of P decomposes as sp (P) = σ_p ∪ σ_c where σ_p (the pure point spectrum) is such that σ_p = σ_p ∩ σ_c = {1}.

Remark 9 The above theorem provides a more complete description of the analytic structure of the operator-valued function z → (1 − M_z)^{−1} for the Farey-Gauss pair: in Corollary 2.2 we obtained a meromorphic continuation to the cut plane IC \ [1, ∞), but we now see that (1 − M_z)^{−1} is actually analytic in this region.

Proof of Theorem 2.3. The first assertion is a direct consequence of Corollary 2.2, Theorem 2.2 and the preceeding discussion. For the last assertion we argue as follows. We know from Corollary 2.1 that λ ∈ σ_p if and only if K_{1/λ} : L_2(m) → L_2(m) has 1 as an eigenvalue. Suppose there exists φ ∈ L_2(m) and λ ≠ 1 such that Pf = λ f with f = B [φ]. Then we would have K_{1/λ}φ(t) = φ(t), which can also be written as:

Kφ = (λ − M)(1 − M)^{−1} φ . (2.80)

We have seen above that λ_1 = 1 is a simple eigenvalue of K with eigenfunction φ_1(t) = (1 − e^{−t})/t. Furthermore, from [MaR1], we know that the operator K on L_2(m) admits a spectral representation of the form Kφ = ∞∑ n=1 λ_n(φ, φ_n) φ_n (2.81)

where the φ_n form an orthonormal basis in L_2(m) and the eigenvalues λ_n are real and satisfy 1 = λ_1 > |λ_2| ≥ |λ_3| ≥ · · · with ∑ |λ_n| < ∞. Expanding φ on this basis we would obtain that whenever (φ, φ_n) ≠ 0 the multiplication operator (V_λφ)(t) = (λ − e^{−t})(1 − e^{−t})^{−1} φ(t) (with V_1 = Id) has eigenvalue λ_n with eigenfunction φ_n. But this is impossible unless λ = 1 and φ = φ_1. ♦ Second proof. An alternative proof of the last assertion of Theorem 2.3 be achieved using the representation (2.63) of f ∈ H_0. Indeed, suppose that Pf = λ f or explicitly, λ f(w) = ( 1 w + 1

)_2 [ f ( w w + 1 ) + f ( 1 w + 1 )] . (2.82)

If we transform this equation by substituting 1/w for w and then dividing through w^2 we get λ w^{−2} f(1/w) = ( 1 w + 1

)_2 [ f ( 1 w + 1 ) + f ( w w + 1 )] . (2.83)

Whence f must satisfy f(w) = w^{−2} f(1/w). (2.84) Putting f(w) =^1_w ∫_∞ 0 ds e^{−s} ψ(sw) one sees that (2.84) renders either ψ = 0 or ψ = 1 (a.e.) In the latter case we have, by (2.63) and (2.64), λ = 1. ♦

Remark 10 Applying (2.84) to each term of the r.h.s. in (2.82) one obtains, for λ = 1, f(w) − f(w + 1) = 1 w^2 f ( 1 + 1 w ) . (2.85)

This is a particular case of the Lewis functional equation

f(w) − f(w + 1) = 1 w^{2(q+1)} f ( 1 + 1 w ) , (2.86)

which is related to the so called Maass cusp forms, i.e. PSL(2, IZ)-invariant eigenfunctions of the Laplacian on the Poincaré upper half-plane which vanish at the cusp (see

[Le]). Another type of functions equivalent to (even) Maass forms and considered in [Le] are those satisfying an integral equation which in our notation writes g(t) = ∫_∞ 0 dm(s) J_{2q+1}(2 √ st) √ st ( s t )_q g(s) . (2.87)

By the foregoing (see Remark 7) we see that for q = 0 we have the relation

f = B [g]. (2.88)

3 Zeta functions

We now consider the dynamical zeta functions ζ_F and ζ_G associated to the maps F and G, respectively, and defined by the following formal series [Ba2]:

ζ_F (z) = exp ∞∑ n=1 z^n n Z_n(F ) and ζ_G(s) = exp ∞∑ n=1 s^n n Z_n(G), (3.89)

where the ‘partition functions’ Z_n(F ) and Z_n(G) are given by

Z_n(F ) = ∑ x=F^n(x) n−1∏ k=0 1 |F^′(F^k(x))| and Z_n(G) = ∑ x=G^n(x) n−1∏ k=0 1 |G^′(G^k(x))| · (3.90)

Let us first examine how ζ_F (z) and ζ_G(z) are related to one another. Let Per F and Per G denote the sets of all periodic points of the maps F and G, respectively. It is not difficult to realize that, as subsets of [0, 1], Per F \ {0} = Per G. Accordingly, given x in either of these sets, we let p_F (x) and p_G(x) denote the periods of x w.r.t. to F and G, respectively. They are related by

p_F (x) = τ(x) + τ(G(x)) + · · · + τ(G^{pG(x)−1}(x)) · (3.91)

Moreover from the definitions of F and G we have p_F (x)−1 ∏ k=0 1 |F^′(F^k(x))| = p_G(x)−1 ∏ k=0 1 |G^′(G^k(x))| = p_G(x)−1 ∏ k=0 (G^k(x))^2 · (3.92)

Using this facts we write Z_n(F ) as follows:

Z_n(F ) = 1 + n∑ m=1 n m ∑ x=F^n(x)=G^m(x) m−1∏ k=0 (G^k(x))^2 · (3.93)

The second sum ranges over the (_{n−1} m−1 ) ways to write the integer n as a sum of m positive integers. Therefore, ∞∑ n=1 z^n n Z_n(F ) = log ( 1 1 − z ) + ∞∑ n=1 n∑ m=1 1 m ∑ x=F^n(x)=G^m(x) z^n m−1∏ k=0 (G^k(x))^2

= log ( 1 1 − z ) + ∞∑ ℓ=1 1 ℓ ∑ x=G^ℓ(x) z^{pF (x)} ℓ−1∏ k=0 (G^k(x))^2 ·

We are thus led to study the ‘grand partition function’ Ξ_ℓ(z) given by

Ξ_ℓ(z) := ∑ x=G^ℓ(x) z^{pF (x)} ℓ−1∏ k=0 (G^k(x))^2 = ∞∑ n=0 z^{ℓ+n} ∑ x=G^ℓ(x)=F^{ℓ+n}(x) ℓ−1∏ k=0 (G^k(x))^2. (3.94)

The sum over periodic points yields (_{n+ℓ−1} ℓ−1 ) = (_{n+ℓ−1} n ) terms, corresponding to the number of ways of distributing n identical objects into ℓ distinct boxes. According to (1.27), (1.28) and (3.94) we can also write Ξ_ℓ(z) in the following way:

Ξ_ℓ(z) = ∞∑ n=0 z^{ℓ+n} ∑ k_1+...+k_ℓ=n+ℓ ∏_ℓ i=1 x^2_{ki...kℓk1...ki−1} , (3.95)where x_{k1...kℓ} = [k_1, . . . , k_ℓ] denotes the irrational number whose continued fraction expansion is periodic of period ℓ and starts with the entries k_1, . . . , k_ℓ. Putting together the above observations we obtain the next result, to be compared with Proposition 2.1:

Proposition 3.3 Consider the two-variable zeta function given by

ζ_2(s, z) = exp ∞∑ ℓ=1 s^ℓ ℓ Ξ_ℓ(z). (3.96)

Then we have:

ζ_2(1, z) = (1 − z) ζ_F (z) and ζ_2(s, 1) = ζ_G(s) (3.97) wherever the series expansions converge absolutely.

In order to study the analytic properties of the function ζ_2(s, z) we further generalize (2.40) by introducing a family of operator-valued functions M_{z,q}, q = 0, 1, . . ., acting as (see also [Ma1]) M_{z,q}f(x) = (−1)^q ∞∑ n=1 z^{τ (Φn (x))} · |Φ^′_n(x)|^{1+q} · f(Φ_n(x)), (3.98)

together with a family of function spaces H_{1,q} ⊆ H_1 such that a function f ∈ H_{1,q} can be represented as f(w) = (L_q [φ])(w) := ∫_∞ 0 dm(t) e^{−tw} t^q φ(t), φ ∈ L_2(m). (3.99) In particular M_{z,0} ≡ M_z, L_0 ≡ L and H_{1,0} ≡ H_1. We have the following result. Proposition 3.4 For any given q = 0, 1 . . . the operator valued function z → M_{z,q} when acting on H_{1,q} can be analytically continued to the entire z-plane with a cross cut along the ray (1, +∞). For each z in this domain we have M_{z,q} L_q [φ ] = L_q [ K_{z,q}φ ], (3.100) where K_{z,q} : L_2(m) → L_2(m) is given by (K_{z,q}φ)(t) := γ(t, z) (−1)^q ∫_∞ 0 dm(s) J_{2q+1}(2 √ st) √ st φ(s) . (3.101)

The operators M_{z,q} : H_{1,q} → H_{1,q} and K_{z,q} : L_2(m) → L_2(m) are both of trace class.

Proof. The first part follows from a straightforward extension to non zero q values of the arguments of the previous Section. The proof of the last assertion can be extracted from ([Ma1], Theorem 3). ♦ Now, the trace of the operator K_{z,q} is easily obtained (see also [Ma1]):

tr K_{z,q} = (−1)^q z ∫_∞ 0 J_{2q+1}(2t) e^t − z dt = (−1)^q ∞∑ k=1 z^k ∫_∞ 0 e^{−kt} J_{2q+1}(2t) dt (3.102)

= (−1)^q ∞∑ k=1 z^k x^{2(q+1)} k 1 + x^2_k , where the numbers x_k =^{√k2+4−k}_2 = [k, k, k, . . .] ≡ [k] are the fixed points of G(x) and the identity [GR] ∫_∞ 0 e^{−kt}J_p(2t)dt = ( √ k^2 + 4 − k)^p 2^p √ k^2 + 4

, p = 0, 1, . . . (3.103)

has been used. From (3.102) we immediately obtain the trace formula Ξ_1(z) = tr K_{z,0} − tr K_{z,1}. (3.104) But we can say more. Indeed, a straightforward adaptation of ([Ma1], Corollaries 4 and 5) to our z-dependent situation leads to the following general expressions: Ξ_ℓ(z) = tr K^ℓ_{z,0} − tr K^ℓ_{z,1} = tr M^ℓ_{z,0} − tr M^ℓ_{z,1}, (3.105) with

tr K^ℓ_{z,q} = (−1)^{qℓ} ∞∑ k_1,...,k_ℓ=1 z^{k1+···+kℓ} ∏_ℓ i=1 x^{2(q+1)}_{ki...kℓk1...kℓ−1} 1 − (−1)^ℓ ∏_ℓ i=1 x^2_{ki...kℓk1...kℓ−1} · (3.106)

Formula (3.105) along with standard arguments (see [Ma1]) allow us to write the twovariables zeta function (3.96) as a ratio of Fredholm determinants,

ζ_2(s, z) = exp ∞∑ ℓ=1 s^ℓ ℓ Ξ_ℓ(z) = det (1 − s K_{z,1}) det (1 − s K_{z,0}) = det (1 − s M_{z,1}) det (1 − s M_{z,0})

, (3.107)

where by definition

det (1 − s K_{z,q}) = exp ( − ∞∑ ℓ=1 s^ℓ ℓ tr K^ℓ_{z,q} ) (3.108)

is in the sense of Grothendieck [G]. We have thus proved the following result. Theorem 3.4 Set K_z ≡ K_{z,0}, then we have:

1. for each s ∈ IC, the function ζ_2(s, z), considered as a function of the variable z, extends to a meromorphic function in the cut plane IC \[1, ∞). Its poles are located among those z-values such that K_z : L_2(m) → L_2(m) has 1/s as an eigenvalue;

2. for each z ∈ IC \ (1, ∞), the function ζ_2(s, z), considered as a function of the variable s, extends to a meromorphic function in IC. Its poles are located among the inverses of the eigenvalues of K_z : L_2(m) → L_2(m).

Putting together the above Theorem and Proposition 3.3 we obtain the following

Corollary 3.3 The dynamical zeta functions ζ_F and ζ_G of the Farey and Gauss maps have the following properties:

1. ζ_F (z) has an analytic extension to the cut plane IC \ [1, ∞);

2. ζ_G(s) has a meromorphic extension to IC. All poles are real and are located among the inverses of the eigenvalues λ_n of K : L_2(m) → L_2(m).

Remark 11 Statement 1 of Corollary 3.3 improves for this example a result of Rugh ([Rug], Corollary 1.3) where it is proved that ζ_F (z) is meromorphic in IC \ [1, ∞). Statement 2 was proved by Mayer in [Ma3], where he also showed (using results from [Rue]) that the poles of ζ_G(s), if arranged in increasing absolute values and according to their order tend to infinity exponentially fast.

References

[Ba1] V Baladi, Positive Transfer Operators and Decay of Correlations, World Scientific, 2000.

[Ba2] V Baladi, Dynamical zeta functions, Real and Complex Dynamical Systems (B. Branner and P. Hjorth eds.), Kluwer Academic Publishers, 1997.

[Bi] P Billingsley, Ergodic Theory and Information, John Wiley, 1964.

[DeV] C L DeVito, Functional Analysis and Linear Operator Theory, Addison- Wesley Publ. Co. 1990.

[GR] I Gradshteyn, I Ryzhik, Table of integrals, series and products, Academic Press, 1965.

[G] A Grothendieck, La theorie de Fredholm, Bull. Soc. Math. Fr., 84 (1956), 319-384.

[HR] G H Hardy, E M Wright, An Introduction to the Theory of Numbers, Clarendon Press, Oxford, 1979.

[HI] N T A Haydn, S Isola, Parabolic rational maps, to appear in J. London Math. Soc.

[HY] H Hu, L-S Young, Nonexistence of SRB measures for some systems that are “almost Anosov”, Erg. Th. Dyn. Syst. 15 (1995), 67-75.

[Is1] S Isola, Renewal sequences and intermittency, J. Stat. Phys. 97 (1999), 263-280.

[Is2] S Isola, On systems with finite ergodic degree, Preprint.

[Ki] A Khinchin, Contiued Fractions, University of Chicago Press, 1964.

[Le] J B Lewis, Spaces of holomorphic functions equivalent to the even Maass cusp forms, Invent. Math. 127 (1997), 271-306.

[Ma1] D H Mayer, On the thermodynamic formalism for the Gauss map, Commun. Math. Phys. 130 (1990), 311-333.

[Ma2] D H Mayer, Continued fractions and related transformations, in Ergodic Theory, Symbolic Dynamics and Hyperbolic Spaces, T Bedford, M Keane and C Series Eds., Oxford University Press, 1991.

[Ma3] D H Mayer, On a ζ function related to the continued fraction transformation, Bull. Soc. math. France 104 (1976), 195-203.

[MaR1] D H Mayer, G Roepstorff, On the relaxation time of Gauss’ continued fraction map I. The Hilbert space approach., J. Stat. Phys. 47 (1987),149- 171.

[MaR2] D H Mayer, G Roepstorff, On the relaxation time of Gauss’ continued fraction map II. The Banach space approach., J. Stat. Phys. 50 (1988),331- 344.

[Me] C Meunier , Continuity of type I intermittency from a measure theoretical point of view, J. Stat. Phys. 36 (1984), 321-365.

[PS] T Prellberg, J Slawny, Maps of intervals with indifferent fixed points:

thermodynamic formalism and phase transitions, J. Stat. Phys. 66 (1992), 503-514.

[Rue] D Ruelle, Zeta functions for expanding maps and Anosov flows, Invent.

Math. 34 (1976), 231-242.

[Rug] H H Rugh, Intermittency and Regularized Fredholm Determinants, Invent.

Math. 135 (1999), 1-24.