On nodal solutions to generalized Emden-Fowler equations by Tobias Weth Fachbereich Mathematik Johannes Gutenberg-Universität Staudinger Weg 9 55099 Mainz, Germany

Abstract

We introduce a new variational method in order to derive results concerning existence and nodal properties of solutions to superlinear equations, and we focus on applications to the equation −Δu = h(x, u) u ∈ L^{2NN −2} (RN ), ∇u ∈ L^2(RN ), N ≥ 3

where h is a Caratheodory function which is odd in u. In the particular case where h is radially symmetric, we prove, for given n ∈ N, the existence of a solution having precisely n nodal domains, whereas some results also pertain to a nonsymmetric nonlinearity.

1 Introduction

We consider the semilinear elliptic equation

−Δu = f(x, u^2)u u ∈ D^{1,2}(R^N ) (1.1)

for N ≥ 3, and we are interested in solutions with prescribed nodal structure, i.e. with additional information on the set

Λ_u := {x ∈ R^N | u(x) ≠ 0}.

A component of Λ_u will be called a nodal domain of u. Moreover, we denote D^{1,2}(R^N ) the space of functions u ∈ L^{2NN−2} with distributional derivative ∇u ∈ L^2(R^N ). Note that by Sobolev’s inequality D^{1,2}(R^N ) becomes a Hilbert space with scalar product (u|v) := ∫ R^{N ∇u∇v.} We present results for

(a) a radially symmetric setting, i.e. we assume f(x, u^2) = f(|x|, u^2) and we focus on radially symmetric solutions,

(b) a setting without underlying symmetry.

In both cases we assume that f : R^N × [0, ∞[→ R is a Caratheodory function that satisfies

(F_1) For a.e. x ∈ R^N there holds f(x, 0) = 0, moreover f(x, ·) is nondecreasing on [0, ∞[ and strictly increasing once it takes positive values.

(F_2) There is η > 2 such that 0 ≤ η 2 ∫_t2 0 f(x, s) ds ≤ f(x, t^2)t^2 for t ≥ 0. (F_3) f ≢ 0.

In case (a) we assume in addition

(A) There are constants c_1, c_2 > 0, α_1, α_2 > −2, β_1, β_2 > 0 such that for s ≥ 0 f(r, s) ≤ { c_1r^{α1} s^{β1} for 0 < r ≤ 1 c_2r^{α2} s^{β2} for 1 ≤ r < ∞

and α_1 − (N − 2)β_1 > −2 as well as α_2 − (N − 2)β_2 < −2.

In case (b) we assume

(B) There are constants a ∈ (0, 2) and C, γ > 0 such that for s ≥ 0 f(x, u) ≤ C 1 (1 + |x|)^a |u|^γ , x ∈ R^N , u ∈ R and 2 − a N − 2 < γ < 2 N − 2 . Concerning existence of nodal solutions, we have

Theorem 1.1 Suppose that f(x, u^2) = f(|x|, u^2) and that (F_1),(F_2),(F_3) and (A) hold. Then for each n ∈ N there is a radially symmetric (weak) solution u_n ∈ D^{1,2}(R^N ) of (1.1) having precisely n nodal domains.

Moreover, u_n ∈ C(R^N ) ∩ C^1(R^N \ {0}) ∩ W^{2,p}(R^N ) for some p >^N_2 .

Theorem 1.2 Suppose that (F_1),(F_2),(F_3) and (B) hold. Then there are (weak) solutions u_1, u_2 ∈ D^{1,2}(R^N ) of (1.1) such that u_1 is positive and u_2 has precisely two nodal domains. Moreover, u_1, u_2 ∈ C^1(R^N ) ∩ W^{2,p}(R^N ) for 1 ≤ p < ∞.

Remark: (a) Note that condition (B) implies that the nonlinearity is subcritical in u, whereas condition (A) admits supercritical nonlinearities as well.

(b) Obviously the solutions of Theorem 1.1 and Theorem 1.2 are classical provided that the function (x, u) → f(x, u^2)u is Hölder continuous in (x, u) and locally Lipschitz with respect to u.

One way to derive the existence of infinitely many solutions to (1.1) seems to be the application of Ljusternik-Schnirelman theory on the Nehari type set

N := { u ∈ D^{1,2}(R^N ) | ∫ R^{N |∇u|2 =} ∫ R^{N f(x, u2)u2} } − {0}, (resp. on N_R := {u ∈ N | u radially symmetric }), which is a closed subset of D^{1,2}(R^N ) containing all nontrivial solutions (resp. radial solutions) of (1.1). Note however that under our assumptions N and N_R might not be C^1-manifolds. Moreover, classical Ljusternik- Schnirelman-Theory does not give rise to the nodal properties that we assert. Consider the energy functional

ψ(u) := 1 2 ∫ R^{N |∇u|2 −} 1 2 ∫ R^N

∫_u2_{(x)} 0 f(x, s) ds dx (u ∈ D^{1,2}(R^N )) corresponding to (1.1) and the Ljusternik-Schnirelman levels

c_n := inf_{A∈Σn(N )} sup_{u∈A} ψ(u) (1.2)

where Σ_n(N ) denotes the family of all closed and symmetric subsets A ⊂ N with Krasnosel’skii genus γ(A) ≥ n. Similarly one defines c̃_n, replacing N by N_R in (1.2). Surprisingly, under the assumptions stated above, any solution of (1.1) on a Ljusternik- Schnirelman level set is characterized by the following observation:

Theorem 1.3 Let u ∈ D^{1,2}(R^N ).

(a) If u is a weak solution of (1.1) such that either ψ(u) ≤ c_n or ψ(u) < c_{n+1}, then u has at most n nodal domains.

(b) If u is a weak radial solution of (1.1) such that either ψ(u) ≤ c̃_n or ψ(u) < c̃_{n+1}, then u has at most n nodal domains.

Actually the solutions u_n to which we refer in Theorem 1.1 (resp. Theorem 1.2) will be constructed satisfying ψ(u_n) = c̃_n ( resp. ψ(u_n) = c_n).

Hence the following nondegeneracy property of the Ljusternik-Schnirelman levels is immediate:

Corollary 1.4 c̃_n < c̃_{n+1} for every n ∈ N, and c_1 < c_2. Moreover, c_2 (resp. c̃_2) is the minimal ’energy’ of sign changing weak solutions (resp. sign changing radial solutions).

Some comments are in order. First note that Naito [19] and Chabrowski [6] have considered the existence of radial nodal solutions to

−Δu − q(|x|)h(u) = 0 (u ∈ D^{1,2}(R^N )). (1.3)

In [19] the case h(u) = |u|^{β−1}u is considered, where β > 1 and

q ∈ C[0, ∞) ∩ C^1(0, ∞) q(r) > 0 for r > 0 (1.4) as well as

lim inf r→0 rq^′(r) q(r) > − N + 2 − β(N − 2) 2 (1.5)

lim sup r→∞ rq^′(r) q(r) < − N + 2 − β(N − 2) 2 . (1.6)

Using ODE-techniques, Naito showed that if (1.4)-(1.6) hold, then for given n ∈ N there exists a radial solution u with precisely n nodal domains (cf. [19, Theorem 7]). Note that (1.4)-(1.6) imply (F_1), (F_2), (F_3) and (A). On the other hand, if a nonlinearity of the form q(|x|)|u|^{β−1}u, β > 1 satisfies (A), we only require q ∈ L^∞_{loc}(0, ∞) , q ≥ 0, q ≢ 0 (1.7) instead of (1.4) to ensure our remaining assumptions. In particular we cover cases where q is singular at the origin. Moreover, in view of condition (F_3), supp q may be contained in a very small interval I ⊂ (0, ∞), and in this case we conclude that the nodal solutions u_n = u_n(r) found by Theorem 1.1 only change sign in I. This follows since u_n satisfies

(r^{N−1}u^′_n)^′ = 0, u^′_n(0) = 0 lim_{r→∞} u_n(r) = 0,

on [0, ∞) \ I, hence it can not change sign in this region. Observe furthermore that our assumptions also admit nonhomogeneous nonlinearities h in (1.3). These are also considered in [6], but there it is assumed that h at least is not supercritical, and q has to be continuous on [0, ∞) with q(r) > 0 for all positive r as well as q(0) = 0 and lim_{r→∞} q(r) = 0. Note moreover that the methods of [6] do not carry over to growth conditions of the form (1.7). Nevertheless we also remark that in [6] no oddness of h is assumed, and in [19] also the sublinear case 0 < β < 1 is considered, which can not be handled by our method.

Finally, concerning the growth conditions given by (A) or (1.5), (1.6) respectively, it should be noted that for the case h(u) = |u|^{β−1}u, β > 1 Kusano and Naito proved that if rq^′(r) q(r) ≥ − N + 2 − β(N − 2) 2 r > 0, then any classical radial solution of (1.3) does not change sign (cf. [14], [15]). Moreover they show in that if rq^′(r) q(r) < − N + 2 − β(N − 2) 2 r > 0, any classical radial solution of (1.3) has an infinite number of nodal domains.

In the nonradial case we were not able to establish the existence of solutions with n nodal domains for given n ≥ 3, and it is the authors belief that in general this is impossible. Note nevertheless that Tshinanga [23] established the existence of infinitly many solutions (without nodal characterization) under slightly different assumptions.

We prove our assertions developing a new variational approach which is related to methods introduced in [11], [10] for the treatment of sublinear equations. This approach is based on an examination of the geometry of the functional ψ around a Ljusternik- Schnirelman level by a ’comparison’ with ’frozen’ weighted linear eigenvalue problems of the form −Δv = λf(x, u^2)v v ∈ D^{1,2}(R^N ). (1.8)

More precisely, we will detect nodal solutions of (1.1) by solving (1.8) with the additional information that u equals v, and that λ = 1 satisfies a given (linear) minimax characterization. This enables us to carry over nodal characterizations which are known for linear problems (e.g. problems of Sturm-Liouville type) to the nonlinear situation. Furthermore we feel that it leads to a deeper understanding of the relationship between linear and nonlinear minimax principles.

Finally, Corollary 1.4 seems to be a special case of a more general principle that might hold for many types of nonlinear problems, and which roughly says that the nondegeneracy of the eigenvalues of a perturbative family of linear operators implies the nondegeneracy of Ljusternik-Schnirelman values. For another type of equations we already proved an even stronger version dealing also with finite multiplicity (see [11]).

Actually our method strongly relies on the nondegeneracy of the eigenvalues of linear perturbed problems, and it is a difficult question how this nondegenracy might be ensured also in the nonradial case (Note that the linerization of (1.1 ) is an operator with purely continuous spectrum, so we can not even use perturbation expansions). Only the first eigenvalue is easily detected to be nondegenerate, and this is the reason for Theorem 1.2 to hold. The paper is organized as follows: In section 2 we develop a variational comparison method in an abstract operator theoretical framework. This is motivated by the fact that for every u ∈ D^{1,2} := D^{1,2}(R^N ) the multiplication operator B(u) : D^{1,2} → (D^{1,2})^∗ given by v → f(·, u^2(·))v is compact ((D^{1,2})^∗ denoting the topological dual of D^{1,2}), and that v ∈ D^{1,2} is a weak solution of (1.8) if and only if it is an eigenfunction of the eigenvalue problem J^{−1}B(u)v = σv (1.9)

with σ =^1_λ (Here J : D^{1,2} → (D^{1,2})^∗ denotes the canonical isometric isomorphism). Hence we are concerned with a family of operators of the form J^{−1}B(u) on an abstract Hilbert space, and we derive existence results for an associated nonlinear eigenvalue problem (see Definition 2.2).

In section 3 we apply these results to the radially symmetric Emden-Fowler equation, and we prove Theorem 1.1 and Theorem 1.3(b). In section 4 we prove Theorem 1.2 and Theorem 1.3(a), considering now the nonsymmetric case.

Finally the paper contains a rather extensive appendix. In the first part we prove a compact embedding of the subspace of radial functions in D^{1,2} into a space of continuous functions on the half-line, and in the second part we establish a uniqueness result for solutions of (1.8). Finally we prove an analogue of Courant’s nodal domain theorem for eigenfunctions of (1.9).

Last but not least we remark that our method works even more easily for equations of the form (−Δ + q)u − f(x, u^2)u = λu u ∈ H^{1,2}(R^N ), (1.10)

assuming that λ < inf σ_{ess}(−Δ + q) and that f induces compact multiplication operators H^{1,2} → H^{−1,2} given by v → f(x, u^2)v for u ∈ H^{1,2}. There has been a lot of work on the existence of radial nodal solutions to (1.10), see e.g [12],[3] and [7], and we remark that Conti et al. treated nonlinearities in [7] which are neither odd nor uniformly superlinear. On the other hand, in all of the above references, nonlinearities with supercritical behaviour in u or a singularity at the origin are not admitted. Moreover, the analogues of Theorem 1.2, Theorem 1.3 and Corollary (1.4) for (1.10) are new. Sometimes estimates on the number of nodal domains are derived with morse theory in case that the functional is C^2 (cf. e.g. [4],[5]), but this theory does not apply if f is just a Caratheodory function. For a more detailed consideration of (1.10) with the help of our methods, see [24]. Acknowledgements: It is a pleasure to thank Professor Hans Peter Heinz and Matthias Schneider (Johannes Gutenberg-Universität Mainz) for inspiring discussions which had considerable influence on the final form of this paper.

2 A variational comparison method for saddle points

Let X denote a real Hilbert space with scalar product (·|·) and norm ‖·‖, denote X^∗ its topological dual and ⟨·, ·⟩ : X × X^∗ → R the dual pairing. Furthermore consider a (nonlinear) map B : X → L(X, X^∗), which is supposed to satisfy the fundamental hypotheses:

(H1) B is continuous.

(H2) B(u) ∈ L(X, X^∗) is a compact operator for every u ∈ X. (H3) B(0) = 0, and B(−u) = B(u) for all u ∈ X. (H4) ⟨B(u)v, w⟩ = ⟨B(u)w, v⟩ for all u, v, w ∈ X. (CC) (’Comparison Conditions’) There is an even map φ : X → R, η > 2 such that for arbitrary vectors u, v ∈ X there holds (i) 2(φ(v) − φ(u)) ≥ ⟨B(u)v, v⟩ − ⟨B(u)u, u⟩ (ii) The function t → ⟨B(tu)v, v⟩ is nondecreasing and increases strictly once it takes positive values. (iii) 0 ≤ ηφ(u) ≤ ⟨B(u)u, u⟩ (iv) If ⟨B(u)v, v⟩ > 0, then ⟨B(tv)v, v⟩ > 0 for some t > 0.

We state some consequences of these assumptions. First note that

φ(0) = 0 (2.1)

by (CC)(iii) and (H3). Moreover, (CC)(ii) and (H3) imply ⟨B(u)v, v⟩ ≥ 0 (u, v ∈ X). (2.2) As a further consequence we observe

Lemma 2.1 (i) There holds φ ∈ C^1(X) with derivative given by

φ^′(u) = B(u)u (u ∈ X). (2.3)

(ii) For every u ∈ X, t ≥ 1 we have φ(tu) ≥ t^ηφ(u).

Proof. (i) Since the map u → B(u)u is continuous by (H1), it suffices to show that φ is Gateaux differentiable with Gateaux derivative given by (2.3). Therefore consider u, v ∈ X and t > 0. Then, using (CC) and (H3), 2 φ(u + tv) − φ(u) t ≥ 1 t [⟨B(u)(u + tv), (u + tv)⟩ − ⟨B(u)u, u⟩] = 2⟨B(u)u, v⟩ + t⟨B(u)v, v⟩ as well as 2 φ(u + tv) − φ(u) t ≤ 1 t [⟨B(u + tv)(u + tv), (u + tv)⟩ − ⟨B(u + tv)u, u⟩] = 2⟨B(u + tv)u, v⟩ + t⟨B(u + tv)v, v⟩. Passing to the limit t → 0 we derive (2.3). (ii) If u ∈ X and t ≥ 1, then

log φ(tu) − log φ(u) = ∫_t 1 ⟨B(su)su, u⟩ φ(su) ds = ∫_t 1 ⟨B(su)su, su⟩ sφ(su) ds ≥ η ∫_t 1 ds s ds = η log t by (CC)(iii), hence φ(tu) ≥ t^ηφ(u).

In particular, Lemma 2.1(i) implies that φ is continuous. Moreover, in view of (CC)(ii) we have φ(u) > 0 ⇐⇒ ⟨B(u)u, u⟩ > 0. (2.4) Now denote J : X → X^∗ the canonical isometric isomorphism. Since for every u ∈ X the operator J^{−1}B(u) : X → X is compact, symmetric and nonnegative by (H2), (H4) and (2.2), its spectrum consists of a decreasing sequence of eigenvalues given by

σ_k(u) := sup_{V ≤X}

dim V = k inf_{v∈V} (J^{−1}B(u)v|v) (v|v) = sup_{V ≤X}

dim V = k inf_{v∈V} ⟨B(u)v, v⟩ (v|v) . (2.5)

We remark that, since B is continuous, the functions σ_k(·) : X → R are continuous as well. In the rest of the section we are concerned with the following special nonlinear eigenvalue problem:

Definition 2.2 Let n ∈ N. A vector u ∈ X is called a solution of Problem (NEP )_n if J^{−1}B(u)u = u (2.6) and σ_n(u) = 1.

To treat this problem, we first define a family of symmetric bilinear forms by [v, w]_u := (v|w) − ⟨B(u)v, w⟩ ∀ u, v, w ∈ X and consider N := {u ∈ X|[u, u]_u = 0} − {0}. Note that N is a closed and symmetric subset of X, since B is continuous and B(0) = 0. Furthermore, N contains all nontrivial solutions of (2.6). Let ψ : X → R be given by

ψ := 1 2 ‖u‖^2 − φ(u) (u ∈ X). By (CC)(iii) we see that for u ∈ N there holds ψ(u) ≥ ( 1 2 − 1 η ) ‖u‖^2, (2.7)

in particular ψ is non-negative on N . The aim is to set up minimax principles for ψ on N . Therefore consider c_n := inf_{A∈Σ(N )} γ(A)≥n sup_{u∈A} ψ(u) = sup_{A∈Σ(N )} γ^∗(A)≤n−1 inf_{u∈A} ψ(u) (2.8)

where we denote Σ(N ) the system of closed and symmetric subsets of N , γ the Krasnosel’skii genus and γ^∗(A) := sup{γ(B) | B ∈ Σ(N ) and B ∩ A = ∅} (A ∈ Σ(N )).

For the definition and properties of the Krasnosel’skii genus see e.g. [22, p. 94]. The equality in (2.8) is a consequence of the observation that c_n = inf{c ∈ R| γ(N ∩ ψ^{−1}(] − ∞, c]) ≥ n} = sup{c ∈ R| γ(N ∩ ψ^{−1}(] − ∞, c]) < n} However, so far we have not ensured that N is nonempty (Note that B ≡ 0 satisfies our assumptions), in particular there could hold c_n = +∞ for all n. Therefore we introduce the following hypothesis:

(GK) γ(N ) = ∞ (i.e., there is no continuous and odd map from N to a finite dimensional sphere).

Note nevertheless that, if (GK) holds, N still may not be homeomorphic to the unit sphere in X by radial projection, and in our applications this indeed is the case. The following lemma gives a more detailed description on the geometry of N .

Lemma 2.3 If V ⊂ X is a finite dimensional subspace such that for every v ∈ V \ {0} there is a number t > 0 such that ⟨B(tv)v, v⟩ > 0, then V ∩ N is homeomorphic to the unit sphere S ⊂ V by radial projection. In particular γ(V ∩ N ) = dim V.

Proof. First observe that by (CC)(ii) the radial projection V ∩N → S is injective. Moreover, by assumption and (2.4) we find for every v ∈ V a positive number t such that φ(w) > 0 for w = tv, hence (CC)(i) and Lemma 2.1(ii) yield ⟨B(sw)sw, sw⟩ ≥ 2s^ηφ(w) ≥ ‖sw‖^2 (2.9) for s = s(w) > 0 large enough. In particular there is a unique t_v > 0 such that t_vv ∈ N . Since S is compact and B is continuous, the set {t_v |v ∈ S} is bounded. Hence V ∩ N is compact and the radial projection is continuous and bijective considered as a map V ∩N −→ S. Thus it is a homeomorphism.

In the following lemma we see how condition (CC) allows us to ’compare’ the family of eigenvalues σ_n(u) of the operators J^{−1}B(u) to the ’nonlinear’ minimax value c_n. Proposition 2.4 Put d := inf_{u∈N} ‖u‖ > 0 and consider u ∈ N . If σ_n(u) ≥ 1, then there holds ψ(u) − c_n ≥ d^2 2 (σ_n(u) − 1). (2.10)

Proof. Since u ∈ N , condition (CC) implies

2(ψ(v) − ψ(u)) ≤ [v, v]_u − [u, u]_u = [v, v]_u (2.11)

for every v ∈ X. Now choose pairwise orthogonal eigenvectors v_1, . . . , v_n ∈ X corresponding to J^{−1}B(u) and the eigenvalues σ_1(u), . . . , σ_n(u), and denote V the span of v_1, ..., v_n. Then clearly ⟨B(u)v, v⟩ > 0 for v ∈ V \{0}. By (CC)(iv) and Lemma 2.3 we conclude γ(V ∩N ) = n, and therefore 2(c_n − ψ(u)) ≤ 2( sup_{v∈N ∩V} ψ(v) − ψ(u)) ≤ sup_{v∈N ∩V} [v, v]_u ≤ sup_{v∈N ∩V} ‖v‖^2(1 − σ_n(u)) ≤ d^2(1 − σ_n(u)). (2.12)

Corollary 2.5 Suppose u ∈ N . Then ψ(u) ≤ c_n (resp. ’<’) implies σ_n(u) ≤ 1 (resp. ’<’).

This is an interesting observation especially for solutions of (2.6) on the ψ-level c_n, but it does not answer the question whether such solutions exist or not. Moreover, as stated in problem (NEP )_n, we intend to establish the stronger assertion σ_n(u) = 1 for such solutions. As a step in this direction, we look for a maximizing set related to the second characterization in (2.8), i.e. a closed and symmetric set K ⊂ N satisfying γ^∗(K) ≤ n − 1 and inf_{u∈K} ψ(u) = c_n. Therefore we fix n ∈ N for the rest of the section and denote Q(u) the spectral projection associated with the operator J^{−1}B(u) and the interval [0, σ_n(u)]. Moreover we define the fixed point set K := {u ∈ N | Q(u)u = u}. Indeed we observe the following:

Lemma 2.6 The set K is closed.

Proof. Consider a sequence (u_k)_k ⊂ K such that u_k → u in N . Pick j ∈ N minimal such that σ_j(u) = σ_n(u). If j = 1, then clearly u ∈ K. Hence consider the case 1 < j ≤ n, and denote P (u_k) the spectral projection associated with the operator J^{−1}B(u_k) and the eigenvalues σ_1(u_k), ..., σ_{j−1}(u_k), k ∈ N. Now choose a closed smooth path Γ ⊂ C surrounding σ_1(u), ..., σ_{j−1}(u) but no other value σ_i(u), i ≥ j. Since the functions σ_k(·) are continuous, there is a number k_0 such that for k ≥ k_0 the projection P (u_k) is given by

P (u_k) := 1 2πi ∫ Γ (λI − J(u_k))^{−1}dλ, (2.13)

where we denoted J(u_k) := J^{−1}B(u_k) (Strictly speaking, this holds true for the complexification of P (u_k)). From the relation

(λ_1I − J(u_k))^{−1} − (λ_2I − J(u))^{−1} = (λ_2I − J(u))^{−1}[(λ_2 − λ_1)I − (B(u) − B(u_k))](λ_1I − J(u_k))^{−1} (λ_1, λ_2 ∈ Γ)

we deduce that (λI − J(u_k))^{−1} → (λI − J(u))^{−1} in L(X) uniformly in λ ∈ Γ. Hence P (u_k) → P (u) in L(X) by (2.13), and therefore P (u)u = lim_{k∈}N P (u_k)u_k = 0, since u_k ∈ K for all k. Recalling that σ_n(u) = σ_j(u) we infer that u ∈ K, hence K is closed.

Lemma 2.7 For u ∈ K there holds: (a) ψ(u) ≥ c_n (b) If ψ(u) = c_n, then u is a solution of problem (NEP )_n.

Proof. Note that u ∈ K implies σ_n(u) ≥ 1, therefore (a) follows directly from proposition 2.4. Moreover, if in addition ψ(u) = c_n, then (2.10) implies σ_n(u) = 1, and from (J^{−1}B(u)u|u) = (u|u) and u ∈ R(Q(u)) we conclude J^{−1}B(u)u = u. Thus u is a solution of (NEP )_n.

As a consequence, we might find solutions of (NEP )_n as minimizers u for ψ|_K , provided that K is nonempty and that

c_n = inf_{u∈K} ψ(u) (2.14)

In view of (2.8) and Lemma 2.7(a) this holds under the assumption

(EC) γ^∗(K) ≤ n − 1, which together with (GK) in particular implies, in particular, that K is nonempty. At this point it might not be clear that this condition can be satisfied, but it actually turns out that we can ensure it in our applications.

At any rate, if (EC) is satisfied, (2.14) holds and Lemma 2.7(b) shows that every minimizer for ψ in K is a solution of (NEP )_n. To establish the existence of minimizers, we examine minimizing sequences in K, and we need the following estimate:

Lemma 2.8 There holds ‖Ju − B(u)u‖_X∗ ≤ ‖u‖ [ (σ_n(u) − 1) + [(σ_n(u) − 1)σ_n(u)]^{12} ]

for every u ∈ K.

We postpone the proof of this assertion and instead we first use it to prove the following:

Theorem 2.9 Assume that (GK) and (EC) are satisfied, and that (u_j) ⊂ K is a minimizing sequence for ψ in K. Then (u_j) is bounded and ‖Ju_j − B(u_j)u_j‖_X∗ → 0 for j → ∞.

Proof. By (2.7) we observe that (u_j)_j is bounded. Moreover (2.10) yields

o(1) = ψ(u) − c_n ≥ d^2 2 (σ_n(u) − 1) ≥ 0,

hence σ_n(u_j) → 1. The assertion now follows from Lemma 2.8.

Proof of Lemma 2.8. Fix u ∈ K. Then clearly σ_n(u) ≥ 1, and σ_n(u)(·|·) − (J^{−1}B(u) · |·) defines a (semidefinite) scalar product on R(Q(u)) ⊂ X. Set w := u−J^{−1}B(u)u ∈ R(Q(u)), then by the corresponding Cauchy-Schwartz- Inequality σ_n(u)(u|w) − (J^{−1}B(u)u|w) ≤ [σ_n(u)‖u‖^2 − (J^{−1}B(u)u|u)]^{12} × [σ_n(u)‖w‖^2 − (J^{−1}B(u)w|w)]^{12} ≤ [(σ_n(u) − 1)‖u‖^2]^{12} [σ_n(u)‖w‖^2]^{12} ≤ ‖u‖[(σ_n(u) − 1)σ_n(u)]^{12} ‖w‖. Therefore ‖w‖^2 = (u|w) − (J^{−1}B(u)u|w) ≤ σ_n(u)(u|w) − (J^{−1}B(u)u|w) + |1 − σ_n(u)|(u|w) ≤ ‖u‖[(σ_n(u) − 1)σ_n(u)]^{12} ‖w‖ + (σ_n(u) − 1)‖u‖‖w‖, hence ‖Ju − B(u)u‖_X∗ = ‖w‖ ≤ ‖u‖ [ (σ_n(u) − 1) + [(σ_n(u) − 1)σ_n(u)]^{12} ] .

Corollary 2.10 Assume that (GK) and (EC) are satisfied, and that the (nonlinear) operator B : X → L(X, X^∗) is compact. Then ψ attains its minimum on K, hence there is a solution of (NEP )_n.

Proof. Since B is compact and (H2) holds, the operator B̃ : X → X^∗ defined by B̃(u) := B(u)u is compact as well. Now if (u_j)_j is a minimizing sequence for ψ in K, then (u_j) is bounded by (2.7) and there is w ∈ X^∗ such that B(u_j)u_j → w after passing to a subsequence. By Theorem 2.9 we conclude that u_j → J^{−1}(w), and ψ|_K attains its minimum at J^{−1}(w).

3 The radial case

In this section we always assume that f can be written in the form f(x, u^2) ≡ f(|x|, u^2), and that (F_1), (F_2), (F_3) and (A) are satisfied. First we adapt the notation of section 2 to this situation. Thus let X denote the Hilbert space of radially symmetric functions in D^{1,2}(R^N ). We note that every u ∈ X is continuous on R^N \ {0} and there holds |u(r)| ≤ C‖u‖r^{2−N2} (3.1) with a constant C = C(N) > 0 (see e.g. [16, p.55]). Furthermore we observe that in the distributional sense −Δ coincides with the canonical isometric isomorphism J : X → X^∗ on X.

Lemma 3.1

a) There is a completely continuous, i.e. compact and continuous map B : X → L(X, X^∗) defined by ⟨B(u)v, w⟩ := ∫ R^{N f(|x|, u} 2)v(x)w(x)dx such that B(u) is a compact linear operator for each u ∈ X.

b) For every u ∈ X there exists

φ(u) := 1 2 ∫ R^N

∫_u2_{(x)} 0 f(|x|, s) ds dx (u ∈ X). (3.2) Moreover, the functional φ : X → R and the map B satisfy condition (CC) from section 2.

We postpone the (somewhat technical) proof for a moment and infer that, as a consequence, the map B satisfies (H1)-(H4) as well as (CC). Hence we may consider problem (NEP )_n (as stated in section 2), and we observe that every weak solution u ∈ X of (1.1) solves (2.6) as well. Moreover there holds the following:

Proposition 3.2 If u ∈ X is a solution of (NEP )_n, then u ∈ C^1(R^N ) ∩ W^{2,p}_{loc} (R^N ) for all 1 ≤ p < ∞, and u is a solution of (1.1) having precisely n nodal surfaces.

Hence Theorem 1.1 will follow from Corollary 2.10 as soon as we have ensured the remaining assumptions. We will prove Proposition 3.2 at the end of this section, and we first turn to the

Proof of Lemma 3.1. In view of (I3) we find μ > N − 2 2 , ν < N − 2 2 such that

δ_1 := α_1 + N − 2μ(β_1 + 1) > 0 (3.3) and δ_2 := α_2 + N − 2ν(β_2 + 1) < 0. (3.4) Fix such values μ and ν and note that by Lemma 5.1 of the appendix there is a compact embedding i : X → C_{μ,ν}. Now we turn to the proof of a):

Consider the following factorization for B: X^i→ C_{μ,ν}^b→ L(C_{μ,ν}, C^∗_{μ,ν} )^j→ L(X, X^∗). Here the map b is defined by ⟨b(u)v, w⟩ := |S^{N−1}| ∫_∞ 0 r^{N−1}f(r, u^2)v(r)w(r)dr, (3.5) (|S^{N−1}| denoting the volume of the unit sphere in R^N ), and j maps a linear operator D ∈ L(C_{μ,ν}, C^∗_{μ,ν} ) to i^∗Di ∈ L(X, X^∗). We show that b is well-defined and continuous: First consider a fixed u ∈ C_{μ,ν}. Then for all v, w ∈ C_{μ,ν} there holds |f(r, u^2)v(r)w(r)| ≤ { c_1r^{δ1−N} ‖u‖^{2β1}_{μ,ν} ‖v‖_{μ,ν} ‖w‖_{μ,ν} for 0 < r ≤ 1 c_2r^{δ2−N} ‖u‖^{2β2}_{μ,ν} ‖v‖_{μ,ν} ‖w‖_{μ,ν} for 1 < r < ∞. By integration we conclude that b(u) is a well defined element of L(C_{μ,ν}, C^∗_{μ,ν} ). In order to show the continuity of b, pick a sequence (u_n)_n ⊂ C_{μ,ν} with u_n → u ∈ C_{μ,ν}. Given ε > 0, choose 0 < r_1 < 1 and 1 < r_2 < ∞ in such a way that

2c_1M^{2β1} r^{δ1}_1 δ_1

< ε (3.6) and −2c_2M^{2β2} r^{δ2}_2 δ_2

< ε, (3.7)

where M := sup_{n∈}

N^{{‖un‖μ,ν }. Since f(r, u2n(r)) converges uniformly to f(r, u2(r)) on the com-}

pact subinterval [r_1, r_2], there is an n_0 ∈ N such that ∫_{r2} r_1 max{r^{N−1−2μ}, r^{N−1−2ν}}|f(r, u^2(r)) − f(r, u^2_n(r))| dr < ε for n ≥ n_0. But, using (3.6), we also have ∫_{r1} 0 r^{N−1−2μ}|f(r, u^2(r)) − f(r, u^2_n(r))| dr ≤ ∫_{r1} 0 r^{N−1−2μ}(|f(r, u^2(r))| + |f(r, u^2_n(r))|) dr ≤ 2c_1M^{2β1} ∫_{r1} 0 r^{δ1−1} ≤ 2c_1M^{2β1} r^{δ1}_1 δ_1 < ε.

Similarly (3.7) implies ∫_∞ r_2 r^{N−1−2ν}|f(r, u^2(r)) − f(r, u^2_n(r))| dr < ε. (3.8) Combining these estimates, we obtain for n ≥ n_0 ⟨(b(u) − b(u_n))v, w⟩ = |S^{N−1}| ∫_∞ 0 r^{N−1}f(r, u^2)v(r)w(r)dr ≤ 3ε|S^{N−1}|‖v‖_{μ,ν} ‖w‖_{μ,ν} , and this shows the continuity of b.

Considering now the factorization given above, we see that indeed the map B is completely continuous. Furthermore the range of B consists only of compact operators, since the same holds true for the map j. Thus a) is proved. b): For u ∈ X, 0 < r ≤ 1 we have ∫_u2_{(x)} 0 f(r, s) ds ≤ c_1r^{α1} ∫_u2_{(x)} 0 s^{β1} ds ≤ c_1 β_1 + 1 r^{α1} |u(x)|^{2(β1+1)} = c_1 β_1 + 1 ‖u‖^{2(β1+1)} μ,ν r^{δ1−N} Analoguesly we derive for 1 ≤ r < ∞ ∫_u2_{(x)} 0 f(r, s) ds ≤ c_2 β_2 + 1 ‖u‖^{2(β2+1)} μ,ν r^{δ2−N} Therefore the integral on the right hand side of (3.2) exists. To prove (CC)(i)-(iv), note that for arbitrary r ∈]0, ∞] the function F (r, ·) := ∫_{(·)} 0 f(r, s)ds is convex on [0, ∞[, since f satisfies (F_1). In particular, for u, v ∈ X and x ∈ R^N \ {0} there holds F (|x|, v^2(x)) − F (|x|, u^2(x)) ≥ ∂_2F (|x|, u^2(x))(v^2(x) − u^2(x)) = f(|x|, u^2(x))(v^2(x) − u^2(x)).

Noting that 2φ(u) = ∫ R^{N F (|x|, u2(x)) dx, (u ∈ X)} condition (CC)(i) follows by integration. Now (CC)(ii) and (CC)(iii) are immediate consequences of (F_1) and (F_2). To ensure (CC)(iv), note that ⟨B(u)v, v⟩ > 0 implies that I(f) ∩ supp(v) is a set of positive measure, where I(f) := {r ∈]0, ∞[ | ∃s > 0 s.t. f(r, s) > 0}, (3.9) hence ⟨B(tv)v, v⟩ > 0 for t > 0 large enough.

Lemma 3.3 Condition (GK) is satisfied, i.e. γ(N ) = ∞.

Proof. We prove this by constructing for given m ∈ N an m-dimensional subspace V_m ⊂ X such that for every v ∈ V_m \ {0} there exists t > 0 such that ⟨B(tv)v, v⟩ > 0, (3.10) which implies γ(N ∩ V_m) = m by Lemma 2.3. Therefore choose m linearly independent functions w_i : [0, ∞[→ R which are real analytic on ]0, ∞[, rapidly decreasing at infinity and satisfy w^′_i(0) = 0 (e.g. one can take linear combinations of Hermite functions). Define v_i ∈ X by v_i(x) := w_i(|x|) and define V_m as the span of the v_i. Since I(f) (as defined in (3.9)) is a set of positive measure by (F_3), any v ∈ V_m \ {0} cannot vanish on I(f), and we conclude that there is a number t > 0 such that (3.10) holds.

As the next step we want to ensure condition (EC) for given n ∈ N, and we therefore again make use of the radial structure of the problem. Observe that (EC) holds if there are n − 1 continuous and odd functions g_i : N → R such that g_i(u) = 0 ∀ i =⇒ u ∈ K. (3.11) Now the idea is the following: For i = 1, ..., n − 1, u ∈ X define g_i(u) = h(0), where h := P_i(u)u, and P_i(u) ∈ L(X) is the spectral projection associated with the eigenvalue σ_i(u) of the operator J^{−1}B(u). Clearly g_i is an odd function. Moreover we observe:

Lemma 3.4 For u ∈ N and all i ∈ N there holds σ_i(u) > 0, and σ_i(u) is nondegenerate. Furthermore the map u → P_i(u) is continuous.

Proof. We recall the variational characterization

σ_i(u) := sup_{V ⊂X}

dim V = i inf_{v∈V} ⟨B(u)v, v⟩ (v|v) (3.12)

for each i ∈ N. Now fix u ∈ N . Then the measure of the set {x ∈ R^N | f(|x|, u^2(x)) > 0} is positive, and we may conclude σ_i(u) > 0 by testing with an i-dimensional subspace V_i ⊂ X constructed as in the proof of Lemma 3.3. If u_i is a corresponding eigenfunction, there holds −Δu_i = 1 σ_i(u)^f (r, u^2)u_i at least in distributional sense. We first show (∗) u_i ∈ C(R^N ) ∩ C^1(R^N \ {0}) ∩ W^{2,p}_{loc} (R^N ) for some p >^N_2 Since the function f(·, u^2(·))u_i(·) is locally bounded on R^N \ {0} (recall that u is continuous

on R^N \ {0}), elliptic regularity yields u_i ∈ W^{2,p}_{loc} (R^N \ {0}) for 1 ≤ p < ∞. Hence u_i ∈

C^1(R^N \ {0}) by Sobolev embeddings. Note furthermore that for every radially symmetric φ ∈ C^∞_0 (B_1(0)) we have

‖(f(·, u^2(·))^{12} φ‖^2_{L2(}R_{N )} = ⟨B(u)φ, φ⟩ ≤ ‖B(u)‖‖φ‖^2 ≤ C‖B(u)‖‖(1 − Δ)^{12} φ‖_L2_(RN_) (3.13) with a constant C > 0 (Here (1−Δ)^12 is understood as a pseudodifferential operator). Since the operators −Δ and f(·, u^2(·)) conserve radial symmetry, (3.13) holds even for arbitrary φ ∈ C^∞_0 (B_1(0)). Therefore [1, Theorem 5.1] implies that u_i ∈ L^∞(B_{1/2}(0)). Now (A) yields f(·, u^2_i (·))u_i ∈ L^p((B_{1/2}(0)) for some p >^N_2 , hence u_i ∈ W^{2,p}(B_{1/2}(0)) by elliptic regularity. Finally u_i ∈ C(B_{1/2}(0)) by Sobolev embeddings, hence (∗) holds.

To conclude that J^{−1}B(u) has only simple eigenvalues we apply Lemma 5.2, noting that in view of (3.1) the function g(r) := f(r, u^2(r)) satisfies 0 ≤ g(r) ≤ const r^α for r ∈]0, 1] with α := α_1 − (N − 2)β_1 > −2.

Using the nondegeneracy of the values σ_i(u), u ∈ N , the continuity of P_i now follows by a similar argument as in the proof of Lemma 2.6.

We conclude by the preceding Lemma that the maps h_i : N → X, h_i(u) := P_i(u)u are continuous. Now fix i ∈ N. To show the continuity of g_i, pick a sequence (u_n) ⊂ N such that u_n → u ∈ N , and denote M := {u_n, u}. Thus M is compact, therefore we conclude by (3.13) that

‖(f(·, u^2(·))^{12} φ‖^2_{L2(}R_{N )} ≤ C‖B(u)‖‖(1 − Δ)^{12} φ‖_L2_(RN_) ≤ C_1‖(1 − Δ)^{12} φ‖_L2_(RN_)

for all u ∈ M and φ ∈ C^∞_0 (B_1(0)). A closer look at [1, Theorem 5.1] tells us that C_2 := sup_{u∈M} ‖h_i(u)‖_L∞_{(B1/2(0))} < ∞. Moreover, in view of (A) there is a number p >^n_2 such that

q := p(α_1 − (N − 2)β_1) > −N, hence there holds ∫ |x|≤^1_2 |Δh_i(u)|^p = 1 σ_i(u) ∫ |x|≤^1_2 [f(|x|, u^2(|x|))(h_i(u))(|x|)]^p dx

≤ 1 σ_i(u) c_1C^p_2

∫ 1_2 0 r^{N−1}[r^{α1} |u(r)|^{2β1} ]^pdr = C_3‖u‖^{2β1p} ∫_1 0 r^{N−1−q} dr ≤ C_4 for u ∈ M (again we used (3.1) and the fact that σ_i(u_n) → σ_i(u) > 0). Therefore the set h_i(M) is bounded in W^{2,p}(B 1_2 (0)) due to the Calderon-Zygmund inequality (see e.g. [9, p.230]), and by the Sobolev embedding theorem it is relatively compact in C(B 1_2 (0)). Hence h_i(M) is equicontinuous. Now since (3.1) implies h_i(u_n) → h_i(u) pointwise on R^N \ {0}, we conclude h_i(u_n)(0) → h_i(u)(0), and this shows the continuity of g_i. Finally Lemma 5.2 implies that if g_i(u) = 0, then P_i(u)u = h_i(u) = 0, hence the functions g_i satisfy (3.11). Therefore we have proved the following:

Lemma 3.5 Condition (EC) is satisfied for every n ∈ N.

Now we can complete the proofs of the radial Theorems:

Proof of Theorem 1.1. Fix n ∈ N. The conditions (H1)-(H4) and (CC) are satisfied by Lemma 3.1, whereas (GK) and (EC) hold by Lemma 3.3 and Lemma 3.5 respectively.

Finally, the operator B : X → L(X, X^∗) is compact by Lemma 3.1, hence by Corollary 2.10 there is a solution of (NEP )_n. Thus Theorem 1.1 follows from Proposition 3.2.

Proof of Theorem 1.3(b):. A weak radial solution u of (1.1) is an eigenfunction of the operator J^{−1}g̃ : X → X corresponding to the eigenvalue σ(u) = 1, where g̃ : X → X^∗ corresponds to g := f(·, u^2(·)) in the way described in Theorem 5.3. As in the proof of Lemma 3.4 we see that u is continuous and that g is locally bounded on R^N \{0}, hence the assertion follows from a combination of Theorem 5.3 (together with the remark following it) and Corollary 2.5.

We conclude the section with the

Proof of Proposition 3.2. By (∗) (see the proof of Lemma 3.4) there holds u ∈ C(R^N ) ∩ C^1(R^N \ {0}) ∩ W^{2,p}_{loc} (R^N ) for some p >^N_2 . Viewed as a function of r = |x|, this implies u ∈ C^1(0, ∞), u^′ is absolutely continuous and that

(r^{N−1}u^′)^′ + r^{N−1}f(r, u^2)u = 0

for r > 0. Moreover, there are n − 1 linearly independent functions u_i ∈ C[0, ∞) ∩ C^1(0, ∞) such that u^′_i is absolutely continuous on (0, ∞) and

(r^{N−1}u^′_i)^′ + 1 σ_i(u) r^{N−1}f(r, u^2)u_i = 0.

By seperation theorems of Sturm type we conclude inductively that u = u_n has at least n nodal domains. On the other hand there cannot be more by Theorem 5.3 and the remark following it. Hence the assertion is proved.

4 The nonradial case

In this section we always assume that (F_1), (F_2), (F_3) and (B) are satisfied. Now we apply the theory of section 2 to X := D^{1,2}(R^N ), and again we observe that, in distributional sense, −Δ coincides with the canonical isometric isomorphism J : X → X^∗. As in the previous section we have

Lemma 4.1 a) There is a continuous map B : X → L(X, X^∗) defined by ⟨B(u)v, w⟩ := ∫ R^{N f(x, u2)v(x)w(x)dx,} and B(u) is a compact linear operator for each u ∈ X.

b) For every u ∈ X there exists

φ(u) := 1 2 ∫ R^N

∫_u2_{(x)} 0 f(x, s) ds dx (u ∈ X). Moreover, the functional φ : X → R and the map B satisfy (CC).

Results by Schneider [20] suggest that B is completely continuous as in the radial case, but we did not examine this in detail. Instead we will use an observation of Tshinanga [23].

Proof of Lemma 4.1. a) Set p := 2^∗ :=^{2N}_{N−2} and consider the following factorization for B:

X^i→ L^p(R^N )^{f∗}−→ L^{N2} (R^N )^g−→ L(L^p(R^N ), L^{p′} (R^N ))^h−→ L(X, X^∗)

Here i denotes the Sobolev embedding, and (f_∗(u))(x) := f(x, u^2(x)). Moreover g is defined by g(v)w := vw for v ∈ L^N2 (R^N ), w ∈ L^p(R^N ), while h maps a linear operator S ∈ L^N2 (R^N ) to i^∗Si (i^∗ denoting the dual of i). Obviously i, g and h are continuous linear Operators. To ensure the continuity of f_∗, we only have to check that it is bounded (cf. [17, p.22]). Therefore note that for u ∈ L^p(R^N ) we have by Hölder’s Inequality: ∫ R^{N |f(x, u2)|} N 2 ≤ C ∫ R^N [ 1 (1 + |x|)^a |u|^{2γ} ] N_2

≤ C ∫ R^N 1 (1 + |x|)^{aN}2 |u|^{γN}

≤ C‖u‖^{γN}_p (∫ R^N ( 1 1 + |x| ) τ^′aN_2 )^1_{τ′} , (4.1)

where τ^′ is the conjugate exponent of τ :=^p_{Nγ} =^2_{(N−2)γ} > 1. A short calculation shows τ^′aN 2 =^{aN}_{2−(N−2)γ} > N in view of (B), hence f_∗ is a bounded operator, and therefore B is continuous. It remains to show that B(u) ∈ L(X, X^∗) is compact for every u ∈ X. Since the compact linear operators form a closed subspace of L(X, X^∗), it suffices to consider u ∈ C^∞_0 . Therefore suppose that u vanishes on R^N \ Ω, Ω ⊂ R^N a bounded domain. In this case B(u) factorizes in the form

X^r→ W^{1,2}(Ω)^j→ L^2(Ω)^{ρu}−→ L^2(Ω)^{(r∘j)∗}−→ X^∗

where r denotes the canonical restriction, j the compact Sobolev embedding, and ρ_u is given by ρ_u(v) := f(·, u^2(·))v. Hence B(u) is compact. b) There holds ∫_u2_{(x)} 0 f(x, s) ds ≤ C (γ + 1)(1 + |x|)^a

|u(x)|^{2γ+2} (4.2)

where the right hand side of (4.2) is an L^1-function by (B). Hence φ is well defined. (CC) follows exactly as in the radial case.

As a consequence, B satisfies (H1)-(H4) as well as (CC). Now we are ready to prove our nonradial results.

Proof of Theorem 1.2. We ensure the assumptions of Theorem 2.9 in case that n ∈ 1, 2. Therefore observe that Condition (GK) can be proved just as in the radial case (cf. Lemma 3.3). We check (EC) for the sets K associated with n = 1 and n = 2 respectively: In case n = 1 the set K equals N , hence (EC) holds trivially. In case n = 2, note that by the same arguments as in Lemma 3.4 there holds σ_1(u) > 0 for every u ∈ N . Furthermore, by Theorem 5.3, every eigenfunction of J^{−1}B(u) corresponding to σ_1(u) does not change sign, in particular σ_1(u) has to be nondegenerate. As in the proof of Lemma 3.4 we conclude that the spectral projection P_1(u) ∈ L(X) onto the corresponding eigenspace depends continuously on u ∈ N . Now pick an arbitrary a.e. positive function v ∈ X and observe that the map h : N → R defined by u^h−→ ∫ R^{N vP1(u)u} is odd and continuous. Moreover, h(u) = 0 ⇐⇒ u ∈ K, hence γ^∗(K) ≤ 1, and (EC) is satisfied for n = 2. Now fix n ∈ {1, 2} and note that all assumptions of Theorem 2.9 are satisfied. Hence we get a minimizing sequence (u_j)_j of ψ in K such that Ju_j − B(u_j)u_j → 0 in X^∗. By an observation of Tshinanga [23, Lemma 2.2.] such a sequence contains a convergent subsequence (Note that even though in [23] it is supposed that f ∈ C(R^N × R), the proof also works if f is just a Caratheodory function). Hence ψ attaines its minimum on K and every minimizer is a solution of (4.3) by Lemma 2.7. Thus, the following proposition completes the proof of Theorem 1.2.

Proposition 4.2 If n ∈ {1, 2} and u_n ∈ X satisfies

J^{−1}B(u_n)u_n = u_n, σ_n(u) = 1, (4.3)

then u_n ∈ C^1(R^N )∩W^{2,p}_{loc} (R^N ) for 1 ≤ p < ∞, and u_n is a solution of (1.1) having precisely n nodal domains.

Proof. The function u = u_n solves the equation −Δu = f(x, u^2)u in distributional sense, where f(·, u^2(·)) ∈ L^N2 (R^N ) by (4.1). Therefore u ∈ L^p_{loc}(R^N ) for p ∈ [1, ∞), as proved e.g. in [22, p. 244]. Now (B) implies f(·, u^2(·)) ∈ L^p_{loc}(R^N ) for p ∈ [1, ∞), hence u ∈ W^{2,p}_{loc} (R^N ) by elliptic regularity. Since W^{2,p} is embedded in C^1(R^N ) for p large enough, we conclude u ∈ C^1(R^N ). By Theorem 5.3 the function u_1 does not change sign. Moreover,

0 = (u_1|u_2) = (J^{−1}B(u_1)u_1|u_2) = ⟨B(u_1)u_1, u_2⟩ = ∫ R^{N f(x, u12)u1u2 dx,} hence u_2 has to change sign somewhere. By Theorem 5.3, u_2 has exactly two nodal domains.

Proof of Theorem 1.3(a):. A weak solution of (1.1) is an eigenfunction of the operator J^{−1}g̃ : X → X corresponding to the eigenvalue σ(u) = 1, where g̃ : X → X^∗ corresponds to g := f(·, u^2(·)) in the way described in Theorem 5.3. As in the proof of Proposition 4.2 we see that u ∈ C^1(R^N ), hence g is locally bounded on R^N . Therefore the assertion follows by combining Theorem 5.3 and Corollary 2.5.

5 Appendix

5.1 A compact embedding

In this section we prove a helpful Lemma which we do not claim to be new, but we could not find a version directly applicable to our situation. Therefore we add the proof here for the convenience of the reader.

In the following let X denote the Hilbert space of the radially symmetric functions in D^{1,2}(R^N ) as in section 3. We first introduce for arbitrary μ, ν ∈ R the Banach spaces C_{μ,ν} := {u ∈ C(0, ∞)|‖u‖_{μ,ν} < ∞}, where ‖u‖_{μ,ν} := max{ sup_{0<r≤1} r^μ|u(r)|, sup_{1≤r<∞} r^ν|u(r)|}. The completeness of C_{μ,ν} is obvious, since the map u(r) → { r^μ‖u(r)‖ for 0 < r ≤ 1 r^ν‖u(r)‖ for 1 ≤ r < ∞ defines an isometric isomorphism between C_{μ,ν} and C_b(0, ∞), i.e. the Banach space of bounded and continuous functions on (0, ∞). Now there holds:

Lemma 5.1 If N ≥ 3, then there is a compact embedding X → C_{μ,ν} for μ >^{N−2}_2 and ν >^{N−2}_2 .

Proof. First note that for arbitrary μ, ν, μ^′, ν^′ ∈ R there are isometric isomorphisms C_{μ,ν} → C_μ′_{,ν}′ given by u(r) → v(r) := { r^{μ−μ′} u(r) for 0 < r ≤ 1 r^{ν−ν′} u(r) for 1 ≤ r < ∞ Moreover, C_{μ,ν} → C_μ′_{,ν}′ , (5.1) provided that μ^′ ≥ μ, ν^′ ≤ ν. Now consider μ =^{N−2}_2 + ε, ν =^{N−2}_2 − ε^′, with ε, ε^′ > 0. We claim that there is a compact embedding i : X → C_{μ,ν} which factorizes in the following way: X^{T1}−→ X_1^j−→ C_{−1+ε,−1−ε}′^{T2}−→ C_{μ,ν} (5.2) Here we denote X_1 := {u ∈ C_{−1,−1} ∩ W^{1,2}_{loc} (0, ∞) | ‖u‖_∗ < ∞}, where

‖u‖^2_∗ :=

∫_1 0 (u^′)^2 + ∫_∞ 1 r^{−1}(u^′)^2.

Furthermore we endow X_1 with the norm ‖u‖_{X1} := ‖u‖_{−1,−1} + ‖u‖_∗. The map T_1 is defined by u(r)^{T1}→ v(r) := r^{N2} u(r) for r > 0 while T_2 is defined analoguesly with corresponding exponent −^N_2 . Thus we have already seen that T_2 is continuous, as well as the inclusion j : X_1 → C_{−1,−1} → C_{−1+ε,−1−ε}′ . Indeed this is a factorization for i, and therefore the compactness of i is ensured if we check the following two assertions:

(1) T_1 is continuous. (2) j is compact.

Ad (1): As a consequence of (3.1), X is embedded in C N−2_{2 ,} N−2_2 , and by definition T_1 maps C N−2_{2 ,} N−2_2 isometrically on C_{−1,−1}. On the other hand, for u ∈ X there holds ‖T u‖^2_∗ = ∫_1 0 [(r^{N2} u(r))^′]^2 dr + ∫_∞ 1 r^{−1}[(r^{N2} u(r))^′]^2 dr = ∫_1 0 [ N 2 r^{N−22} u(r) + r^{N2} u^′(r)]^2 dr + ∫_∞ 1 r^{−1}[ N 2 r^{N−22} u(r) + r^{N2} u^′(r)]^2 dr ≤ N^2 2 ∫_1 0 r^{N−2}u^2(r) dr + 2

∫_1 0 r^N (u^′(r))^2 dr + N^2 2 ∫_∞ 1 r^{N−3}u^2(r) dr + 2 ∫_∞ 1 r^{N−1}(u^′(r))^2 dr ≤ c_1‖u‖^2_{N−22 , N−22} + c_2‖u‖^2 ≤ c_3‖u‖^2 and this implies the continuity of T_1.

Ad (2): Let M be an arbitrary bounded subset of X_1. Then there is a number c > 0 such that ‖f‖_{−1,−1} ≤ c for all f ∈ M. We will show that for given 1 > δ > 0 there exists a relative compact set M_δ ⊂ C_{−1+ε,−1−ε}′ such that for δ^′ := 4δ^{min(ε,ε′)}c there holds j(M) ⊂ U_δ′ (M_δ). (5.3) This implies the relative compactness of M, so that j is compact, as claimed. So pick an arbitrary δ ∈ (0, 1) and consider the compact interval K := [δ,^1_δ ]. Since the embedding W^{1,2}(K) → C(K) is compact , the set M̃ := {f|_K : f ∈ M} ⊂ C(K) is relatively compact. We define a continuous map τ : C(K) → C_{−1+ε,−1−ε}′ by τf(r) := r δ f(δ) for 0 < r ≤ δ f(r) for δ ≤ r ≤^1_δ rδf(^1_δ ) for^1_δ < r < ∞.

Set M_δ := τ(M̃). Then M_δ is relative compact, and for f ∈ M there holds ‖f − τ(f|_K )‖_{−1+ε,−1−ε} = max { sup 0≤r≤δ r^{−1+ε}|f(r) − r δ f(δ)|, sup_1 δ ≤r<∞ r^{−1−ε′} |f(r) − rδf( 1 δ )| }

≤ max { δ^ε sup_{0≤r≤δ} | f(r) r − f(δ) δ |, δ^{ε′} sup_1 δ ≤r<∞ | f(r) r − f(^1_δ ) 1 δ | }

≤ 4δ^{min(ε,ε′)}‖f‖_{−1,−1}. This implies (5.3), as desired.

5.2 Uniqueness of weak radial solutions to a singular linear problem The following Lemma provides uniqueness of weak solutions to a singular radially symmetric equation.

Lemma 5.2 Consider N ≥ 3, λ ∈ R and a locally bounded measurable function g : (0, ∞) → R such that lim sup_{r→0}^{|g(r)|}_{rα} < ∞ for some α > −2. Then the equation −Δu = g(|x|)u u(0) = λ has at most one weak radial solution u = u(r) in W^{1,2}_{loc} (R^N ) such that u ∈ C[0, ∞)∩C^1(0, ∞) and u^′ is absolutely continuous on (0, ∞).

Proof. If u is a solution in the above sense, then r → r^{N−1}u^′(r) is absolutely continuous on (0, ∞) and there holds (r^{N−1}u^′)^′ = −r^{N−1}g(r)u (5.4) in L^1_{loc}(0, ∞). We first show q := lim_{r→0} r^{N−1}u^′(r) = 0. (5.5) For this note that since lim sup_{r→0} |r^{N−1}g(r)u(r)| < ∞, (5.4) implies that r → r^{N−1}u^′(r) is uniformly continuous near r = 0, hence the limit in (5.5) exists. Moreover q^2 = lim_{r→0} 1 r ∫_r 0 (s^{N−1}u^′(s))^2 ds ≤ lim sup r→0 r^{N−2} ∫_r 0 s^{N−1}(u^′(s))^2 ds = lim sup r→0 r^{N−2} ∫ Br(0) |∇u|^2 = lim sup r→0 r^{N−2}‖u‖^2 = 0, hence q = 0. As a consequence, we can write u in the form u(r) = λ − ∫_r 0 s^{−(N−1)} ∫_s 0 t^{N−1}g(t)u(t) dt ds = λ − ∫_r 0 u(s)g(s)h(s) ds (r > 0)

with h(s) := s^{N−1} ∫_r s t^{−(N−1)} dt. Now pick another solution v, and consider arbitrary K > 0. By assumption there exists c > 0 such that |g(r)| ≤ cr^{−α} for r ∈ [0, K]. There holds |u(r) − v(r)| ≤ ∫_r 0 |u(s) − v(s)||g(s)||h(s)| ds ≤ r ∫_r 0 |u(s) − v(s)||g(s)| ds, since |h(s)| ≤ r for 0 ≤ s ≤ r. Now let

Y (r) := ∫_r 0 |u(s) − v(s)||g(s)| ds and observe that Y^′(r) = |u(r) − v(r)||g(r)| ≤ cr^{1−α}Y (r) for 0 < r ≤ K. Therefore d dr ( Y (r) exp(− c 2 − α r^{2−α}) ) ≤ 0 for 0 < r ≤ K, which implies

Y (r) exp ( − c 2 − α r^{2−α} ) ≤ Y (s) exp ( − c 2 − α s^{2−α} )

for 0 < s ≤ r ≤ K. Passing to the limit s → 0, we observe Y (r) = 0 for 0 < r ≤ K. Since K > 0 was arbitrary, we conclude u(r) = v(r) for all r > 0.

5.3 Courant’s nodal domain theorem for a weighted eigenvalue problem The purpose of this section is to prove a nodal property of eigenfunctions for a weighted linear eigenvalue problem of the form

−Δu = λg(x)u u ∈ D^{1,2} := D^{1,2}(R^N ). (5.6)

Again we denote by J : D^{1,2} → (D^{1,2})^∗ the canonical isometric isomorphism and (·|·) the scalar product of D^{1,2}.

Theorem 5.3 Let g : R^N → R denote a measurable a.e. nonnegative function which is bounded on compact subsets of R^N \Γ, where Γ is a closed subset of measure zero. Moreover, assume that for all v, w ∈ D^{1,2} there exists ⟨g̃v, w⟩ := ∫ R^{N g(x)v(x)w(x) (5.7)}

and that the operator g̃ : D^{1,2} → (D^{1,2})^∗ defined by (5.7) is compact. Now if u ∈ D^{1,2} is a continuous eigenfunction of the compact, nonnegative selfadjoint operator G := J^{−1}g̃ ∈ L(D^{1,2}) corresponding to the eigenvalue

σ_n := sup_{V ≤X}

dim V = n inf_{v∈V} (Gv|v) (v|v) (5.8)

such that σ_n > 0, then u has at most n nodal domains.

Remarks: (a) Note that the continuity of u implies that its nodal domains are well defined open subsets of R^N .

(b) There is also a radial version of this Theorem. More precisely, assume that g ∈ D^{1,2}_r := {u ∈ D^{1,2} | u radially symmetric} and that (5.7) holds for v, w ∈ D^{1,2}_r . Then, if g is nonnegative and locally bounded on R^N \ Γ (Γ a closed subset of measure zero), and if the corresponding operator g̃ : D^{1,2}_r → (D^{1,2}_r )^∗ is compact, then the assertion holds true for eigenfunctions of the operator G := J^{−1}g̃ ∈ L(D^{1,2}_r ) as well. This follows since, as we shall see, all considerations below can be replaced by arguments respecting the rotational invariance.

(c) The classical nodal domain theorem of Courant asserts that the eigenfunction corresponding to the n-th eigenvalue of −Δ on a bounded domain Ω ⊂ R^N has at most n nodal domains (cf. [8]). This result has been generalized to a wide class of semi-bounded differential operators (see e.g. [18],[2] and the references therein). However, the author is not aware of any work concerning weighted problems on D^{1,2}.

Proof of Theorem 5.3. Assume in contradiction that a continuous eigenfunction u of G corresponding to σ_n > 0 has at least n + 1 nodal domains Ω_1, ..., Ω_{n+1}. As remarked already, all the Ω_i are open by the continuity of u. Define functions v_i ∈ D^{1,2}, i = 1, ..., n, v_i ≢ 0 by

v_i(x) := { u(x) for x ∈ Ω_i 0 for x ∈ R^N \ Ω_i

It is well known that the v_i are well defined elements of D^{1,2} (cf. e.g. [13, p. 50]). Let V denote the span of v_1, ..., v_n. A direct calculation shows that for each v ∈ V there holds (Gv|v) = σ_n‖v‖^2. (5.9) Now choose orthonormalized eigenfunctions u_1, ..., u_{n−1} of G corresponding to the eigenvalues σ_1, ..., σ_{n−1}, and let W denote the span of u_1, ..., u_{n−1}. Since dim W = n − 1, there exists v ∈ V ∩ W^⊥, v ≠ 0, which by (5.9) has to be an eigenfunction of G corresponding to σ_n. Moreover σ_n > 0 by assumption, hence v is a weak solution of −Δv = 1 σ_n gu. (5.10)

However there holds v(x) = 0 for x ∈ Ω_{n+1}, and this contradicts the unique continuation property of solutions to (5.10) as stated in [21, p. 519]. Thus the Theorem is proved.

References

[1] Agmon, S.: Lectures On Exponential Decay Of Solutions Of Second Order Elliptic Equations, Mathematical Notes 29, Princeton University Press 1982

[2] Alessandrini, G., On Courant’s nodal domain theorem. Forum Math. 10 (1998), 521- 532 [3] Bartsch, T. and Willem, M., Infinitely many radial solutions of a semilinear elliptic problem on R^N . Arch. Rat. Mech. Anal. 124 (1993), 261–276

[4] Bartsch, T., Critical point theory on partially ordered Hilbert spaces. to appear in J.

Funct. Anal.

[5] Benci, V., A remark on the nodal regions of the solutions of some superlinear equations.

Proc. Roy. Soc. Edinburgh 111A (1989), 123-128

[6] Chabrowski, J., On nodal radial solutions of an elliptic problem involving critical Sobolev exponent. Comment. Math. Univ. Carolinae 37 (1996), 1-16

[7] Conti, M., Merizzi, L., Terracini, S., Radial solutions of superlinear equations on R^N .

I. A global variational approach. Arch. Rat. Mech. Anal. 153 (2000), no. 4, 291-316

[8] Courant, R. and Hilbert, D., Methoden der mathematischen Physik I, Springer, Berlin 1968

[9] Gilbarg , D. and Trudinger, N.S., Elliptic Partial Differential Equations of Second Order, 2nd edition, Springer, Berlin-Heidelberg-New York-Tokyo 1983

[10] Heid, M. and Heinz, H.-P., Nonlinear Eigenvalue Problems Admitting Eigenfunctions With Known Geometric Properties. Topological Methods in Nonlinear Anal. 13 (1999), 17-51

[11] Heid, M., Heinz, H.-P. and Weth, T., Nonlinear Eigenvalue Problems Of Schrödinger Type Admitting Eigenfunctions With Given Spectral Characteristics. to appear in Math. Nachr.

[12] Jones, C.R.K.T. and Küpper, T., On infinitely many solutions of a semilinear elliptic equation. SIAM J. Math. Anal. 17 (1986), 803-835

[13] Kinderlehrer, D. and Stampacchia, G., An introduction to variational inequalities and their applications, Academic Press, New York 1980

[14] Kusano, T. and Naito, M., Positive entire solutions of second order superlinear elliptic equations. Hiroshima Math J. 16 (1986), 361-366

[15] Kusano, T. and Naito, M., Oscillatory theory of entire solutions of second order superlinear elliptic equations. Funkcial. Ekvac. 30 (1987), 269 -282.

[16] Kuzin, I. and Pohozaev, S., Entire Solutions of Semilinear Elliptic Equations, Birkhäuser, Basel-Boston-Berlin 1991

[17] Krasnosel’skii, M.A., Topological Methods in the Theory of Integral Equations, Pergamon Press, Oxford-London-New York-Paris 1964

[18] Müller-Pfeiffer, E., On the number of nodal domains for eigenfunctions of elliptic differential operators. J. London Math. Soc. II 31 (1985), 91-100.

[19] Naito, Y., Bounded solutions with prescribed nubers of zeros for the Emden-Fowler differential equation. Hiroshima Math. J. 24 (1994), 177-220

[20] Schneider, M., Compact embeddings and indefinite semilinear elliptic problems.

Preprint, Johannes Gutenberg-Universität Mainz

[21] Simon, B., Schrödinger Semigroups. Bulletin of the A.M.S. Volume 5, Number 3 (1982), 447–526

[22] Struwe, M., Variational Methods, 2nd edition, Springer 1996

[23] Tshinanga, S.B., Positive and Multiple Solutions of Subcritical Emden-Fowler Equations. Differential and Integral Equations Vol.92 (1996), 363-370

[24] Weth, T., Variational and Geometric Characterizations of Solutions to Nonlinear Eigenvalue Problems, Ph.D. thesis, in preparation